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Detailed derivation of the *P, strong decay model applied to baryons*

T. Aguilar'™  A. Capelo-Astudillo' M. Conde-Correa’ A. Duenas-Vidal't P. G. Ortega®*® ’

'"Departamento de Fisica, Escuela Politécnica Nacional, Quito 170143, Ecuador
’Departamento de Fisica Fundamental, Universidad de Salamanca, E-37008 Salamanca, Spain
SInstituto Universitario de Fisica Fundamental y Matematicas (IUFFyM), Universidad de Salamanca, E-37008 Salamanca, Spain
“Departamento de Sistemas Fisicos, Quimicos y Naturales, Universidad Pablo de Olavide, E-41013 Sevilla, Spain

J. Segovia*

Abstract: We provide an in-detail derivation, through the 3Py pair creation model, of the transition matrix for a ba-
ryon decaying into a meson-baryon system. The meson’s analysis was successfully conducted in Ref. [1] and we ex-
tend the same formalism to the baryon sector, focusing on the A(1232) — N strong decay width because all had-
rons involved in the reaction are very well established, the two hadrons in the final state are stable avoiding further
analysis, all quarks are light and so equivalent, and the decay width of the process is relatively well measured. Tak-
ing advantage of a very common Rayleigh-Ritz variational method for solving the 2- and 3-body Schdédinger bound-
state equation in which the hadron’s radial wave functions are expanded in terms of a Gaussian basis, the expression
of the invariant matrix element can be related with the mean-square radii of hadrons involved in the decay. We use
their experimental measures in such a way that only the strength of the quark-antiquark pair creation from the vacu-
um is a free parameter. This is then taken from our previous study of strong decay widths in the meson sector [1],
obtaining a quite compatible result with experiment for the calculated A(1232) — 7N decay width. Despite necessit-
ating the calculation of additional baryon strong decays, it appears that a feasible avenue towards a unified descrip-
tion of both baryon and meson strong decay widths within a single constituent quark model framework may be at-
tainable. Finally, this research work has been developed in setting the stage for a novel raft of applications to exotic
hadrons, i.e. the description of baryon’s coupling to meson-baryon thresholds, one of the mechanism that is thought
to be responsible of providing either a large renormalization to naive states or genuine dynamically-generated
meson-baryon molecules.

Keywords: Baryon strong decays, 3P0 decay model, Quark model
DOI:

I. INTRODUCTION

One of the main goals of nuclear and particle physics
communities is the understanding of hadrons in terms of
the elementary excitations of quantum chromo-dynamics
(QCD), which are quarks and gluons (The interested
reader is referred to the Particle Data Group and its topic-
al mini-reviews [2]). QCD is well understood in its high
energy regime, where perturbative theoretical calcula-
tions has been contrasted with many experimental results
since QCD’s birth, 50 years ago; however, hadrons live in
its non-perturbative regime where, a priori, low-level
rules produce high-level phenomena with enormous ap-
parent complexity [3]. That is to say, for instance, that
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less-than 2% of a nucleon's mass can be attributed to the
so-called current-quark masses that appear in QCD’s
Lagrangian, a phenomenon known as dynamical chiral
symmetry breaking (DCSB). Another important non-per-
turbative effect is color confinement which basically
states that quarks and gluons (color objects) are not those
degrees-of-freedom readily accessible via experiment;
i.e., they are confined inside hadrons.

This complexity makes hadron spectroscopy, the col-
lection of readily accessible states constituted from
gluons and quarks, the starting point for all further invest-
igations. A very successful classification scheme for had-
rons in terms of their valence quarks and antiquarks is the
so-called quark model [4, 5], which basically separates
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hadrons in quark-antiquark (meson) and three-quark (ba-
ryon) configurations. The quark model, and its more
modern variations and extensions, have received experi-
mental verification beginning in the late 1960s and, des-
pite some caveats, they have been demonstrated to be
very valuable. For instance, the phenomenological quark
models represent a reliable theoretical approach to had-
ron spectra in heavy quark sectors, are flexible enough in
order to extend their applicability to exotic matter, and al-
low to compute easily electromagnetic, weak and strong
reactions whose predictions have turned to be very useful
for experimental searches.

Among the wide range of chiral quark models de-
veloped in the last 50 years [6], our theoretical frame-
work is a QCD-inspired constituent quark model (CQM)
proposed in Ref. [7] and extensively reviewed in Refs.
[8, 9]. Moreover, the CQM has been recently applied
with success to conventional mesons containing heavy
quarks, describing a wide range of physical observables
that concern spectra [10, 11], strong decays [12, 13], had-
ronic transitions [14, 15] as well as electromagnetic and
weak reactions [16, 17]. Besides, the interested reader
could appreciate that the naive model has been extended
to describe meson-meson molecules [18] and compact
multiquark systems [19].

Trying to extend our CQM in the baryon sector, three
steps must be taken: (i) the computation of baryon spec-
tra, (ii) the modeling of a baryon decaying strongly into a
meson plus another baryon and (iii) the description of ba-
ryon-meson interactions, and their resulting bound- and
resonance-states, from the quark—(anti-)quark forces dic-
tated by CQM. All of them are underway, see for ex-
ample the advances done in the third case by one of us in,
for instance, Refs. [20, 21], but the first that has been
completed by our group is the extension of the phe-
nomenological 3P, model to the description of baryon
strong decays. In fact, the same decay model was used in
[1] to calculate the total strong decay widths of mesons
which belong to heavy quark sectors. Therein, a global fit
of the experimental data showed that, contrarily to the
usual wisdom, the only free parameter of the *P, model
depends on the meson sector and thus the scale-depend-
ent strength follows a logarithmic behavior with respect
the typical scale of the particular meson sector (Eq. (10)
in Ref. [1]).

Hadron strong decay is a complex non-perturbative
process that has not yet been described from first prin-
ciples of QCD. In the search for ways to explain it, Micu
[22] formulated the *Py, model in the 1960s as a way to
obtain hadron’s decay rates using the corresponding wave
functions and a strength parameter as the only needed in-
puts. His approach was innovative for its simplicity and
the few assumptions that were made. A few years later,
Le Yaouanc [23] et al. developed Micu's model using the
work of Carlitz and Kislinger based on SU(6), theory
[24]. Remarkable features of this work were the assump-

tion that constituent quarks drive the decay process and
the use of harmonic oscillator wave functions to find ana-
lytic expressions of the terms fitted by Micu from experi-
ment. The only free parameter was then the so-called
pair-creation constant, y. The work of Le Yaouanc et al.
allowed to calculate many ratios between decay widths of
mesons and baryons [25], popularizing the model. In the
following years, the *P, model was widely used to de-
scribe decay properties of hadrons, such as charmonium
states [26, 27]. In 1982 Hayne et al. improved the analyt-
ic expression corresponding to the transition matrix [28].
In 1996, Blundell et al. analyzed the data of various de-
cay widths to fit the strength parameter y [29], finding a
value which is frequently used in modern works such as
[30], but other values can be possible [31—41], depend-
ing on the specific details. In addition, parallel work in
the flux-tube pair creation model [42] showed that it con-
tains, and thus can be simplified to, the 3P, model mak-
ing it even more famous. Recent variants of the 3P, mod-
el modify the pair production vertex [43] or modulate the
spatial dependence of the pair-production amplitude [44].

This work consists on finding an in-detail analytical
expression for the transition matrix of a baryon decaying
into a meson-baryon system using the *P, strong decay
model to parametrize the needed quark-antiquark pair
creation from the vacuum and Gaussian expansions of the
hadron wave functions in order to simplify the evaluation
of matrix elements, and express them in terms of the
measured hadron sizes. The strength y of the decay inter-
action is fixed to our previous evaluation of meson strong
decays [1] in order to provide a free-parameter prediction
of the A(1232) — nN decay width; comparing it with the
experimental value provide us an assessment of our cal-
culation and the possible extension of our decay model
from the meson sector to the baryon one.

This manuscript is organized as follows. After this in-
troduction, Sec. II is devoted to a detailed description of
the 3P, model and how to obtain the transition matrix,
starting from the initial and final hadron states and the
transition operator. A few assumptions are made to sim-
plify the expression, the limitations of these are specified.
Section III provides an application of the model presen-
ted, obtaining the decay width of the process
A(1232) — nN, specifying the data used. In this section,
the quark-antiquark pair creation constant, y, for baryons
seems to follow the analytic expression presented in [1]
for mesons. Finally, we summarize and draw some con-
clusions in Sec. IV.

II. THE P, MODEL APPLIED TO BARYONS

The quark-antiquark pair creation models consist on a
phenomenological way to describe hadron strong decays.
Among this kind of models, the so-called 3P, strong de-
cay model is the most popular and basically states that the
quark-antiquark pair, created from the vacuum, must con-
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serve the vacuum's angular momentum, parity and charge
conjugation, viz. the quark-antiquark pair must have
JFC¢ = 0** quantum numbers. Another important property
of the *Py, model is that it takes into account only dia-
grams in which the quark-antiquark pair separates into
different final hadrons. This was originally motivated by
experimental observations and it is known as the Okubo-
Zweig-lizuka(OZI)-rule [45—47] which tells us that the
disconnected diagrams are more suppressed than the con-
nected ones.

The model defined as above describes baryon into
meson+baryon strong decays as represented in panel (a)
of Fig. 1. It thus has an associated transition operator giv-

en by
) ® (sy8 v)l} .

= -3y Z/d’pyd Py %(
(1)

X ay (BIbL (B (Pl + P,

where u is the quark and v is the antiquark created. The
3-dimensional Dirac delta function, 6°(p, + p;), assures
the conservation of momenta and the function
Y(P) = p'Y(p) is the solid harmonic that characterizes
the angular momentum (/ = 1) of the pair created; one can
also observe that it is coupled to the spin-1 of the pair in
order to give total angular momentum J = 0. Meanwhile,
¥ is the only unknown constant of the *P, model which
characterizes the strength of the quark-antiquark pair cre-
ation from the vacuum and it is normally fitted to the
data. Besides, it is important to note that this transition
operator is a non-relativistic reduction of an interacting
Hamiltonian involving Dirac quark fields that describes

|BC>=/d3KBd3KC Z (Jsc MipclmlJ s M 46 (K — Ko)S(k — ko)

m.Mp,Mc.Mig.Mj.

UM Ie M N ge My, ) X /d3p6d3psd3p£d3pad3pr6(3)(EB - Pp)sP (K- Pe)

the production process [1]; observe therein that the V3 is
replaced by 3 when going from meson decays to baryon
ones, since the term must cancel out with the color contri-
bution.

The decay width of the process can be calculated us-
ing the following relation:

Eg(ko)Ec (ko)
mako

@)

Faope =2n

S Ml

Jpe.l

where ky is the relative momentum of the final products
with respect to the initial state [48]. The squared modu-
lus of the invariant matrix element must be summed over
all possible values of Jpc andrelative angular mo-
mentum /‘whose inner product is equal to the total angu-
lar momentum of the decaying baryon, J,.

In order to calculate the invariant matrix element that
appears.in the formula of the decay width,

Mu_pe = 63(Ko)(BCIT|A), 3)

where K, is the center-of-mass momentum of the decay-

ing baryon, one needs to establish expressions for the ini-
tial and final states:

|A>: Z <LAMLASAMSA|JAMJA>

MLA ’MSA
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In the equations above, the functions ¢,pc are the
Fourier transforms of the hadron’s wave functions in co-
ordinate space, these describe the probability of finding
the hadron in momentum space; moreover, the y4zc,
Capc and I,pc are, respectively, the spin, color and
isospin wave functions of the hadrons involved in the de-
cay. In the final state |BC), the internal products assure
the conservation of angular momentum and isospin
between the baryon and meson in the final state, but also

its coupling with the initial baryon state.

The invariant matrix element, M, pc, is a product of
a color factor, a flavor factor and a spin-space overlap in-
tegral, i.e.

(6)

MA—>BC = -Z-Culor IFlavor -Z-Spin—space 5

in such a way that each component can be calculated
separately.
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Fig. 1. Panel (a) Feynman diagram for a baryon, A, decaying into a baryon, B, and a meson, C. Panel (b) Schematic representation of
a baryon as an sphere of radius (r); a particular set of Jacobi coordinates, (o, 1), for the quarks in a baryon is also shown.
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grams_contribute to the same process, i.e. the symmetry
factor.” Focusing on the ladder operators that appear in

Before discussing the spin-space contribution, one Egs. (1), (4) and (5), where combined adequately, we ar-
needs to disentangle how many equivalent Feynman dia- rive at the following expression:

A. The spin-space contribution

Olb-(Pras(PsacdPa(Pas(Boa Bobi(B)a(Pa)ay( Faal(3,)I0). (M

This product of creation and annihilation operators can be simplified. Since quarks are fermions, we use the anti-
commutation relations of the ladder operators,

{a,(P),al(P)} = ax(P)al(P") +al(Fa (F) = 6,,6°(F- P, (8)
{a,(P),b (B = {a,(B),by(B)} = {a!(B),by(B")} = {a! (F),b](F)} = 0, 9)
{a,(7),a,(B)) = @ (P),a (B} = (b.(P),b(B")} = {bl(B), bl (F")} = 0, (10)

and arrange them in normal ordering to arrive at

(Olbrayacacasablalasal|0) = 61,0500y — 6r05u0eadupdiy — Orv05u0sa0esOury — OrvO 5000
+ 00054000 050en + Oev05u0raOepOry + 01,0 0500050 + 50050 oy
+ 0000500500y = Oev05u00aO 50y = Or0 010 0505n — G0 euOra 0550y
— 300240500030y — O2v0 £40ca0sp00y — 0100050050y + Orv0euBra 050y
+ 0004000505y + O1v0 u0aOsp0 ey + 0100050080 en + Ov0 O eaOsp0 2y
— 800405005057 = OrvO 0y Oea® 50y = 01000200350 e + 0O O ey (11)

Note here that we have done an abuse of notation, terms with the factor d,, can be eliminated since the cre-
Sar O (P — Po) = Oupy- ated quark and antiquark go into the same final hadron,
Each term is a different process that can be represen- the remaining ones are pictorially shown in Fig. 2. If all
ted by a Feynman diagram. Following the OZI-rule, those quarks and antiquarks involved in the baryon strong de-
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Decay process for a Baryon. Below each diagram the notation d,;, characterises the diagram using the quark (e) that begins in
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the baryon and ends in the meson and the quark (») that comes from the pair created and ends in the baryon.

cay are indistinguishable, as in the case of A — 7N, the
diagrams can be taken as equivalent. Therefore, the final
result may be written as

(12)

(O|l)Ta(,agaea(gaTbTa+ a}aZIO) = —1806r,0¢,070055057 -

u“vHa

If this equivalence between quarks and antiquarks do
not hold, the contribution of different diagrams differs
between them but do not change the subsequent expres-

sions significantly and thus one may straightforwardly
extend the computation below to describe these cases.

Now, the spin-space contribution can be separated in
two terms, one collects the coupling of angular mo-
mentum and spin, (J), and the other deals with linear
momenta, (&),

-Z—Spinfspace = 54’)/ Z j(A i BC)S(A - BC)

Lpc,L.S

(13)

The hadron’s total angular momentum, J, represents a
coupling between its angular momentum, L, and its spin,
S. Therefore, the initial form of (A — BC) is
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J(A - BO) = {ILsS slsyILeS clye Vy, ALaeS Lipe 1V,

X{[LaS 415,110}y, (14)

where the extra [11], is added to take into account the
quantum numbers of the quark-antiquark pair created
from the vacuum. Note also that complex conjugate sym-
bols affect to final states as expected.

Equation (14) is a matrix element written in terms of
hadron’s individual L—S coupling into J. The final ex-
pression must have a total angular momentum (L), inner
sum of all the angular momenta of the particles, and a
total spin (S), inner sum of all the spins of the particles.
These final angular momentum and spin must be then
coupled to the total angular momentum of the decaying
baryon. These transformations can be done using Wigner
symbols [49]:

L S
ULS Do [L2Salnty = Y Mynies,{ L S2
Lr St LT ST JT

XA{[L1La ), [S 1S 215 1Yo (15)

{ILsS 51 [LeS cli Yo = D Miges g

Lgc,S

where IT; = V2/+1 is used to simplify the notation. With
this relation the couplings of the initial state and the pair
created can be changed as

Ly Si Ja
{LaS Al [0}y, =D Miszeq 1 10
LS L S Uy

XALLA1].[S a1ls}y, - (16)

Since the 9/-symbol contain a zero in one of its com-
ponents, it can be reduced to a 6J-symbol [49]:

+Ja+La+ II .
{[LASA]JA[ll]O}JA = g(_l)s Ja+L 1%
L S Ju
N o L {ILa11,[S a1l5)y,-
A A

(17

A similar transformation can be done for the final
state,

LB SB JB
Le Sc Jo ¢ {lLsLcli, [SsScls)), (18)
LBC S ]BC

where the conservation of spin is used, simplifying S zc = S. The baryon and meson in the final state have a relative an-
gular momentum between them denoted by /; reordering terms as indicated in [49], we arrive at:

{[LpcS 1ige Iy, = (1SS Lic ], 1Y,

— (_1)L3C+S—JBC Z (_1)LBC+S+JA+IHLJBC {
L

— E (_1)2LBC+ZS +Ja+l-Jpc HL,JHC
T l

S Lge
l

— Z (_ 1 )S+L+I_JBCHL,.IBC {
L

The spin couplings can be also simplified in the fol-
lowing; the corresponding matrix element,

{[8:8pSals s [vSylsc s {Saspsyls, [Susv]ils (20)

has been written taking into account the delta-func-
tions of Eq. (12). Now, because the couplings are binary

S Lpc Jpe
{S{Lgc!lLY)
Loy L } scllLl,
S Lpc Jpe

} (=DM Lpe 1)L Y,

Jia L

(19)

J
e }{[LBCIJLS e
Ja L

operations, the spins of the quarks inside baryons must be
ordered. Using the Jacobi coordinate system (o, 1) shown
in panel (b) of Fig. 2, the named p-spin can be intro-
duced,

Sp =S4 ® g,

2
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as the spin of the non-interacting quarks during the
decay, i.e. those quarks that do not change their proper-
ties in the process. Then, the spin of the baryons as fol-
lows,

[sas5s1] 5, =[085, »

[S/‘sﬁs"]ss = [S# <Sﬁsa)5p}53 = (=Dt [SPSH]SB ’
(22)

and so the spin conservation can be expressed using a

9J-symbol,

{[Sysﬁszt]slg[svsn]sc};‘ {[Sztsﬁsn]SA [S,usv] 1 }S

S, S S
_ Sa+Sg+su+sy+s,—Sp-Sc
= (=)t Hspsesa1y sy 8 Sc
S, 1 S

(23)

Once all couplings are modified, the final expression
for (A — BC) looks like

_ 3/2-Sp—=Sc+La+L+I+Ja—Jpc
J(A — BC)=(=1)""s A AT M e L LTp Jendpe SaS5.Sc.S.S

% L S JA S LBC JBC
Sa Ly 1 1 Ja L
s, 1/2 Sg Ly Sz Js
xq 1/2 1/2 S¢ Le Sc¢ Je (24)
Sa 1 S Lge S  Jpe
The remaining term to be calculated is the linear momentum contribution, whose initial expression is
EA - BC) = /d3KBd3KCdSp(,d3p,;d3p,7d3pyd3py
= = = = =3 = =3 =3 6 k - k
xS0 R = K)o (R, ~ Boo® Ry~ Py)o™(Re ~ Poyo™ i, + 7y
S5 5 o S N P ﬁ;l - ﬁv
% [68(. Pe- PObC(Ps. PD] 1, iR || {04 B Bn Y1 (5 . (25)
L

This expression can be simplified defining a new set
of coordinates:

>
PA:ﬁa+ﬁﬁ+ﬁns PC:ﬁ6+9‘r9
- _wﬂﬁn_waﬁﬂ - _wé_)r_w‘rﬁé
ppA_ia PC_ )
Wap Wsr
- _wn(ﬁ<z+ﬁﬁ)_waﬁﬁn P’_» >
pﬂA_ s - y+ Ve
Wagpy
- -
> —
b=porpors, p=D0
Wo Py = WP,
5> _ Wopr W lPa _
=P g g R
Wi
(,L)(ﬁg‘i—ﬁ )—(L)[ ﬁ - wCI?B—wBI?C
P = - < -z E’ k= 5 (26)
Weoe Wpc

where it is important to note that baryons need to define
two relative momenta while for mesons only one relative
momentum is sufficient. Additionally, we have introduce

a so-called reduced mass convention which redefines all
masses in terms of a reference one, m,

_ Mo
Wy = ’
m

@7

Wop = Wy + Wg.

The delta functions related with momenta provide an
additional set of conditions,

Ié: %0= A=P,=0,

123:13)3,

Ke=Pc,

Put+Pr=P=0, (28)

where it is important to note that the center-of-mass of
baryon 4 is taken as the center of mass of the interaction.
Now, the equivalences in momenta eliminate some integ-
rals and the reaming variables can be written in terms of
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the following ones:

ﬁ: _’#:—ﬁv’
E:ﬁu"_ﬁ»
ﬁp :ﬁPA =ﬁpg' 29

Then, the simplified expression for &(A — BC) is

6(k — ko)
k1+l

E(A — BC) = / & pd’kd’p,
x { (08B, e BIbC (B )], ViR

X {¢A(ﬁa,ﬁﬁ,ﬁ,,)% (ﬁ“ ;ﬁv)}L. (30)

Continuing with the calculation, the hadron wave
functions can be separated in radial and angular parts,

OaPas Bos 1) = Fru Ba)foB) [V, (B YL, (B,
(31)

8P Pes B = Fra Ba) o B) [V, Bu) V1,3,
(32)

EA - BC)= Y _di*d}(d;)df
ijkl’
Sk — ko)
3 371, .13
X/d pd’kd’p, T

¢c(Pe) = fe(B)Y 1 (Pe) (33)

where the solid spherical harmonics take into account the
Jacobi coordinate decomposition of a baryon system and
the radial parts are assumed to be Gaussian functions,

futp =3 e (~5001). G4
fuPas) = zjjdj-ﬂ exp (—%pig) , (39)
) =D kiewn (<577 (36)
fetper = S exp (=502, 67

where the constants could be computed theoretically from
hadron spectra or fitted to experimental data of hadron
radii.” The limits of the sums are fixed according to the
precision required. Inserting the above expressions in Eq.
(30), we arrive at

1
exp <_§[/1Aipi\ + 5,03, erkl?,z7 + Cl/P%])

A Ve, G, @], Vi) 9@} { [, rov o, v (5) ), (39)

We need now that all functions of Eq. (38) be ex-
pressed in terms of the integration variables. In order to
do that we define g=p — xk, where x could be any num-
ber; note also that p and p, continue to be variables of the
integral. Therefore,

pe= (2 —x)E-g. (9)

*
L

The terms are squared,

P ==K +¢ -2(1-0k-G,

2
e (2 Y a2 )i

Wapy Wapy
2
pgz(ﬂ—x) k2+q2—2(‘”" —x)/?.q*, (40)
wny w’lll

and replaced in the exponential argument as

1) In order to test this theoretical calculation we are going to follow the second strategy and we leave the microscopic calculation of the wave functions for a later
publication because we have not yet developed the program that would calculate eigenenergies and eigenfunctions of baryons.
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2 2
w, w,
ApiPh, + Ag;p3, + Cipe = K AA,-<1—x)2+AB,-( - —x) +Cl(f“—x) }wz [Aai+Ap,;+C)]
Wapy Why

w w
- x) +C (—“ - x)
Wapy Wiy

—21?~47{/1A,.(1—x)+13j( (41)

Now, in order to eliminate the k- g term, x is fixed to

the following value, 2B=Aai+ A5+ G, (44)

A+ Ayt € 21
Wy, w,
= Bu L (42)
Api+ g+ C

2 2
2D=/1A,-(1—x)2+/13j( D —x) +Cl(&—x) , (45

N . W, w
To simplify more the notation, the parameters e "

A=+ g2 02 (43)

A .
are defined, where X = =—. Therefore, the linear mo-
Wapy w

nu 2B’
mentum contribution can be now written as

EA— BC)= Y M d(dydS / Padkd’p, 6(i;lk°) exp (—Bq2 _ DK - % p§)
ijkl
x {[[y% BV, ()], Yee(Fo)|, %0?)} {[Y0,B0Y, @), %1(5)} . (46)
B BC L A

but the second line of Eq. (46) is still not expressed in terms of the integration variables. In order to do this, the prop-
erties of spherical harmonics and couplings between angular momenta must be used [49] in such a way that

— — — L 2 - H— ~li=lh—
{[‘yL/IA (pgA)pr(pp)} L A (p)}L = Z Bk,lzBlLSAA—ll,HZC/IMCzlanA’LAAJsJMs,l(l — ) (= 1Pty e il gLy h=hls+

11,,13,14,15

I L L ll LlA ll L/lA
X { o) } bot-b 1 o {Y,@) [Y®v.@),} . 7)
’ LI L
where we have defined the following coefficients
. [QRa+DRb+1) [ a b c 4n(2a+1)!
B, = (-1 22T ., Cy= ~ 48
w =D 4r ( 00 0 b b+ D!(2(a-b)+1)! (48)
The remaining term becomes
{ (Y2, B0Y 3], Yieo)] yza?)}
B BC L
lo  pl Iy ~Lag AL W "l g
= Z Blz,h BLI;)B —lﬁ,Lc—l7Bl;?lClﬁ/BCl7c X HLBC,LB,LCaL/!B»IS,ZS,IQslIOJI1qu2 (wiu - x) <w” - x)
le:17.13.09,110,011,012 apu "
% (_1)LBC+LB+LAB+L,,+L—16—I7+1]0+l|2k1+lﬁ,+l7—1]2qL/lB+LC—lf,—l7—I]0 Ly L, Lg L, Iy Lpc
Lpe Lc Ig I L Iy
l6 L/lg - l6 L/IB
Lo I Ig o s >
X I / I Le—l; Le {«pr(Pp) [yhz(k)ylm(Q)] I }L . 49)
11 12
ly I Iy
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We arrive then to the expression of the linear momentum contribution

Ok — ki
8t = BO) = Y alr @y [ v, S exp (<~ D -2p2)

kl+ 1 P
ijkl’

E s ) Lo 1o Ly ~1 ~Lap ~Le
Bll %) L{Aflll lzB B Lc— /7B lCll ClZC/6 Cl7

lo,l7= Lag—ls.
lib, Ll

le l7
w w
I b H i
X UL La g Le Ly Lag llads ls s ooyt o1 (1 — %)X (7 - x) ( - x)
Wapy Wiy

X (_ I)LBC+LA+LB+L/{A +Lag+Ly—1 —l6—17+1|()+l|2+1kl+l| +12_l4+16+]7_112qLC+LAA +Lag—li—lh—ls—lg—l7—l10+1

% L/IA Lp LA LAB Lp LB Lp lg LBC 110 lg lg
L 1 5L Lgc Lc g I L~y I Ly I

ll L/IA - ll L/IA 16 L/l[,- - lé L/lB
X< L 1-L 1 l; Le=lL Lg
l4 15 l3 19 llO l8
{0 [V, 0v,@), } v e dv@), ) (50)

in which the angular integrals can be solved using the orthogonality of spherical harmonics as follows [49]:

[ @aaan, (9,6 (@@, b {ve 00 (@@, },

= 6L,,,Lp6112,l46l|g,l56111,136L,L/dqdkdpp g risthofEHlerhz pRely (51)
Additionally, the radial integrals can be simplified us- The same can be made for the integral over p,,

ing the Gamma function when the exponential term is
taken into account. The integral over ¢ becomes

1
o % g, _ L 2@+ (1]
/ dqe—quqLC+L/1A+LAB—ll—12—]5—[6—/7+15+3 /dppe *hpyt =3 (?) I 5(2L,,+3) , (53)
0

1

— I (Le+La, +Ly,—l —l—lg—l7+4 . . . .
2tberby iy =h=ble=lrd) and the integral over k can be simplified using the

1 delta-function 6(k — k).
r (E(LC tLytly=h=h-ls=h+ 4)) ’ (52) Threfore, the lineal momentum contribution has the

final expression

S(A - BC) Zdﬂ/‘dﬂs(dp)zdlc; CXP Dk2 Z B]I N3 L!A =h,1- lzBl(J BILS,!B—lf,,LC l7B§: lCLMC CL{B CLC

le.l7
ik 1,0l 0080y
w ls w Iy
X HLBC»LAsLB,LC,L,{A ,LAB,l3,13,14,14,15,15,13,18,19,1(1 - x)[‘ x> (a)iﬂ - x) <a)” _ x)
afu nu
x (—1)Lec+latlotl, +Li +Lp—li—ls—ly+ls+ls+1 (2)Lp—%kg +ho+ls+l+1 = (Le+ Ly +Lag—li~h~l— l7+4)p leL,+3)
1 1 L, L, L,
F(E(LC'FL/IA+L/13_ll_12_16_l7+4)>r<§(2Lp+3)) { LA 1/J l3 }
L Lyl L le Liy—-ls L
Ly L, Lg L, Iy Lgc Is Iy g ! S A 6 A 56 s
) L 1-h 1 l;7 Le=1l; Lc ,
Lgc Lc g I L L I I L
l4 lS l'; 19 15 l8

(54
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where the limits of the sums can be obtained using trian-
gular conditions of the Wigner symbols.

B. The color contribution

Concerning the color matrix element, this can be writ-
ten as

L color = {CpCclCa) = (C(eaO)C(6TIC(apmCuv)), (55)
where the color function of the pair created is added. In
order to calculate this contribution, the color function of
the baryons and mesons must be known:

1 1
Capm =— & = —=(ragsb, — rabsg,
V6 < V6
+8obgry — atpby + boTs8y — bagply) s (56)
C(67) 125 1(*+ 2 +bsby) (57)
T)=—F or = —=st t 858+ s07) -
BT E

Since mesons are made of a quark and antiquark a
Kronecker delta is enough to describe the color function.
On the other hand, the baryon must have an antisymmet-
ric color wave function, this make the Levi-Civita sym-
bol sufficient to describe the color of the system.

The color wave functions are replaced in Eq. (55),
taking into account the particle equivalences of Eq. (12),
the color contribution becomes

[Color = % Z Z Z Z saﬁnéyvge(r{(sé‘r

afn pv eol Ot

1
= E Z Z 8aﬁngeo’§66y66;46{060136671

apnu eaid

1
= ﬁ Z Z saﬁng&ﬁaéén

apfn 6

1
18 Z EapnEnpa -

afn

(58)

Now, the product of Levi-Civita tensors can be sim-
plified as

Z EapnEnpa = -6,

apn

(59)

arriving at

I cotor = — (60)

This term cancels with the 3 put by hand in the trans-
ition operator, Eq. (1).

C. The flavor contribution
The flavor matrix element may be written as

Lsapor = <[(tytﬁtn)13(tvtr])IC]IA|[(toztp’tq)IA (t,utv)O]IA> . (61)

In order to simplify this expression, the flavor of the
non-interacting quarks (a and f) inside baryons is defined
as already done for spin,

I, =1,®Ig. (62)
Thus, the final expression to be calculated is
ISabor _ (_ 1)IQ+I13+I“*IR (_ 1)tv+fn*/c
X <[(tpty)IB(tl]tv)IC]IA|[(tptl7)IA(tptv)0]IA> . (63)
This can be re-written using a 9J-symbol as
L, I
ISahor = (_ I)Z(YHISH“_IB (_ 1)ZV+IU_IC Hlu,lc,IA,O t'] L IC
Iy 0 I
(64)

Since the 9/-symbol has a zero in one of its compon-
ents, it can be simplified into a 6J-symbol,
}, (65)

{

where the equivalence of #, = 1, is used.

t,
Ip

Ic

Tu
Iy

HIBJC
11

IS bor = (_l)ta+tﬁ+t,,+t,,+tp+l,;—15
abor

u Loa

II1. RESULTS

Once we have shown a detailed derivation of the ana-
lytical expression for the decay width, and transition mat-
rix, of a baryon decaying strongly into a meson plus an-
other baryon, it is time to provide an example of calcula-
tion in order to check the correctness of it. Besides, one
of our long-term goals is to provide a unified picture of
mesons and baryons decaying strongly, from our previ-
ous analysis in the meson sector [1].

The most convenient example for our test is the
A(1232) baryon decaying strongly into a pion (7(140))
plus a nucleon (N(940)). This is because (i) all hadrons
involved in the reaction are very well established in the
Particle Listings of Particle Data Group (PDG) [2]; (ii)
the two hadrons in the final state are stable avoiding addi-
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tional complications in the computation related with tak-
ing into account decay widths of the products; (iii) all
constituent quarks inside hadrons are either u- or d-
quarks and, since isospin symmetry is well fulfilled in
QCD, one can assume all as equivalent quarks; (iv) the
branching fraction of the A(1232) —» nN strong decay
channel is 99.4% which constitutes almost the total de-
cay width; and (v) the total decay width is relatively well
measured experimentally, with a value between 114MeV
and 120MeV [2]."”

As we have already mentioned, the A-baryon is made
of up (u) and down (d) quarks in different combinations,
this make 4 different species with different charges and
decay channels. This species an their properties can be re-
sumed in the following table,

Baryon Quarks Charge (in units of e) Decay Channels
AT uuu +2 pt +nt
At uud +1 n% + 7t orp* + a0
A udd 0 n® + 7% orp* + 1~
A~ ddd -1 g

In order to calculate the decay width, the properties of
the initial and final hadrons must be fixed. To simplify,
and without loss of generality, the studied decaying bary-
on is A(1232)". Therefore, the properties of all the had-
rons involved in the reaction are listed as (a constituent
quark model description of hadrons is assumend):

Hadron L S J Mass (MeV) Radius (fm)
A 0 3/2 3/2 1232 1.03
n 0 1/2 1/2 940 0.84
atl= 0 0 0 140 0.5

Using the experimental masses, the transferred mo-
mentum of the reaction can be calculated:

V(= (mg = me)?) (ml —(m +me)?)

ZmA

ko

=226MeV.
(66)

Having fixed the target reaction to be studied, let us
now disentangle some relevant couplings needed to
provide a final numerical result. For example, the coup-
ling of angular momenta in the final state can be deduced
as follows

1
-IBC:]B@]C:E and LBC:LB®LC:O. (67)

1) Note the use of the so-called natural units, i=c = 1.

For the other values is necessary a little more of work.
For instance, the baryons have two internal momenta that
comes form the (pA1)-Jacobi coordinates, they should ful-
fill

L/IA ®Lp = 0, (68)
L/l/;®Lp = 0,

which dictate that

L/IA = L/IB = Lp N (69)

and we assume that all are zero. Besides, the final
hadrons have a relative angular momentum, /, which must
be taken into account to assure the conservation of angu-
lar momentum,

- - - 3 1
JA—ch+l = E ‘2®l, (70)
having two possible values,
I=1lorl=2. (71)

During the calculation the Wigner symbols eliminate
any of the values that do not comply with the triangular
conditions.

Concerning spin coupling, the quarks are fermions
with spin 1/2 and s, must be maintained since it is the
total spin of the two spectator quarks. Therefore, the next
decomposition is made,

3 1 1 1
Sa=3= <2®2)1®2 = (5®5),, @5y,
1 1 1 1
Sp=3= <2®2)1®2 = (5:®55),, @5,
1 1
SC=0:§®§:S,’®SV. (72)

Note that the spin of the spectator quarks must be
equal to 1 in order to provide correctly the A's quantum
numbers and thus this requires the same value of s, in the
nucleon. Similar reasoning is made for the isospin coup-
lings:

1A=§=(1®1> ®1=(I®t) ®1
2 \272/), 2 VT
13=1=(1®1> 1=(t ®1), ®1
2 \2 2/, 2 Ve T
le=1=tel_y g (73)
2 2 Y
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In order to estimate the coefficients that appear in the
Gaussian expansion of the hadron’s wave functions, some
analysis is needed. The Gaussian form for the meson can
be assumed to be,

— C _C2
f(pe)=d e 2"c, (74)
where only one term of the sum is used in order to simpli-
fy the calculation. The form of the Gaussian function

gives the next relation between the variance and the coef-
ficient,

(75)

Then, the following approximation can be done for
the hadron’s radius,

(he)?

2\~
<r>"’ 0_2’

(76)

where 7ic = 0.197327GeV fm is added to have the correct
units. This is the relationship that we are going to use
between hadron’s coefficient and its size.

The Gaussian expansion for a baryon is different
since it has two components. Following Ref. [50] the next
function is used,

3 3
Lo 2027 o [2ab7)E o
f(p/l’pp) = |:7:| e b2 |:T:| e ab® 2 s (77)
where a depends on quark masses as
_ uma(my +my +M3), (78)

mz(my +my)?

which is equal to 3/4 in our case. Equation (77)
shows us two important aspects: (i) the computation of
the baryon radius in terms of its Gaussian's standard devi-
ation and (i1) the relation

2C 3/4
d° = {—} . (79)
T

Now, we are in the position of computing the coeffi-

cients necessary for the transition matrix (see Egs. (42)-

(45)),

_ Kra)? +3(rp)* +2(rc)

A= 4(hic)? ’ (80)
X)) +4re)?

B= S(hoy , (81)

_ 9ra)? +3(rp)* +2(rc)’

T 00+ 0y + K ®2
RYEINS 2 % (1Y
b=3 (4(hc)2 =0 e (§ _x)
(rey (1 V
T lhey <§ _x> ) : (83)

and the product of the amplitudes,

2)( ) o

3 3

Note that p{ cancels with the o, that appears in the
spin-space component, Eq. (54).

The final constant that needs to be known is the only-
free paramter of the P, decay model, y’, that character-
izes the strength of the quark-antiquark pair creation from
the vacuum. Following Ref. [1], the next relation can be
used to calculate this constant,

81(ra)*(rp)*(rc)”
16(hc)°

3
2

di (S = py

(85)

where vy, = 0.81+0.02 and u, = 49.84+2.58 MeV are con-
stants fitted to the total strong decay widths of mesons,
and u represents the quark sector to which the decaying
hadron belongs. For the example at hand, the A-baryon
belongs to the light quark sector; therefore, following
Ref. [1], we have p=m,/2=313MeV/2=156.5MeV,
with m, the value of the constituent light quark mass in
our model, and

Y = V16mr~7.09. (86)
All together provide the following value for the de-
cay width

I'(A(1232)" — n(940) + 1(140)7) = 113.32MeV,  (87)

which is just at, or below, the minimum given by the
PDG [2], viz. FA(1232) =(114-120)MeV and so
Taq232-nr = (113 - 119)MeV. This result is quite remark-
able since, in some sense, it is a free-parameter predic-
tion of the 3P, decay model using just the experimental
values of the hadron’s radii reported in Ref. [2] and the
scale-dependent strength determined in Ref. [1].

To contrast this result, in the literature, the y’ value
usually used is the one obtained in the fitting made by
Blundell [29]. Since this value is fixed for meson decays,
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it must be divided by V3 to extrapolate it for baryon de-
cays.! Therefore, the next value of ¥’ can be used,

13.4
=, 88
V=5 (88)
having a decay width of
T(A(1232)" — n(940) + 1(140)7) = 134.95MeV,  (89)

which is slightly higher than the experimental inter-
val but relatively correct [2], confirming that the analytic-
al development of the 3P, model for baryon decays seems
correct and the radii of the involved hadrons also well es-
timated.

Note herein that, since this is a strong A-baryon de-
cay, the only variation among charge channels lies in the
corresponding Clebsch-Gordan coefficient, and possible
final states. Theoretically, this implies that each charge
channel can be calculated independently. However, from
an experimental standpoint, once one channel is known,
the others are of no practical interest. This characteristic
is evident in the Particle Data Group (PDG), where the
differences in the A — 7N strong decay due to the pos-
sible charge states are not documented, and a single value
is provided.

IV. SUMMARY

This work have shown how to obtain in detail the
transition matrix element for a baryon decaying strongly
into a meson and another baryon through the well-known
3P,y quark-antiquark pair creation model.

Since one of our long-term goals is to provide a uni-
fied picture of mesons and baryons from our chiral quark
model, one important feature is to describe under the
same umbrella meson and baryons strong decays. The
meson’s study was conducted in Ref. [1] and we have
wanted to extend the same formalism to the baryon sec-
tor, focusing on the A(1232) — nN strong decay width be-
cause all hadrons involved in the reaction are very well
established, the two hadrons in the final state are stable
avoiding further analysis, all quarks are light and equival-
ent, and the decay width of the process is relatively well
measured.

It is safe to say that the core concept of the P, decay

model remains robust: the dominant strong decays of
mesons — and by extension, baryons — are driven by the
creation of a quark-antiquark pair from the vacuum, with
quantum numbers J7¢ = 0**, followed by the recombina-
tion of this quark and antiquark into separate final states.
While we aim for the *P, model to capture at least the
most fundamental aspects of all strong decays of mesons
and baryons, we acknowledge that fully describing the
finer details is a challenging, if not unattainable, task.
This is the essence of what we mean by “unification”.

Taking advantage of a Gaussian expansion method
for the hadron’s radial wave functions, the expression of
the invariant matrix element can be simplified into a sum
of multiple terms composed basically on some numerical
values, wave function coefficients and Wigner symbols.
Those wave function coefficients can be determined from
the mean-square radii of involved hadrons, and we have
used their, experimental measures in such a way that the
only one free parameter is the strength of the quark-anti-
quark pair creation from the vacuum. This has been taken
from our previous study of strong decay widths in the
meson sector [1] and we have obtained a quite compat-
ible result with experiment for the calculated
A(1232) — nN decay width.

The past two decades have witnessed a golden age of
meson spectroscopy. Worldwide experimental facilities
have reported many new exotic charmonium- and bot-
tomonium-like hadrons, which are collectively called
XYZ states, whose nature is still not clear. It is expected
that the same puzzling situation will appear in the baryon
sector in the near future, with some pentaquark signals
already reported by the LHCb@CERN. This work has
been developed in setting one of the three steps towards a
novel raft of quark model applications to exotic baryons.
Within the quark model framework, exotic baryons as
meson-baryon molecules should be explained by basic-
ally the diagonalization of a matrix which has three
blocks (i) baryon spectrum, (ii) meson-baryon states
formed by the residual interactions between the quarks
which constitute the involved hadrons and (iii) the coup-
ling of baryon and meson-baryon sectors through, for in-
stance, the *P, decay model. It is in this context where
our derivation of the 3P, decay model for baryons ac-
quires its relevance, with some steps already done in the
meson-baryon block [51] and we are working on the first
item where baryon wavefunctions will be obtained.
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