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Abstract: A systematic study of the neutrino mass matrix M, with two texture zeros in a basis where the charged
leptons are diagonal, and under the assumption that neutrinos are Dirac particles, is carried through in detail. Our
study is done without any approximation, first analytically and then numerically. Current neutrino oscillation data

are used in our analysis. Phenomenological implications of M, on the lepton CP violation-and neutrino mass spec-
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I. INTRODUCTION

Although the gauge boson sector of the Standard
Model (SM) with the SU(3).®SU(2),® U(1)y local sym-
metry has been very successful [1—4], its Yukawa sector
is still poorly understood. Questions related to this sector
such as the total number of families in nature, the hier-
archy of the charged fermion mass spectrum, the small-
ness of neutrino masses, the quark mixing angles, the
neutrino oscillations, and the origin of CP wviolation, re-
main to date as open questions in theoretical particle
physics.[5—10]

In the context of the SM a neutrino flavor created by
the weak interaction and associated with a charged lepton
will maintain its flavor, which implies that lepton flavor
is conserved and neutrinos are massless. Moreover, re-
cent experimental results confirm that neutrinos oscillate,
and as a consequence, at least two of them have non-zero
masses [11—-13].

Current neutrino experiments are measuring the neut-
rino mixing parameters with unprecedented accuracy.
The upcoming generation of neutrino experiments will be
sensitive to subdominant neutrino oscillation effects that
can in principle give information on the yet-unknown
neutrino parameters: the Dirac CP-violating phase in the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
matrix Upyys, the neutrino mass ordering, and the octant
of the mixing angles. [14—16]

Up to date, the solar and atmospheric neutrino oscilla-
tions have established the following values to 3 sigma of
the deviation [17—19]:
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Am?, = (2.47-2.63)x 10%eV?,

atm

Am?, = (6.94-8.14)x 1079eV? = Am3,,

sol —
Sin’ O, = (4.34—6.10) x 107! = sin® 6,3,
sin? 6, = (2.71 —3.69) x 107! = sin 6,
$in? Ogeqe = (2.00—2.41) x 1072 = sin* O3, (1)

which implies, among other things, that at least two neut-
rinos have very small but non-zero masses.

Masses for neutrinos require physics beyond the SM
connected either to the existence of right-handed neutri-
nos and/or to the breaking of the B—L (baryon minus
lepton number) symmetry [20]. If right-handed neutrinos
exist, the Yukawa terms lead, after electroweak sym-
metry breaking, to Dirac neutrino masses, requiring
Yukawa coupling constants for neutrinos h¢ < 107'*. But
the right-handed neutrinos, singlets under the SM gauge
group, can acquire large Majorana masses and turn the
Type 1 see-saw mechanism [21, 8, 22, 23] an appealing
and natural scenery for neutrino mass generation. Anoth-
er possibility is to generate neutrino masses via quantum
loops [24, 25]

For Majorana fields, there exists a process called
neutrinoless double beta decay (0vBB) which is strongly
disfavored by current experimental results (see [26—28]),
reason for which the alternative is to assume that massive
neutrinos must be related to Dirac fields. So, for the mod-
el analyzed here, we assume that Majorana masses are
forbidden by some kind of physical mechanism.
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Besides the fact that no experiment has excluded so
far the possibility of Dirac neutrino masses, there are sev-
eral theoretical motivations to assume them, for example:
the generation of baryon asymmetry via leptogenesis
[29], alternative approaches to the seesaw mechanism
[30] and the generation of radiative neutrino masses via
quantum loops [31, 32, 33, 34]. Also, in models derived
from string theories, the Majorana masses are strongly
suppressed by selection rules related to the underlying
symmetries [35].

Furthermore, using Dirac particle fields allows us to
apply the polar decomposition theorem of algebra [36],
which states that any complex matrix can be decomposed
into the product of a Hermitian and a unitary matrix. This
decomposition reduces the number of free parameters by
half in this sector because the unitary matrix can be ab-
sorbed into the singlet representations of S U(2),; that is,
in the right-handed sector (a simplification that is not pos-
sible for Majorana particles [37]).

Other theoretical motivations to study Dirac neutri-
nos include the conservation of global lepton number, a
common mass generation mechanism for all the Fermion
fields, and a clearer distinction between matter and anti-
matter, which could help to explain CP violation in nature
[38, 39].

To obtain Dirac neutrinos three right-handed neutri-
nos are added to the SM of particles and fields (one for
each family), allowing in our study for the most general
possible Hermitian Dirac mass matrix ‘in the neutral
lepton sector. Then, after using a'Weak-basis-transforma-
tion (WBT) to eliminate nonphysical phases in the her-
mitian neutral mass matrix, we aim to-fit into the para-
meters the mass-squared differences, and the mixing
angles in the Upyys matrix, values well measured in
neutrino physics so far.

In our analysis, we assume a diagonal charged lepton
mass matrix in the weak basis, which implies that the
mixing angles in Upyys are pure oscillation parameters
with no relation at all with charged lepton mixing. As a
consequence, the unitary matrix that diagonalize the neut-
ral mass matrix is just the same Upyys, and then, by in-
troducing texture zeros in the neutral sector we obtain
physical predictions that can be tested numerically.

IO. ZERO TEXTURES FOR DIRAC NEUTRINOS

For the analysis which follows we work with the fol-
lowing three hypotheses:

1. We extend the electroweak sector of the SM with
three right-handed neutrino fields, (voz; @ = e,u, 7).

2. The charged lepton mass matrix is diagonal in the
weak flavor basis.

3. Majorana masses are forbidden.

A. ~ Neutrino mass matrix

According to the previous hypothesis, for the charged
lepton sector in the flavor basis, we have

m, 0 O
M= 0 m o |, @)
0O 0 m,

which implies that the most general 3 x 3 mass matrix for
the neutrinos, which due to the decomposition polar the-
orem of the matrix algebra [36] we assume hermitian
without loss of generality, can be written as

mvg Ve mve Vu mVeV'r
M, = my,y, My, "y,
Myoy, My, My,
ny 0 0
— il
= Upmns 0 m O Upmns
r 1r * * *
Usg Upn Ugsl||m 0 0 el ul 71
—_ * * *
- U,ul U/z2 UIuS 0 my 0 e2 u2 T2
* * *
_U-r] UT2 UT3_ L 0 0 nis UeS Uy3 UT3
Uel Uez Ue3 mer*l mlUZ mlU:I
—_— * * *
= Uﬂl Uﬂz Uy3 szez mQU/& mQUTQ
* * *
LU U Usl U mUy; msUg
©)

where the mixing matrix Upyys for Dirac neutrinos is
parametrized in the usual way as [40]:

1 0 0 C13 0 S13€7iécp Cl2 S12 0

UPMNS = O Co3 523 O 1 0 —S12 Ci2 O

L 0 —823 (23 —S13€lécp 0 C13 0 0 1
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where Dg.(mi,my,m3) refers to the neutrino mass eigen-
values, and ¢;; = cos;; and s;; = sin6;; are the cosine and
sine of the mixing angle 6;;, i < j=1,2,3.

Now, due to the hermiticity constraint, the elements
of M, satisty: m,,,, =m; , , m,, =m My, =m and
my,y, = m;,v,,; my.y, = mi;vr and my,y, = mirvﬂ .

For our analysis, it is convenient to use the following
numerical values for the entries of Upyys evaluated at 3¢

ranges, presented in the literature [17]:

* *
ViV ® ViVrd

0.7838...0.8442 0.5135...0.6004 0.1901...0.2183
0.2508...0.4902 0.4665...0.6782 0.6499...0.7719

0.3135...0.5471 0.4841...0.6927 0.6161...0.7434
)

numbers which include strong correlations between the
allowed ranges do to unitary constraints.

1. Counting parameters

When the mass matrices for the lepton sector are giv-
en by (2) and (3), we have that the hermitian mass matrix
M, has six real parameters and three phases that we can
use to explain seven physical parameters: the three mix-
ing angles 61, 613 and 6,3, one CP violating phase J, and
three neutrino masses m,, m, and mj;. So, in principle, we
have a redundant number of parameters (two more
phases).

Now, at this point, and contrary to the quark sector
[41, 37], we can not introduce texture zeros via WBT
[42—45] in the mass matrix M, due to the fact that it will
change the charged lepton diagonal mass matrix. But as it
is shown in the appendix, the "Weak basis transforma-
tions" can be used to eliminate the two redundant phases.

Once the redundant phases are removed via WBT, the
hermitian matrix M, ends up with six real parameters and
one phase able to accommodate, in principle, the three
mixing angles, the three neutrino masses, and the CP vi-
olation phase. So, one texture zero should imply a rela-
tionship between the mixing angles and the physical
masses.

Unfortunately, we do not have six experimental
entries to input in the analysis, because the neutrinos
masses are not known. What we know instead are the
mass square differences Am3, =m3—m3; A} =m3—mj,
and Am3, = m3—m? in normal hierarchy, with the math-
ematical constraint Am3, + Am3, — Am3, = 0 which leave us
with only five experimental real constraints to be accom-
modated. So, patterns with one texture zero should, in
principle, be compatible with the experimental data at the
30 level, although the parameter space, for each of these
zero textures, should be strictly constrained (an analysis
presented somewhere else). So, real physical predictions
should start only when two texture zeros are considered.

B. Texture Zeros

Introducing texture zeros in a general mass matrix has
been an outstanding hypothesis that provides relation-
ships between the mixing angles and the mass values.

As discussed above, the six real mathematical para-
meters of the most general hermitian mass matrix for the
case of Dirac neutrinos provides enough room to accom-
modate the five real experimental values with no predic-
tion at all. Even further, one texture zero should not con-
duce to any prediction either. So, texture zeros start to be
worth when two of them are introduced, with two texture
zeros providing one physical prediction.

In what follows we will study, for the case of normal
ordering, all the possible cases of two texture zeros in the
hermitian mass matrix for Dirac neutrinos, and see what
the prediction for the lightest Dirac neutrino mass is,
which has; as'a consequence, the knowledge of the com-
plete neutrino mass spectrum.

Three different cases must be analyzed: two texture
zeros in the diagonal, one texture zero in the diagonal and
the other outside the diagonal, and finally two off-diagon-
al texture zeros.

To set our mathematical notation, let us start study-
ing the implications of one texture zero.

1. Diagonal texture zeros

Let us start assuming that m, ,, =0 and see its implic-
ations:
From equation (3) we have:

2 2 2
My,y, = mi|Ue|” +ma|Ue|” +m3|Ugs|” =0, (6)

dividing by m; and using the unitary constraint of matrix
U, thatis |U, > + U +|Ussl* = 1 we can writte (6) as:

nmy 2, M2 2 2 2 _q.
7|U(’1| +7|Ue2| +1_|Uel| _|Ue2| :O’
ms ms

which we can rearrenge as:

2 nms ms —
|Ue2| = -

m
HUP. %)

mz—my M3 —n

In a similar way for m,,, =0 we have:

) nms ns —my )
|Uu2| = - |U/11| s (8)
niz —my niz —mnmy
and for m,_,. = 0 we have:
2 nms msz —m, 2
|Un|” = - Uzl (9)
nms—myp ms —myp
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The former three cases can be summarized as:

2 ms3
| UaZ | = -
nms —my

ms —

mq >
|U(Y1| > (10)

ms —my

for a=e if m,,, =0; a=u if m,, =0, and a=7 if

m,,,, = 0. This shows the dependence between two of the

Upyys matrix entries and the neutrino mass values.

2. Texture zeros outside the diagonal

Let us consider now a texture zero outside the diagon-
al. Let us start with m,, =0 (notice that m,,, =
m,, =

VeV, 0)'
For this situation equation (3) implies that:

(11)

* * *
mvev“ = merlU#I +m2U62Uu2+m3U63U#3 = 0,

which dividing by m; and using the orthogonality condi-
tion U, Uy +UnU;+UsU,; =0 can be written as:

O A (R
ms

ns

multiplying by U;,U,, and rearranging we have

m m
(7‘ - 1) UaUUsbUps + (—2 - 1) UaPlUaf =0, (13)
ms ms

which we can finally write as

nz —nmy
UelU;lU:ZU“2+ <m

)|Uez|2|Uyz|2 =0, (14
-

equation, that together with its complex conjugate, can be
separated in two parts: a real part equal to zero and an
imaginary part also equal to zero (notice that for a her-
mitian matrix its eigenvalues must be real but not neces-
sarily positive).

As m,,,, must also be equal to zero, the two relations
must also be equivalent to taking the real part and the
imaginary part in (14) equal to zero. As the second term
in (14) is real, to take the imaginary part equal to zero
produces

Im(UaU, UpUp) =7 =0; (15)
which means that this texture zero is associated with a
Jarlskog invariant [46] equal to zero and no CP violation

is present for this texture zero.
In a similar way for m,,, =0, we have:

(16)

my,,. = merlU:l +m2U32U:2 +m3Ue3U:3 =0.

Dividing by m; and using the orthogonality relation-
ship U, U}, + U UL, + U3UL, = 0 we can write (16) in the
form:

(@ - 1) Ua U+ (@ - 1) UoUL =0, (17)
ms ms
multiplying by U}, U., and rearranging, we have
(ﬁ - 1) UelU:I U:2UT2 + (ﬁ - 1) |U22|2|U72|2 = 0, (18)
ms nms
which in turn implies
UaUy UpUn + (’"3 _”‘2) UaPIUnl =0, (19)
ns —my
which again produces
Im(U, U U UR) = J =0. (20)

The former means that this texture zero outside the di-
agonal is also associated with a Jarlskog invariant equal
to zero and again, there is no CP violation for this case.

In a similar way we have for m,,, =0 that

21

5 * *
mwr = mlUﬂlUﬂ +m2U#2UT2+m3U#3UT3 = 0,

which divided by m; and making use of the appropriate
orthogonality relationship, we have

(@ - 1) Ua U+ (%— 1) UnUs=0, (22)
3

nms

which multiplied by U}, U, we get

R s —
UulUrlUy2U72+ <m3—m1> |U/J2|2|UT2|2:O’ (23)
which again takes to
Im(Ua U U Un) = J =0; (24)

So, a texture zero in M, outside the main diagonal im-
plies CP conservation, a result also obtained in a differ-
ent way in appendix A.

IIT. NUMERICAL ANALYSIS

According to equation (4), the right-hand side of
equation (3) depends only on the neutrino mixing angles,
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the CP-violating phase, and the neutrino masses. So, each
one of the possible six texture zeros in the matrix M, in
equation (3) will imply an equation relating neutrino
masses with the CP-phase and the neutrino mixing
angles. Equation that must be confronted with the meas-
ured experimental values. To do it we must put each
equation in terms of physical parameters. Let us see:

A. m,,, =0

The texture m,,,, =0 produce the constraint in equa-
tion (7) which when put in terms of physical parameters
becomes:

m
2 2 _ 3
P12 = (m3 —my)

-GG ()

Relationship that must be satisfied by the experiment-
al measured values in order to have a realistic texture
zero in the neutrino mass matrix.

The relationship (25) can be rearranged a little by us-

ing the definitions m = m; +m, + ms and Am3, = m3 —m3

22 2
S12C13Am3, 2 2

—=—=—% =3 — (m3 — M )CT,Cls (26)
(m—my)

The parameter space can be studied through a y? ana-
lysis, which is defined as

3 Sin2 912 —sin2 912 .
X (m)=| ——5—— @7

o (sin®6;,)

where sin’6,, is the value for this mixing angle obtained
from Eq. (26), while sin?6;, and o(sin’6;,) are the cur-
rent best fit value and its one sigma deviation, respect-
ively. Experimental data in (1) and (5) are used in order
to carry the analysis.

After defining the parameter space in terms of Am?,,

0.0510 0.0510

0.0505 0.0505
©
€ 0.0500

©
€ 0.0500

0.0495 0.0495

0.0490 0.0490

-0.0094 -0.0092 -0.0090 -0.0088 -0.0086 -0.0084
ma

(a) Plot evaluated at m; =
0.00208 eV.
Fig. 1.

—0.00886 eV.

-0.004 -0.002

(color online) These figures presents the parameter space for the texture zero M,,

Am?, and the mixing angles 6,,, 6,3, we perform a minim-
ization process for the y? function. The best fit points ob-
tained around the minimum (about zero) for our analysis
were:

m; =0.00208 eV, m, =-0.00886¢V, m;=0.0501¢eV

In order to study the (m;, m,, m3) parameter space, we
fix first the m, value in its minimum and look for the al-
lowed values for m, and m; at 95% confidence level
(CL), results presented in the figure (1a). Next we fix m,
in its minimum and look for the allowed values for m,
and mj; at 95 CL, results presented in (1b). Finally, fixing
ms we find the parameter space allowed for m; and m, as
presented in fig. (1c). The parameter spaces shown in the
former  three figures satisfies the experimental limits
lmy| +|my| +|ms| < 0.12 eV [47], and also the square mass
differences and the three mixing angles.

From Eq. (25) we can see that the CP violation phase
is entirely unconstrained, but the plots in the pictures
show that the experimental measured values can be well
accommodated in the allowed parameter space, as anti-
cipated above. The mixing angle 6,; is easily obtained
from the (2,3) or (3,3) mixing matrix numerical entries.

A similar analysis can be carried through for the oth-
er five one texture zero in the matrix M,. That is, for
my,,, =0, m,, =0, m,,, m,, =0, etc. The results for
this analysis will be presented elsewhere.

B. Two texture zeros

The next step is to study the different structures with
two texture zeros in the neutrino mass matrix (with a di-
agonal charged lepton sector in the weak basis). There are
three different cases: first, the two zeros are in the main
diagonal (there are three CP violating patterns); next, one
texture zero is in the main diagonal and the other one out-
side this diagonal (with nine CP conserving different pat-
terns); and, finally, the two zeros are off the main diagon-

-0.008
-0.009

-0.010
I

m:

-0.011

-0.012

0.000 0.002 0.004 -0.005 0.000 0.005 0.010

my m

(b) Plot evaluated at mg =

(c) Plot evaluated at mg =
0.0501 eV.
=0at95% C.L.
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al (with three CP conserving different patterns)."”

In the following section we will present, for one par-
ticular pattern, the detailed analytic and numerical analys-
is we have carried through for all the different fifteen two
texture zeros patterns. Our numerical results are presen-
ted in one appendix at the end of the paper.

1.  Two zeros, one of them in the main diagonal

The number of different patterns in this category, all
of them related to CP conservation are nine. They are
shown in Appendix 6.2.1.

In our analysis, carried through in two steps, we re-
construct first the neutrino mass matrix in terms of the
three neutrino masses m;, m, and ms. This is achieved by
making use of the invariant forms: tr[M], trf[M?], and
det[M]. After that we derive the analytic orthogonal
matrices that diagonalize the several 3x3 real neutrino
mass matrices. The result is the Upyys in analytic form as
a function of the real mass eigenvalues and any other

parameter needed, this last one conveniently chosen.
To see this, let us take as an example here the texture
in A7Z

X1 O b
A7 = 0 X, C (28)
b* ¢ 0

Notice that the three eigenvalues of a general 3 X 3
Hermitian matrix are real, but not necessarily positive. As
a mater of fact, taking the determinant of A; we have
|A7] = —x,|b|* — x{|c|> = mymyms which by fixing m; > 0 by
a global phase convention, we must have two classes of
solutions: m; >0, my <0 and m; <0, m,>0. Let us
carry through our example for the particular case m; >0
and m, <0

After using the invariant forms for this 3x3 mass
matrix, and solving the equations, we have:

G =my)(xy +nmo)(=x) +m3)
X1 0 \/ 2x1—my+my—m3
h ) (1 =my +mp)(=xy +my +m3) (x| +my—m3) .
0 X1 +my—my+ms \/ p oy —— 5 (29)
(g =my)(xg +mp)(=x; +m3) (xg =my+mp)(=x1 +my +m3) (x| +mp—m3) 0
2x1—my+my—ms3 2x1—my+my—m3

where m;, m,, m3 and x, are free parameters used to calculate the neutrino masses and the mixing angles. After diagonal-
izing this texture, we obtained the Upyys interms of the free parameter.

(X1 +mp)(xy +mp —m3)(m3—2x1)

xp=my) (X =nmy+mp)(=x1 +mj +m3) G =my)(xy +nmp—m3)

(my+mo)(m3—my)(2x1—my+my—m3)

(my+my)(my—m3)(=2x1+my—my+m3)

(my+my)(—my+ms3)

_ _ (my—x1)(m3—x1)(=x +m; +m3)
UPMNS - \/ (my+mo)(my+m3)(=2x1+my—my+m3)

-y

(1 +mp)(xy —my +mp) (X1 +my—m3) Cr1+mp)(=x1 +my +m3)
(my+my)(ma+m3)(2x; —my+my—ms3) (m1+my)(my+ms3)

(x1=m3)(xy—my —m3)(xy +mp—m3) (X1 —mj+mp)(x; —m3)

\/ (xy =mp)(x) +mp)(xy —my +mp)
(my

—m3)(my+m3)(=2x)+my—my+m3)

Once we obtained this expression we made a y* min-
imization procedure

) .2
sin“@;; —sin“ 6;;
Xz(ml’XI):Z(j.z/

2
, with i,j=1,2,3.
o o(sin” 6;;)

(30)

where sin’f;; are the angles mixing predicted by our
forms, while sin>6;; and o(sin®#6,j) are the current best-fit
values and its one sigma deviation, respectively. To ob-
tain the best values that fit the experimental data. Notice
that the analytical results contain some square root terms

(my—m3)(my+m3)(=2x1 +m;—my+ms3)

(my—m3)(ma+m3)

which imply several limits on the parameters, such that
the results are real; that is, we must have

ms > x| > my, 2x; > ms, xX; +my > ns

The minimization procedure left the following phe-
nomenological results: The neutrino masses |m|=
0.0333 eV, |my| =0.0344 eV, |ms|=0.0608 eV, and the
mixing angles sin’#;, = 0.315, sin?6,; = 0.646, sin’6;; =
0.022.

Numerical result in agreement with the data reported
experimentally by the Neutrino Global Fit[17].

1) Other possibilities with two texture zeros in the neutral sector and three texture zeros in the charged sector with at least one of them in the diagonal are analyzed in

refs. [45, 48, 49]
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The results of the other eight possibilities are shown
in Appendix D.

2. Two zeros off the main diagonal

None of the three cases is viable because each one of
them is associated with a vanishing oscillation parameter
(for Ajp we have 0,3 =0, for A;; we have 6 =0 and for
A1, we have 0, =0), The forms are showed in Appendix:
6.2.2.

3. Two zeros in the main diagonal

There are three different patterns given by the
matrices Az, Ay and A;s. Using the invariant forms as
before we end up with analytic expressions for the Upyys
matrix quite complicated, whose tracking is not much il-
luminating. So we proceed immediately with the numer-
ical analysis.

Our result shows that none of the three different tex-
tures with two zeroes in the main diagonal is able to re-
produce the three measured mixing angles in the Upyys
oscillation matrix.

IITI. SUMMARY

In the context of a model with right-handed neutrinos
(one for each family) and global lepton number conserva-
tion, we have performed an analytic and numerical sys-
tematic study of the Dirac neutrino Hermitian mass mat-
rix M, with two independent texture zeros, under the as-
sumption that the charged lepton sector is diagonal in the
weak basis.

Analytic expressions for the entries of M, as func-
tions of the the three neutrino masses are obtained by us-
ing the mathematical invariant of a 3 x 3 matrix. Algebra-
ic expressions are derived to obtain numerical values for
the physical parameters via minimization with a y? stat-
istical analysis.

According to our study, the cases compatible with the
current experimental data at the 3o level are A; and A; (in

appendix B), both of them associated to normal ordering
an CP conservation. This is contrary to the results presen-
ted in Refs. [50, 51] where the analysis was carried
through but looking for correlations between two of the
three mixing angles. Now, performing our analysis but
relaxing the correlation between the angle sinf;; with the
other two mixing parameters at the 3o level, the results in
Table 3 are obtained, now in agreement with the results
reported in the literature [50, 51].

A new feature in our analysis is the iterative use of
weak basis transformations [42, 43—45] which provided
us with: first, the elimination of the two redundant phases
in the most general hermitian neutrino mass matrix end-
ing up with only one physical phase connected with pos-
sible CP violation in he lepton sector; and second, the
demonstration in a novel way the CP conservation in the
context of our analysis when a texture zero outside the
main diagonal is placed.

We want to stress that in our analysis, based on the
assumption of a diagonal charged lepton mass matrix in
the-weak basis, our Upyys matrix is a pure oscillation
matrix, and not a mixing one as it occurs in the quark sec-
tor. This is relevant because oscillations is what has been
measured in the neutrino experiments.

From our study the mass for one of the three neutri-
nos can be predicted (we choose the lightest one). Using
this value, and the experimental mass squared differ-
ences, the entire neutrino mass spectrum can be inferred,
as presented in the three tables at the end of the paper.
Those values are exact predictions in our analysis. For
example, for A; in Table 1 we have that m; =0.021,
m, =0.087, and m; = 0.501, values predicted in eV.

Although we realized that all the six one zero tex-
tures are compatible with current neutrino oscillations,
we have not carried through in detail the constraints in
the parameter space coming from the experimental meas-
ured values (results presented elsewhere).

Last but not least, it is worthwhile to stress that
whether neutrinos are Dirac or Majorana particles, re-
mains an open question.

Table 1. Result of the mixing angles and the neutrino masses for the nine different textures obtained according to our analysis for the
case m; >0 and my <0.
Texture sin 612 sin” 63 sin? 013 [my| (eV) Ima| (eV) Im3| (eV)

1: Ay 0.298 0.250 0.022 0.0018 0.0091 0.0512
2: Ay 0.305 0.018 0.014 0.0044 0.0096 0.0503
3: Az 0.334 0.007 0.022 0.0021 0.0087 0.0501
4: Ay 0.318 0.200 0.022 0.0046 0.0097 0.0512
5: As 0.465 0.010 0.032 0.0153 0.0175 0.0534
6: Ag 0.524 0.003 0.014 0.0209 0.0227 0.0546
7: A7 0.315 0.646 0.022 0.0333 0.0344 0.0608
8: Ag 0.022 0.515 0.023 0.2685 0.2686 0.2731
9: Ag 0.023 0.516 0.023 0.2765 0.2767 0.2810
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APPENDIX A

In this appendix we address two issues: first, we show
how to use the weak basis transformation in order to re-
duce the number of phases from three to one in a general
3 x 3 hermitian neutrino mass matrix (for the case of a di-
agonal mass matrix in the charged lepton sector). Second,
we discuss the mathematical reason for CP conservation
when there is an off-diagonal vanishing element in the
neutrino sector.

In the context of the SM extended with right-handed
neutrinos and lepton number conservation, the most gen-
eral weak basis transformation that leaves the two 3 x 3
lepton mass matrices Hermitian, and does not alter the
physics implicit in the weak currents (does not alter the
physical content in the Upyys mixing matrix), is an arbit-
rary unitary transformation U acting simultaneously in
the charged lepton and in the neutrino mass matrices [43].
That is

M, — MF=UM,U",

M, — MF=UMU". (A1)

Now, when the mass matrices for the charged lepton
sector are diagonal, we have that the most general her-
mitian mass matrix M, for the neutral sector has six real

Iy, |
M‘ll = |ngVM|e_[(¢£”_¢l)

|mv 5 |e_i(¢e'r+¢2_¢l )

where M, = MjM,M,. Three cases are present in this ex-

pression:
Case A: 1= ¢e;1 and b2 =1 — e = ¢ey = Per- Produ-
cing
|mvevg| |mvgv“| |mvl,vr|
M= |my,,| Im,,,l Im,,,y.le" (A3)
Imy,y | Iy le  |my,, |
with Y= ¢yr +¢y = ¢;ﬂ + ¢e,u = Per-
Case B: ¢, = ¢, and ¢, = —¢,,. Producing
|mvevg | |mvgv“ I |mv5v, Ie—i‘ﬁ
M=\ my,, | Imyl o lmy, (A4)
Imy,le¥  lmy, | lm,.,|

Case C: ¢, = —¢,, and ¢ = ¢ + ¢, =
cing

@er — Pyr. Produ-

|mv Y |ei(¢eu’¢l)
eVu
|

O s

parameters and three phases that we can use to explain
seven physical parameters: three neutrino masses mj,m,
and mjs, the three mixing angles 6y,,6,; and 6,3, and one
CP violating phase ¢ in the Upyys mixing matrix. So, in
principle, we have a redundant number of parameters
(two more phases).

Contrary to the quark sector [41, 37], we can not in-
troduce texture zeros via weak basis transformations in
the mass matrix M, because it would change the charged
lepton diagonal mass matrix. However, the "Weak basis
transformations" can eliminate the redundant phases. To
do this, let us write the neutrino mass matrix as:

|mvgv(,| |mvpy“ |€i¢fﬂ |mvﬂvr |ei¢”
M, = 5, le" % |my,, | Iy, e |5 (A2)
Iyl Imy,, e~ |m,,,|

and let us do a weak basis transformation using the fol-
lowing diagonal unitary matrix:

M, = Diag(e',1,¢*?), M} = Diag(e™',1,e7")=M,",

which does not change the diagonal charged lepton
mass matrix. Afther this, the matrix (32) gets the follow-
ing form:

|mv N |ei(¢er+¢2*¢l)

| m,,. | oi(bur+$2) ;

|,y | Imy,y, e |m,,,|
M iy le™ my,, o Imy, | (AS)
Imy,.| lmy,,y.| Im,..|

From the former, we can conclude that using a "weak
basis transformation." we can get rid of two unwanted
phases, ending up with a single phase responsible for the
possible CP violation phenomena present in the Upyys
mixing matrix.

Counting parameters once more, we find that in mat-
rix (33) (or equivalently in (34) or (35)), the final num-
ber of parameters are six real numbers and one phase (y),
just enough to accommodate the three mixing angles
012,013 and 6,3 and the three neutrino masses m;,m, and
ms, together with just one CP violating phase to take into
account the CP violation in the Upyys matrix via the
parameter (6¢cp) for Dirac neutrinos. Further texture zeros
will give relationships between neutrino masses and mix-
ing parameters.

In this way, one texture zero would allow us to write
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one of the mixing angles 6;; as a function of the neutrino
masses; meanwhile, two texture zeros allow us to write
two mixing angles as a function of the three neutrino
masses. Three or more texture zeros are meaningless.

The most important consequence of the former ana-
lysis is that since the phases ¢; and ¢, are arbitrary, and
they can take any value, and in consequence, the final
phase w can be placed in any entry of the neutrino mass
matrix, according to equations (33)—(35). In particular, if
we impose an off-diagonal vanishing element, we can
place the phase y in that entry, meaning a phase will not
be present in the mass matrix. That implies CP conserva-
tion for that case; a result obtained from the Jarlskog in-
variant analysis as shown in the main text.

APPENDIX B

As mentioned in the main text, the mass matrix M,
for Dirac neutrinos, in the context of the SM enlarged
with right-handed neutrinos, can be taken to be hermitian
without loss of generality, which means that three inde-
pendent off-diagonal matrix elements are in general com-
plex, while three independent diagonal ones are real. If n
of them are taken to vanish (z» independent texture zeros),
then a combinatorial analysis allows us to write the num-
ber of independent matrices as [51]:

6!

G = G’

(B1)

which means: C; =6, C,=15, and C;=20. (Textures
with n > 3, are not realistic.)

A. One texture zero

There are two different situations: texture zero in the
main diagonal and texture zero off the main diagonal,
with three different cases for each situation:

1. Diagonal texture zero

There are three different cases given by the three
matrices

0 a b
01 = a* X2 C 5
b ¢ X3
X1 a
0, = a 0 ,
b* ¢ x3
x3 a b
0O; = a x, c , (B2)
b ¢ 0

all three cases related to CP violation.

2. Off diagonal texture zero

Again there are three different cases given by the
matrices:

X1 0 b
04 = 0 X2 & 5
b* ¢ x3
x3 a O
Os5 = a x, c ;
0 ¢ x3
x a b
O¢ = a x 0 , (B3)
b* 0 X3

all of them related to CP conservation.

B. Two Texture Zeros

There are 15 different cases grouped in three differ-
ent categories:

1. One diagonal and other off-diagonal Texture zeros

There are nine different cases

0O 0 »b
A1 = O X2 C N
b* ¢ x3
0 a O
A, = a x c ;
0 ¢ x3
0 a b
A3 = a* X2 0 5 (B4)
b 0 X3
X1 0 b
A4 = O 0 c s
b* ¢ x3
x a 0
A5 = a 0 C 5
0 ¢ x3
x; a b
Ag = a 0 0 , (BS)
b* 0 X3
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X1
0
b*

X1

%

0

X1

%

a
b*

all of them CP conserving.

&

o [

) (B6)

(= e N = o

2. Two Texture zeros off the main diagonal

There are three different cases

Al():

Ay =

X1

b*

X1

X3

X3

0
c

X3

All of them are related to CP conservation.

3. Two Texture zeros in the main diagonal

There are three different cases too,

Az =

Ay =

AIS =

X1

5

a
b*

S S o &

(9}

All of them related to CP violation.

APPENDIX C

In this appendix we review the definition of the Jarl-
skog's Invariant.

The Swedish physicist Cecilia Jarlskog found that the
area of each of the six unitary triangles found in a unitary
matrix 3x3 (which is the same for all of them), is given
by the relation:

—Ar=1JJ2

with —J known as Jarlskog's invariant [46]; which, in the
parametrization that makes use of the Euler angles takes
the form:

—J=012C23C%3512S23S13 sind3 (&)}
which can also be written as:
= =Im(U;; Uy Uy;Uy) (C2)

for any combination of i, j,k,l withi#ky j#1.
Undoubtedly, it is the Jarlskog invariant that is the
important information carrier for CP-violation [52].

APPENDIX D

In this appendix we present the summary of the nu-
merical results obtained from our analysis for the nine
cases of two texture zeroes, one in the main diagonal and
the other one outside of it. For the analysis, we use
6cp =0. From the results, normal ordering is suggested.
Three tables are presented:

The first one correspond to the analysis done for
m; >0 and m, <0. The second is for m; <0 and m, > 0.
And in the third table are the results obtained when we re-
lax the constraints imposed by the value 65; that is,
without having a correlation on the sin6;; mixing angle
with the other parameters.

From table 1 we can see that only the texture A; is
able to accommodate the measured mixing angles, with
the corresponding predictions for the neutrinos mass val-
ues.

From table 2 we can see that only the texture A; is
able to accommodate the measured mixing angles, with
the corresponding predictions for the neutrinos mass val-
ues.

To compare our results with previous published stud-
ies, we have carried through one alternative analysis con-
sisting in relaxing the constraint imposed by the value
013; that is, without having a correlation of the sinf;
mixing angle with the other parameters. The results ob-
tained are presented in Table 3 of this appendix. From
these values we can see that textures A;, A4, A; and Ag



Two Texture Zeros for Dirac Neutrinos in a Diagonal charged lepton basis

Chin. Phys. C 49, (2025)

Table 2. Result of the mixing angles and the neutrino masses for the nine different textures obtained according to our analysis for the
case m; <0 and my > 0.

Texture sin 12 sin? 63 sin 13 [my| (eV) Ima| (eV) [m3| (eV)
1: A; 0.255 0.104 0.022 0.0026 0.0093 0.0599
2: A 0.274 0.102 0.023 0.0040 0.0096 0.0513
3: Az 0.379 0.548 0.022 0.0411 0.0420 0.0649
4: Ay 0.320 0.190 0.022 0.0041 0.0099 0.0508
5: As 0.296 0.325 0.020 0.0442 0.0450 0.0665
6: Ag 0.572 0.426 0.021 0.0315 0.0328 0.0600
7: Ag 0.002 0.542 0.021 0.0769 0.0774 0.0920
8: Ag 0.999 0.998 0.517 0.0237 0.0253 0.0557
9: Ag 0.010 0.986 0.511 0.0241 0.0256 0.0553

Table 3. Values of the parameters obtained for the nine different two zero textures for the alternative analysis.
Texture sin? 812 sin® 6,3 Imi| (eV) Ima| (eV) Im3| (eV)
1: Ay 0.320 0.522 0.0077 0.0114 0.0514
2: Ay 0.215 0.318 0.0089 0.0126 0.0508
3: Az 0.334 0.0146 0 0.0089 0.0497
4: Ay 0.320 0.522 0.0355 0.0365 0.0611
5: As 0.230 0.430 0 0.0084 0.0512
6: Ag 0.540 0.020 0.0230 0.0245 0.0551
7: Ay 0.325 0.657 0.0283 0.0297 0.0569
8: Ag 0.318 0.512 0 0.0087 0.0511
9: Ag 0.364 0.909 0.0303 0.0585 0.0585

are in fairly good agreement with the experimental meas-
ured numbers at 30, results in agreement with the analys-
is already presented in Refs. [50, 51]. It is important to

notice that when the parameter sinf;; is smoothed, it is
not possible to make predictions about all the entries in
the Upyys mixing matrix.
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