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Abstract: To explore the inverse problem tied to the Page curve phenomenon and island paradigm, we investigate
the geometric conditions underpinning black hole evaporation, where information is preserved and islands manifest,
giving rise to the characteristic Page curve. Focusing on a broad class of static spherical symmetry black hole met-
rics in asymptotically Minkowski or (anti-)de Sitter spacetimes, we derive a pivotal constraint, the second derivative

of the blacken factor f”(rp) < %’(th)

from the quantum focusing conjecture theory, we obtain another constraint on the blacken factor for which the the-
ory can be satisfied: f”'(rp) < %}zﬁkw
properties. Specifically, we reveal that a universal criterion, manifested in the negativity of the second derivative of
f(n, ie., f”(r) <0, in proximity to the event horizon where r ~ r, + O(Gy), ensures the emergence of Page curves

for which the island exists, and reproduce the Page curve. Moreover, starting

. In particular, by studying these two constraints, we find common

and follows the quantum focusing conjecture in a manner transcending specific theoretical models. Finally, we ar-
gue that the negativity of the second derivative of the blacken factor f(r) near the event horizon strongly indicates
negative heat capacity, which implies that black holes with a negative heat capacity must have islands and satisfy the

quantum focusing conjecture.
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I. INTRODUCTION

Black holes are the strongest evidence of general re-
lativity (GR). In modern physics, black holes have be-
come one of the most controversial areas of theoretical
physics. When some of the results of quantum mechanics
(QM) are inserted into the framework of GR, something
remarkable occurs. This approach was first proposed by
Hawking in 1975 (known as Hawking radiation) [1].
However, it leads to a very acute dilemma: the informa-
tion (loss) paradox [2]. QM requires that the evolution of
a black hole formed in a pure state must respect the unit-
ary principle, namely, it remains a pure state at the end of
evaporation. In contrast, Hawking radiation indicates ra-
diation in a thermal (mixed) state ". It was not until the
Page curve was proposed that this issue gradually be-
came clearer [3, 4]. Significant breakthroughs have been
made in the last 20 years. A key catalyst was the anti-de
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Sitter/Conformal Field Theory (AdS/CFT), or the holo-
graphic duality [5].

The AdS/CFT duality opens a window for us to look
at the problem of gravity in AdS from the perspective of
CFT. A milestone work is the RT formula proposed by
Ryu and Takayanagi to calculate the holographic entan-
glement entropy [6]. The RT formula establishes the rela-
tion between the entanglement entropy of the subregion
and its homologous extremal surface (RT surface) area.
This was followed by the quantum correction of the RT
formula [7]. In 2015, the modified RT formula with high-
order corrections, the quantum extremal surface (QES)
prescription, was proposed [8].

Currently, all problems of evaluating entanglement
entropy at the boundary translate into finding the minim-
al extremal surface in bulk spacetime. After the Page
time, we have another additional extremal surface, which
is located inside the event horzion of the evaporating AdS
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black hole, called an "island" [9—11]. Considering its con-
tribution led to the unitary Page curve, at which point, the
black hole information paradox was declared to be pre-
liminarily solved. Interested readers can refer to the ped-
agogical review in Ref. [12].

The formula for calculating the fine-grained (entan-
glement) entropy (or von Neumann entropy) of Hawking
radiation obtained by the QES prescription is summar-
ized as the "island formula":

Area(ol)

S = vin x|
Rad in4 Ex Gy

+Sbu1k(RUI)}}’ (1)

where [ refers to the island region, and its boundary is de-
noted as dI. The entropy of bulk fields consists of two
contributions: the island I inside the black hole and radi-
ation region R outside the black hole. The words "Min"
and "Ext" guide us to extremize the generalized entropy
first to find saddle points:

0S gen 0 (Area(al )
Oxt — Oxt

= W + Sbulk(R U 1)) =0. (2)
These saddle points correspond to the candidate "QES".
Then, we pick the one with the smallest value, which is
the final correct result of the fine-grained entropy of
Hawking radiation. In addition, the island formula (1) can
be derived equivalently by the strict gravitational path in-
tegral [12, 13, 14]:

1
S Raa = lim —— log Tr(pR), 3)
n—1 1 —-n

where the contribution of the connected replica worm-
hole (saddle) dominates at late times, and the Page curves
can be reproduced naturally".

Recently, studies have demonstrated that the island
formula does not depend on the AdS/CFT correspond-
ence and has been applied far beyond asymptotically AdS
black holes. Examples include the study of islands in
asymptotically flat or dS spacetime, as well as combina-
tion with some intersecting fields. One can refer to a non-
exhaustive list of progress in this field [15—90].

There are two motivations for this study. To date,
most studies have focused on the reproduction of Page
curves in special spacetime. They all found that islands
emerging at late times could curb the growth of entropy
and respect unitarity [16—26, 30, 33, 34, 36, 37, 40, 41,
47-49, 54, 55, 65]. A natural question is what are the
constraints on obtaining a unitary Page curve using the is-

land paradigm for general spacetime? Equivalently, we
can consider the inverse of this problem: If a Page curve
already exists, namely, unitarity is maintained, what con-
straints do the spacetime geometry need to satisfy? Thus,
the first motivation is to find the constraints on general
spacetime for which the Page curve exists. Meanwhile,
the quantum focusing conjecture (QFC) also has a con-
straint on the generalized entropy at late times. How does
this constraint relate to those imposed by the island
paradigm? Therefore, the second motivation is based on
the QFC perspective, and we again consider the require-
ments on spacetime geometry. Incorporating these dual
considerations, we discern that the sufficient and neces-
sary condition for the existence of Page curves is
I () < %ﬁ:”) for the second derivative of the blacken
function in the vicinity of the horizon, while and the ne-
cessary and sufficient condition for the QFC theorem to
be established is f”(rn) < % In particular,
there is a relationship f”’(r,) <0 that satisfies both of
these conditions, which implies that black holes with neg-
ative heat capacities must have islands and satisfy the
QFC theorem. These discoveries culminate in the formu-
lation of overarching geometric principles.

We begin with a general metric that represents a stat-
ic spherically symmetric black hole. In the static coordin-
ate system under the Schwarzschild gauge, such metrics
are written as (D > 3)

ds* = —f(r)de* + £~ (rdr* + rdw?, ,, 4)

where dw?,_, is the volume of the unit (D —2)-sphere, and
the area of the (D—2)-sphere with radius r is equal to
rP2wp_,. Moreover, the angular direction should be re-
moved when we focus on two-dimensional (2D) black
holes. To guarantee the existence of a black hole solution,
we must impose some requirements on the blacken func-
tion f(r). It must have simple and positive zeros, and it
must have a value for its corresponding radial coordin-
ates that exceeds the horizon and extends to space-like in-
finity. This is the only way in which the domain of exteri-
or communication is "outside" the black hole.

In some special cases, the blacken functions for radi-
al and time coordinates are not equal. In fact, this corres-
ponds to the configuration with the Einstein-Maxwell-
dilation field equation”. For convenience, we ignore
these few special cases in this study and assume that stat-
ic spherically symmetric black hole solutions can all be
written in the form of (4). Moreover, when the cosmolo-
gical constant A is non-positive, it is asymptotically asso-

1) More precisely, all QES configurations are saddle points in the path integral of the replica geometry. The entanglement entropy is minimized to achieve the min-
imum partition functions. So the entanglement entropy is approximately the minimum entanglement entropy at the saddle point.

2) For instance, for Garfinkle-Horowitz-Strominger black holes, the metric cannot be written in the form of (4) [57]; for Kaluza-Klein black holes, its area is a func-

tion of the dilation field ¢ [91].
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ciated with flat or AdS black holes, which usually have
only one horizon". However, for a positive cosmological
constant, such black holes have a cosmic horizon in addi-
tion to their event horizons. For simplicity, we focus
mainly on the case of a single horizon. In the case of mul-
tiple horizons, the corresponding calculation only re-
quires parameter substitution without affecting the phys-
ical meaning. One can refer to [63] for the explicit calcu-
lations. Besides, due to the special property of the vanish-
ing temperature of extremal black holes [55], in this pa-
per, we only discuss non-extremal black holes.

The rest of this paper is organized as follows. In Sec.
I1, we calculate the entanglement entropy for Hawking ra-
diation by the island paradigm. We first prove that the is-
land is absent at early times. Subsequently, we focus on
the behavior of entropy at late times. We derive the con-
straint condition that the spacetime geometry must satis-
fy when the island appears, and we must obtain a unitary
Page curve. In Sec. III, we apply the QFC to test our res-
ults and acquire a self-consistent conclusion. Finally, we
present a discussion and summary in Sec. IV. The Planck
unit 7 = kg = ¢ = 1 is used throughout the paper.

II. ISLAND PARADIGM FOR BLACK HOLES

In this section, we evaluate the entanglement entropy
of Hawking radiation using the island formula (1). We
directly assume that there is an island in black hole space-
time due to the fact that islands are necessary and suffi-
cient to reproduce the Page curve based on the island
paradigm. We investigate the behavior of generalized en-
tropy in both the early and late stages. Consequently, we
indicate that there are no islands at early times, leading to
information loss. Then, we focus on the behavior at late
times. Finally, we obtain a constraint equation for the
spacetime geometry to ensure the appearance of Page
curves.

The Penrose diagram is shown in Fig. 1 ?. To extend
the metric (4) to the left and right wedges, a Kruskal
transformation is allowed:

nght Wedge U=—-e M= _e*K(t*V*(r)); V=q4e™™= +e+K(I+r*(r))’

Left wedge : U=+e ™ =+e 7+, V= " = e+,

®)

with the surface gravity «:

1
K= 27Z'TH = Ef'(rh), (6)

where Ty is the Hawking temperature, s represents the
derivative with respect to the radial coordinate », and r,
denotes the radius of the event horizon. Here, we set
f(ry) =0. The tortoise coordinates are defined by

r

.
%dr. (7)

ry(r) =

After the Kruskal transformation, the metric (4) can be
recast as

ds? = —Q*(NdUdAV + r*do? . ®)

with conformal factor®

() = O, 92)
Ke*'
Qpan(r) = P (9b)

A. No islands at early times

First, due to the fact that the explicit expression of the
entanglement entropy is complicated in higher-dimen-
sional case, we resort to the "s-wave" approximation [30]
¥ That is, we neglect the angular part of the wave func-
tion. The expression can be well approximated by the the-
ory of two-dimensional CFT at the low energy limit. In
this case, we only need to focus on the radial direction of
the metric (8). In addition, we assume that the black holes
is a pure state at the beginning of evaporation. Moreover,
in this paper, we merely focus on the case in which the
cut-off surface is distant from the black hole (b > r,) to
facilitate subsequent calculations. In the case where the
cut-off surface is close to the black hole, one can refer to
[30, 48].

In the construction of the no-island case, only radi-
ation remains. We can only consider the complementary
region of radiation based on the complementarity of von
Neumann entropy. Consequently (see Appendix A),

1) Sometimes the black hole has topological horizons or an inner horizon due to charge and angular momentum, but this does not significantly affect our results. We

do not consider these cases in this paper.

2) For the bath region, it refer to half-Minkowski spacetime. We usually assume that bath regions have no gravitational effect, or that the gravitational effect can be

ignored. Some studies have considered the gravitational bath [50].

3) We assume that the bath region is a Minkowski patch without gravitational effect. So, for the bath region, we have f(r) = 1,7, = r and can obtain the expression

(9b) from (9a).

4) Although there exists the massive modes in Kaluza-Klein tower of the spherical part, only the s-wave with zero angular momentum has contribution when the dis-

tance is much larger than the coherence length of massive modes.
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Fig. 1.  (color online) Penrose diagram of black holes (with a single horizon). The radiation regions are denoted by R+, and their
boundaries are the cut-off surfaces. The coordinates of boundaries of the radiation are b. = (+#,,b). The coordinates of the islands
boundaries are a. = (+1,,a). On the left, this represents an asymptotically flat black hole. Hawking radiation can naturally diffuse to null
infinity. On the right, it represents an asymptotically AdS black hole in thermal equilibrium with the bath (red region). We then impose
the transparent boundary condition on the black hole region (black region) [10]. In such a way, Hawking radiation can also be collec-
ted by observers at space-like infinity.

4f(b
c ¢ log ( f(2 ) COShZ(Klb)), for asymptotically flat black holes
e K

Sk =S (R)= ¢log [*(b-.b. )b )Ab.)| =

[piNe))

(10)

4
3 log (—2 coshz(Kt,,)> , for asymptotically AdS black holes
K

where c¢ represents the central charge. In the limit of late times and large distances, we can take the approximation

cosh(kz,) ~ EGK”’. Then, the above equation becomes
S raa(without island) ~ gm. (11)

Apparently, without island construction, the entanglement entropy of radiation grows linearly with time at late times,
which leads to information loss and is consistent with Hawking's view. In addition, the result (11) does not depend on
the geometry f(r), which implies that the information paradox always exists.

Next, we turn to the construction with an island to obtain the Page curve. Similarly, referring to the Penrose diagram
in Fig. 1, we see that the entire Cauchy slice is divided into three intervals. For the disconnected union interval RU I, the
expression of the entanglement entropy is converted from (10) (only valid for a single interval) to the following form
[92, 93]:

d(a+,a,)d(b+,b,)d(a+,b+)d(a,,b,)) _c

C
Spu(RUT) = g1og( da boda b ¢ log [16Q%(@) Q2 (b)e @+ cosh® (kt,) cosh’ (k1) |
+sY—= = U+

G {cosh[x(r*(a) —1,(b))] = cosh[«(t, — )] (12)
3 %8 | Coshlk(ry (@) — ro(b)] +coshlk(t, +1,)])°
where
Q*(@)Q*(b) = Qi () (b) = %, for asymptotically flat cases, (13a)
Q*(@)Q*(b) = Qi () (D) = _J@ for asymptotically AdS cases. (13b)

1Ae2k(ri(@)+b) :

Accordingly, the generalized entropy reads as"

1) Hereafter, we only present the results for asymptotically flat black holes for the sake of simplicity. In order to fit the AdS black holes, one simply set f(b) = 1 and
r«(b) =b.
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g t@ oy [16f<a>f<b>

2Gy 6 i«
c ) {cosh[x(r* (a) —r.(b))] — cosh[k(t, — tb)]}
cosh[k(r4(a) — ro(b))] + cosh[k(t, + ;)] )’
(14)

cosh? (xt,) cosh? (Kl‘b)}

3 (o)

where A(a) is the area of the island, which is a positive
constant for D > 3. Hereafter, we default to the dimen-
sion D >3 to ensure that the area term A(r) is always
non-negative, and we discuss the case of 2D black holes
specifically in Appendix B.

At very early times, we assume that 7, ~ 17, ~ 0 < «b.
Then, the generalized entropy becomes

g}f'w ~ AT(Ga,j + glog 716f(:4)f(b) cosh?(kz,) cosh® (k1) | .

(15)

To obtain the QES, we extremize the above expression
with respect to a and 7,:

6 S (early)

gen

CK
== = 16
o, 3 tanh(kz,) = 0. (16)
The only solution is 7, =0, so the approximation is cor-
rect. Then, the location of QES can be obtained by the
following equation:

O™ _A@  cf@ _

- 17
da - 2Gy "6 f@ an

We can rewrite this expression to obtain the constraint
equation that is satisfied if the island appears at early
times:

3A’
_% = cGy ~O(Gy) < 1. (18)

Here, we assume that the central charge is relatively
small: ¢ ~ O(1). Because the area term A’(a) is finite and
non-negative, there are two solutions that satisfy the
above equation:

f(a)~0, f'(@) <0, (192)

aZ’”h,

or f(a)~0, f(a)>0. (19b)

asry,

However, in the region r 2 r;,, the expression f'(a = r;,) is
related to the surface gravity f’(r,) = 2k > 0 (6). Thus, the
first solution is not reasonable, while the second solution

suggests that the island is located inside the event hori-
zon. In fact, we demonstrate explicitly in Appendix C that
the island cannot be inside the event horizon. Therefore,
there is no physical solution for the constraint Eq. (18) at
early times. We can infer that islands are absent at early
times, which does not depend on the metric (4).

B. Constraints on the background geometry
at late times

By contrast, at large distances and late times, the left
and right wedges are significantly separated. To simplify
this, we can perform the following approximation [30]:

d(a,,a.) = d(b,,b.) ~d(a,,b_) = d(a_,b,)
> d(a,,b,) ~ d(a_,b.). (20)

Then, the entanglement entropy at late times is simpli-
fied as

A e (@)
= 2GN+610g{ i (21)

2
X [cosh[K(r*(a) —ry(b))] — cosh[k(t, — t,,)]} } .

In same way, we extremize this with respect to time ¢,:

s ¢ «sinh[k(t, — )]

dt, 3 cosh[k(r,(a)—re(b))] — cosh[k(z, — 15)] =0
2

The only solution is to set 7, equal to #, and then substi-
tute this relation into the original expression and extrem-
ize it with respect to a:

(late) ’ ’
Bl _A@ ¢ [1@, 2 o %@ - o] =0

da  2Gy 6l f@ f@
_Aa)  cf'(a) K 2 _
= 26y | 6f(a) 3f(a)<1+ekx—1)_0’

(23)

where we use 7,(a) = and set x=r,(b)—r.(a) to

1
- - f@ :
simplify the equation. Here, we assume that the location
of the cutoff surface (r = b) has the same order as that of
the island (r = a), i.e., x is sufficiently large (e**— 1> 0).
Thus, the last term in the second line of the above equa-
tion does not become a large negative number and causes

Eq. (23) to have no solution". Following (18), we re-

1) Even for cases that the cutoff surface is very close to the island: b 2 a, the last term in Eq. (23) is large than 1 due to the exponential dependence. Therefore the

Eq. (23) always has a solution under reasonable approximation.
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write this expression as

3A'(a)f(a)
4re " +2«— f'(a )

=Gy <1, (24)

Now, we make the near horizon limit a ~ r, and obtain

f) = [ () =) +Ol(r =ry)*]

=2k(r—ry) +O[(r— )], (252)

£ = f' @)+ f () =r) +Olr— )], (25b)
~ |”—”h|

() = / 5 otoe (25¢)

Substituting these equations into (24) yields the follow-
ing constraint equation:

6kA’(a)(a—ry)

0 =
e (“ W _ ) a—r)

=cGyx 1.
4re =)

(26)

First, we know that the necessary and sufficient condi-
tion for the existence of islands is that Eq. (26) has a solu-
tion. Based on the non-negativity of the area term A’(a)
(for D > 3), we obtain the constraint equation

4y +D)

Va=rr,’

a>ry,

I () < (27a)

—4ye K= (b)

P < =am

a<ry, (27b)

These two solutions correspond to the island being loc-
ated outside and inside the event horizon, respectively.
However, we show in Appendix B that islands cannot be
inside the event horizon, so the second solution (27b)
should be discarded. Next, when the above condition is
satisfied, there must be an island located outside the event
horizon:

4C2 G12ve—2xr,, (b)

Orn(A’(rp))? +OL(eGr’] 29

a=r,+

Substituting this location into the constraint Eq. (27a), we
obtain the necessary and sufficient condition for the exist-
ence of the island:

6kA’ (1)

f) < Gy

= . (29)

At first sight, one might naively assume that the result of
Eq. (29) is trivial because, in the semiclassical frame, if
the Newton constant Gy is sufficiently small, then the
constraint (29) is easily satisfied. On the one hand, we
now pay attention to the behavior of entropy at late times
(21). At this time, the black hole is at the end of evapora-
tion. The quantum effect dominates and should not be ig-
nored. On the other hand, even at the early stage, the res-
ult (29) is trivial only for non-extremal black holes with
high temperature (Ty ~ x> 1). However, for a near ex-
tremal black hole with almost vanishing temperature
(Ty ~ 0), this constraint must be treated with great cau-
tion. Therefore, the constraint in Eq. (29) is a significant
conclusion. Finally, according to the location (28), we ob-
tain the entanglement entropy of radiation at late times as
follows:

S Rad(With island) =

A
zg”N) +O(Gy) = 2S . (30)

This is in line with our expectations. Recalling the result
without an island (11), the Page time is determined by

6Sgn _ 3SBH
tpage = ——— = . 31
Pag CcK cnTy GD

Besides, we can calculate the scrambling time as a by-
product. Drawing from the insights of the Hayden-
Preskill thought experiment [94], it is posited that an ex-
ternal observer, situated asymptotically relative to the
black hole, must patiently await the elapsed duration
known as the "scrambling time" before information ini-
tially engulfed by the black hole can be retrieved by ana-
lyzing the emitted Hawking radiation. In the language of
the entanglement wedge reconstruction, the scrambling
time corresponds to the time when the information
reaches the boundary of the island (r = a) from the cut-off
surface (r=b) [11]:

tser = Min[v(ty, b) — v(t,,a)] = 1o (b) — 74 (a)
a—ry Ni A’(rh)rh
T2k cGy

1
~ru(b)= 5 log

—1 32
27TTH 0g S BH, (32)

where 1,,t,are the times of sending and receiving inform-
ation, respectively. In the penultimate line, we employed
the approximation delineated in Eq. (25¢) to facilitate our
calculations and assumed that b has the same order as that
of the event horizon b ~ r,,. Therefore, we adopted the es-
tablished outcome for the four-dimensional scenario,
aligning seamlessly with the findings reported in the sem-
inal Hayden-Preskill thought experiment [95, 96], thus
ensuring theoretical consistency.
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Above all, we protect the unitarity by the island for-
mula. In particular, we obtain a sufficient and necessary
condition for deriving the Page curve (29). In addition,
because the area term A’(r,) is non-negative, the critical
value & is always positive. Therefore, we can further in-
fer that there must exist a Page curve when the following
constraint is satisfied, i.e., a sufficient and unnecessary
condition for Page curves:

S/ (r+O0(Gy)) < 0. (33)

Specifically, the radial coordinate » is confined to a re-
gion situated just outside the event horizon, adhering to
the condition r > r,, reflecting our focus on the immedi-
ate vicinity of the horizon through implementation of the
near-horizon approximation. The impact of this condi-
tion on the results is discussed in detail in the following
section.

III. ISLAND AND QUANTUM FOCUSING

CONJECTURE
Up to now, we calculatec the Page curve using the is-
land formula (1). Combing the results of the previous sec-

tion, we obtain the behavior of entanglement entropy in
the entire process of black hole evaporation as

. (34)

2
SRad = Min {%THI, ZSBH

In particular, we find that if the constraint condition (29)
is satisfied, the Page curve must be reproduced, and there
must exist an island outside the event horizon (28). This
conclusion is universal and does not depend on the expli-
cit form of the metric (4). In this sense, we provided the
constraint conditions of spacetime when the Page curve is
established.

In this section, we further study the constraint of Page
curves on space-time from the perspective of QFC and
compare the results with (33), given by the island
paradigm. The classical focusing theorem asserts that the
expansion @ of the congruence of the null geodesic never
increases:

do
— <0 35
0 =0 (35)

where 4 is the affine parameter. An important application
of this theorem is to prove the second law of black holes.

A
For a black hole with area 4 and entropy Sgy(= K),
N
the expansion 6 is defined by

0= ——. (36)

Then, one can infer the second law, dS gy > 0.

However, once quantum effects are considered”), i.e.,
the black hole emits Hawking radiation, the second law is
violated. For the sake of rationality, this law should be
upgraded to the generalized second law. Accordingly,
black hole entropy should be replaced with generalized
entropy: dS e, > 0. Therefore, the classical focusing the-
orem is extended to the QFC [97, 98], where the quantum
expansion is given by replacing the area in the classical
expansion with the generalized entropy (21):

do
— <o, 37
) (37
where ©® is the quantum expansion, which can be ex-
pressed in terms of generalized entropy:

1d

o=1a

S gn- (38)

Now, we investigate the QFC for the construction
with an island. For the entanglement entropy at late times
(21), the quantum expansion is written as

1d
O=xade
1 % 0Sgen  dv, 0Sgen  duty OS gen (39)
TAdal v, dv, Ov, dvy Ou, 1
Here, we introduce the affine parameter [98]
a )
= -2y, (40)
ou

for simplicity. Because QES makes the entanglement en-
tropy extremized, i.e.,

S gen S gen
= = 41
Ou, v, 0 @1

we have

1) Even though our metric (4) looks static. However, it is actually in dynamic equilibrium with the external bath. More specifically, the outgoing Hawking radiation
is perfectly balanced by the replenished energy flow from the bath (see Penrose diagram Figure.1). Therefore, the area of a black hole is actually change with time, the
classical focusing theorem (35) can be violated, and we need to consider the quantum correction (37).
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C1dv S 1 [0Sem 3S gen
TAd v, Ab)/b) { a, O }
A« "

T 240Gy 3AM)f(b)

K c 7
X B((ta—t;,)+(r*(a)—r*(b))} + W)f(b)f (b)

X0) c .

= 240)Gy T 6Ab) by P

+ K (1 + ! ) >0
3AMD)f(b) ek (B)-r(@) — 1 :

(42)

Here, we have used the relation ¢, = 1, because the cut-
off surface is far from the event horizon, f(b > r, ~ a) > 0.
Therefore, the entanglement entropy is always increasing
with the null time v, and the quantum expansion is posit-
ive. Moreover, following the QFC, we obtain the derivat-
ive of the quantum expansion as

d@_d(lngen)_l(ldvbBSgen)_ 1 d

dl " da\A d1 /T da\Ada av, /T F)dv,
_ [A(D)P-AD)A” (b) c
B T R T e Y A
(43)
where
_A(D) cK K B
X= oGt AOTD) coth<2 (ru®) u(a)))
c f'(b)
T6A®) 1)’ ()
Y = f(b)A'(b)[2«coth (g (ru(o)- m(a))) +/'(b)] >0,
(44b)
B 5 eklr«(@)=ry (b))
Z=A0) {4’( (erre@-raon _1)?
2 ’ b kI« (D) Kkry(a)
L2 (3(; e ) e (r w2 - o).
e * —e *
(44c¢)

In the above calculations, the QES condition (41) is used
to simplify the second line of the expression (43) to elim-
inate terms related to u, and v,. The first term of Eq. (43)
is related to the area, which is always positive for spheric-
ally symmetric black holes because the area term is a lin-
ear function of the radius r. Therefore, the only require-
ment that the QFC theorem must satisfy is non-vanishing
Z. Further, because the location of the cutoff surface
(r = b)is artificially selected, if we assume that it has the
same order as that of the horizon, b ~ r;, =~ a, then the ex-
pression Z can be reduced to the following form:

2

Z~ A(rh)( +26f" () + (f (ra))* = f(b)f”(rh))

ex(rs(a)=r«(b))

= A(r) (4,<2 (ﬁ + 2) - f(b) f”(rh))

2 kry(b)

Y] et 1)) >0,

[a—=
Tn

In the first line, we have used e"*® > e+@ » 1 and
b ~ r;. In the last line, we do not expand f(b) because, al-
though the cut-off surface has the same order as that of
the horizon (b~ r;), its gravitational effect is so small
(the asymptotic region of the observer) that it cannot be
included in the near-horizon region (r = r,). Therefore,
we can determine that the sufficient and necessary condi-
tions for QFC are valid based on the location of the is-
land expressed in Eq. (28):

(45)

6K2 rhA/ (rh )eZKr* D) 2kry (D)

cGn f(b)

Krp€

e (46
w0

f7(m) < =p=a-

The explanation of the physical significance here is con-
sistent with that given below Eq. (29), and this constraint
is also a non-trivial result. In particular, based on the non-
negativity of 3, we also obtain a sufficient and unneces-
sary condition for QFC to hold:

1" () <0. (47)

Comparing this constraint and the result from the is-
land paradigm (33), we find that the derived QFC result
(47) contains (33). Namely, the applicability of QFC is
wider. Moreover, both are a sufficient and unnecessary
condition for the Page curve and QFC to be established.
Therefore, we can conclude that a sufficient and unneces-
sary condition for a Page curve for general spacetime (4)
to exist and satisfy QFC is that the second derivative of
the blacken function is negative in the near horizon re-
gion. We stress that this conclusion is only valid at the
semi-classical level, where the whole spacetime is can be
regards as static.

Now, we display some physical meaning of the res-
ults. As we know, the first derivative of the blacken func-
tion f(r) at’the event horizon r, is the Hawking temperat-

’
;ﬂh) of the black hole. Therefore, its second

derivative is related to the heat capacity:

ure Tn=

aS BH \ _ as BH/arh
CH:TH((?TH)_ H( 6TH/(9rh>
Al
f(rn)- f,,((;h)) (48)
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Then, the positive or negative heat capacity is consistent
with f”(r,). Namely, when the condition (33) is satisfied,
the capacity is always negative. Therefore, f”(r;) <0 is
necessary and sufficient for the heat capacity of a black
hole to be negative. Then, we can further summarize sec-
ondary conclusions: a black hole with a negative heat ca-
pacity must have islands at late times. Moreover, this is
also supported by the QFC. We present the results of cal-
culations for some typical black holes in Table 1.

IV. DISCUSSION AND CONCLUSION

In summary, we calculated the Page curve from the
general static spherical symmetry metric (4) and ob-
tained the entanglement entropy of radiation, behaving as
expressed in (34). We found that the island is always out-
side the event horizon (28). We also obtained a sufficient
and necessary condition (29) for the emergence of is-
lands. This methodology sets a benchmark for employing
the island paradigm in Page curve computations. In par-
ticular, we used the Liouville black hole [22] as an ex-
ample to support our conclusion. In addition, we emphas-
ize that this conclusion is valid only under the semi-clas-
sical approximation, namely, the metric is static and the
approximation is valid (25). When the size of the black
hole that evaporates to the final stage is sufficiently
small, the quantum effect cannot be ignored, and the
near-horizon approximation (25) may also fail due to the
effect of high curvature at the event horizon of black
holes at the final stage. Meanwhile, we followed the per-
spective of QFC to prove our results. Explicit calcula-
tions indicate that the QFC is always satisfied when con-
dition (46) is present, which also ensures the validity of
behavior of the entanglement entropy at late times (21).
In particular, we found that a common constraint equa-
tion that satisfies conditions (29) and (46) is the condi-
tion expressed via (33) and (47). These are both self-con-
sistent, which implies the rationality of our calculation.

Therefore, we considered the inverse problem of cal-
culating Page curves and concluded the following. When
the constraint expressed in Eq. (29) is satisfied, one can
always obtain the unitary Page curve from the generic
metric (4). Meanwhile, the QFC will always hold under
the constraint (46). Our study significantly contributes to
the comprehension of black hole evaporation dynamics
and the resolution of the information paradox by lever-
aging insights from the island paradigm and QFC. Fi-
nally, the common constraint of spacetime (47) affirms
the universality of Page curves, transcending model-spe-
cific restrictions and reinforcing the compatibility of in-
formation conservation within the semi-classical gravity
framework. This also suggests that spherically symmet-
ric static black holes with a negative heat capacity must
have an island and satisfy the QFC theorem.

Our calculations have very broad applicability bey-

ond specific model dependencies. As long as the metric
satisfies (4), one can use our calculation to obtain the cor-
responding island (28), Page curves (29), and the condi-
tion for the QFC theorem (46). Therefore, our calculation
can be used as a standard procedure to obtain the Page
curve (34) and QFC theorem (37).

In the future, we would like to consider the following
aspects:

First, our metric (4) only fits an eternal black hole.
Although the information paradox for eternal black holes
is more straightforward, we are yet to acquire universal
results from more realistic models of evaporating black
holes. When a dynamical black hole is taken into account,
the back-reaction should be considered seriously [99,
100]. The constraint of Egs. (29) and (46) may be modi-
fied. Besides, although the calculations for the QFC in
this study are based on a static black hole background, the
QFC is a more general theorem. The QFC theorem is
rarely studied in terms of a dynamic black hole back-
ground [98, 101]. Subsequent studies can extend our res-
ults ((27a) and (29)) to the evaporating version.

In addition, we only focused on the contribution of "s-
wave," and the other modes with angular momentum
were omitted. Nevertheless, we still need to be cautious
when using this reduction. In particular, when the observ-
er is close enough to the black hole, this approximation is
not valid. Some calculations beyond the s-wave approx-
imation are discussed in [98]. Meanwhile, in the case of
non-spherical symmetry, there is a lack of well-defined
conformal transformations, such as the Kruskal coordin-
ate transformation (8). The metric (4) cannot be maxim-
ally extended to the two-sided geometry form (8). The
calculation method presented in this paper is difficult to
perform under a non-spherical symmetric configuration.
Another interesting and beneficial aspect is to contem-
plate the scenario where the cut-off surface is close to the
black hole (b —r;, < 0). Although the outcomes of the is-
land in this case have been examined in [30, 48], it is
worthwhile to investigate whether the QFC theorem holds
in this situation.

Finally, although we can infer that black holes with
negative heat capacities must have islands and follow the
QFC, we should apply this conclusion with caution. For a
more general case, such as axially symmetric black holes
or black holes with topological phase transitions, we still
need to treat the constraint expressed in Egs. (29) and
(46) strictly. There may be better physical explanations in
the future, and our superficial discussion here may
provide some possible references. We end our discussion
here.
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Table 1.

Related results for several black holes. Here, we assume that the the cosmological constant A, AdS length ¢, and horizon

i, 7—,ry have the same order. The Newton constant is sufficiently small: cGy ~ O(Gy) < 1. Thus, & ~ 8> f”(r;)in most cases. In partic-
ular, for a Liouville black hole [22], there is no island because of its blacken factor not satisfying the relation f”(r,) <@. We discuss

this special 2D black hole in detail in Appendix B.

Black Hole f(r [ (rn) a B Location of Islands/QFC
caqs 2241, 12237t @rntrx (0) 252
Callan-Giddings-Harvey- —42% e ey CON_ o are(b
g Yy S Gy G (1—c~ 22017 Tt e % (b)
. - 1 1 ! ..
Strominger [18, 19] ~ _O(E> ~ 0( e ) ﬁ QFC is satisified
h h
)
2 6rp 6rie (2 262 e
2 _ i 1y (b)
Jackiw-Teitelboim [24] 7 0‘2 1 Gnl N rh+ —giee
oy el i -
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" Gn
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island rule.

APPENDIX A: ENTANGLEMENT ENTROPY IN
CURVED SPACETIME

In this appendix, we briefly give the expression of en-
tanglement entropy in a curved black hole background
and discuss what we should consider when using them.

Initially, different from the 2D simple case, the ex-
pression of entanglement entropy in the 4D scenario is
complicated and has an area-like divergence. Namely, the
entropy for matter fields has following expression:

Area(dl)

Sou(RUD = —— +§hmie(RU), (A1)

where € is the cutoff, which dominates the area-like di-
vergent term. Then, we can absorb this term by renormal-
izing the Newton constant:

1 1 1
@EEJFE. (A2)

Consequently, we can replace the corresponding parts of
the island formula (1) with G}, and Sf(RUT) to yield a
finite contribution of the entanglement entropy. Thus, the
entanglement entropy in 4D spacetime is

Area(ol)

4Gy

S red = Min {Ext { +SIORU 1)} } . (A3

Secondly, due to the s-wave approximation, the renor-
malized von Neumann entropy in vacuum CFT, in flat
spacetime ds? = —dx*dx~ (with the light cone coordinate
xt=t+r)is[92, 93]

¢
Spuk(AUB) = 3 log(dag), (A4)

with

dag = /[x"(A)-x*(B)lx (B)-x(A)],  (A5)

in the geodesic distance between points 4 and B in flat
metric. To apply Eq. (A3) to curved spacetime, we must
perform the Wely transformation into curved 2D metric
ds3, = —Q2(x*,x")dx*dx" [9]. After the Weyl transforma-
tion, we finally obtain the entanglement entropy in gener-
al 2D spacetime as [19]

Souk(AUB) = % log |d*(A, B)Q(A)Q(B)} (A6)

t:=0

For the higher-dimensional case, we can still calcu-
late the entanglement entropy by this formula in a man-
ner similar to that of Eq. (8). For the 3D case, we just re-
place the area term with the length of the system, and for
the 2D case, we express the area term in terms of the
dilaton.

APPENDIX B: THE CASE OF 2D BLACK HOLES

In this appendix, we present the details of the result
for 2D black holes in Table 1. The bulk action for 2D
gravity can be written in the following form [18, 19, 22]:

Loy =

/ Ex—g {CD (R+K(®)(VD): —2V(®D)) |,

1671'GN
(B1)
where K(®) and V(D) are
K=0, V==, for JT gravity (B2a)
1
K= o V==22, for CGHS model
(B2b)
K =0, V =-22%"", for Liouville model

(B2c)

where 4 determines the length of the cosmological con-
stant, andB > 0 is a constant. We can obtain the vacuum
black hole solutions by solving the equations of motion
from the action (B1). In the Schwarzschild gauge, the va-
cuum black hole metric is

ds® = —f(rde* + f(r)"'dr, (B3)
where
rr i B4
f=—s for JT gravity (B4a)
fr)=1-em, for CGHS model (B4b)

f(r)=1-e2V0, for Liouville model ~ (Bdc)

Here, ¢ sets the AdS length, andC < 0is a constant. For
the case of the JT and CGHS models, we can easily cal-
culate and find that their blacken factors f(r) (B4a) (B4b)
satisfy the constraint expressed in Eq. (29) and then ob-
tain the correct results in Table 1. However, in the case of
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the Liouville black hole, there is no island due to its spe-
cial properties. Now, we study this situation in detail.

A key property of a Liouville black hole is that its
area term A(r) is negative. For the Liouville solution
(B4c), it can be proven that the time ¢ has a periodicity
along the imaginary axis. We introduce a new coordinate

asr = T|R2' Then, the metric (B4c) in Euclidean time

t = it near the event horizon r = 0 has the following form:

ds* = R*d(+/IClr)* +dR”. (BS)

Theref he Euclid ime h iodici fziﬂ
erefore, the Euclidean time has a periodicity o ‘/\/IE

C

Then, we obtain the Hawking temperature Ty = %

The expression of the dilaton ¢ in (¢,r) coordinates is giv-
en by

2 1 ’B
/ — B6
¢ B IClr B log C’ (B6)

The mass of a black hole is

2vI(C]

B (B7)

M =

It is obvious that B must be positive. Therefore, the full
restrictions for the parameters are

C <0, B>0, 2 <0. (B8)

Combined with the Hawking temperature, we find that
T = 2M. Finally, based on the first law of thermodynam-
ics, we obtain the Bekenstein-Hawking entropy as

dM 4 2 —42?
SBH=/—=flogM—flog( > (B9)
Bn?

Therefore, the black hole entropy is related to the

dilaton at the event horizon:

Sy =2¢y =2¢(r=0). (B10)

The area of a Liouville black hole and its derivative are
given by

16 8 A’B
AP =—— ~Zlogt>2
(1) === V/IClr - 5 log "~

16
A () =-—/ICl.

B

(B11)

Because of the negative value of A’(r;,), the blacken factor
(B4c) does not satisfy the constraint expressed in Eq. (29),
so the Liouville black hole does not have an island. Then,
we prove the validity of our results in Table 1. For more
information about Liouville black holes, see Ref. [22].

APPENDIX C: NO ISLAND INSIDE THE EVENT
HORIZON

In this appendix, we prove that islands cannot exist
inside the event horizon. In Sec. II, we obtain the loca-
tion of the island by extremizing generalized entropy
((18) and (26)). In addition to the solution where the is-
land is outside the event horizon, there is a solution where
the island is inside the event horizon ((19b) and (27b)).
The crux of the matter is that our results are based on the
Penrose diagram in Fig. 1, where the island is already as-
sumed to be outside the event horizon, so this solution
should be discarded. Now, we present the corresponding
explicit calculation. In this case, the correct Penrose dia-
gram is shown in Fig. 2.

In this construction, the island is located on the top
wedge.Thus, the corresponding Kruskal coordinate is dif-
ferent from that in (5). We redefine the Kruskal coordin-
ate as follows:

Top Wedge : U = +e = 47+,

V= 4 = +e/<(t+r,((r)). (C 1)

singularity

singularity

Fig. 2.

(color online) Penrose diagram in which the island is assumed to be inside the event horizon.
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The generalized entropy at late times is given by substi-

tuting the coordinate of the island a, = (+t,,a), which is

Ada) ¢ Al ¢ {f(a)f(b) ( (ra(@ra(b)—ta=t, >> ( (ra(@yra (DY >)
nzi 71 by _,b_ - 71 1 K(ry(a)+ryx a—1Ip _1 K(ry(a)+ry atlp
Sen = 55 +3 108 |d(a,.b.)d(a_,b.)] 26, tele T g +e +e X
_ oM@ty (b) <ex<r*<a>—ra> " ek(n(la)—zb)) (e«<r*<a>+za> i ek(r*(h)—lb))} . (C2)
Extrimizing this equation with respect to a gives
OSgen 1 <3A’(a)+
da 6\ Gy
c(xcsch[K(r* (a)+rs (b))]sech[%K(r* (@)+r.(b)] (cosh[%K(3r* (@)+r.(D)]+3 (sinh[%K(3r* (a)+r, (b))]) +f (a)) ) 0. (C3)
fa) I

This equation has no solution, i.e., there is no island for
this construction. Therefore, we can prove that islands

cannot exist inside the event horizon, and the solutions
(19b) and (27b) are not physical and should be rejected.
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