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Abstract: This manuscript aims to study cosmic warm inflation (WI) in the framework of f(Q)- gravity, where Q

represents the nonmetricity (NM) scalar. To accomplish this task, we introduce the Tsallis, Renyi, and Barrow holo-

graphic dark energy (HDE) entropies into the standard Friedmann equations. Utilizing the slow-roll (SR) approxima-

tion, we find exact analytic solutions for the inflaton field, the effective potential necessary to produce inflation, and

the scale factor for both low- and high-dissipative regimes. We calculate key parameters, including SR parameters,
the number of e-folds, the scalar spectral index and its running, and finally tensor-to-scalar ratio to assess the accur-
acy of the chosen DE models in light of the published observational data. The allowed ranges of the involved free
parameters are found from the limits on inflationary observables imposed by the Planck data. It is concluded that the
obtained results are consistent with proposed theoretical predictions up to the 20~ confidence level.
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I. INTRODUCTION

In the past several decades, observational and theoret-
ical research has been widely conducted to explain the
dynamics of the universe, and the outcome has been pre-
cisely consistent with the standard cosmological model,
called the ACDM model, which is based on the theory of
General Relativity (GR) [1]. On the contrary, observa-
tions of the cosmic microwave background radiation
(CMBR) from different studies have provided significant
facts on the evolution and development of the universe
[2—7]. However, many challenging issues, such as the
flatness and horizon problems, remain unsolved within
the parameters of standard cosmological data [8]. To ad-
dress these issues, it has been suggested to consider an
era of accelerated expansion in the initial stage of the uni-
verse's evolution, called "cosmic inflation" [9—12]. In
1981, the first model of inflation was proposed by Guth
[10] and Sato [13], but their model (old inflation) did not
adequately explain the universe's inhomogeneity due to
bubble collision at the end of inflation. Linde [11] and
Albrecht and Steinhardt [12] proposed an updated ver-
sion (so-called new inflation) in 1982, but it did not ad-
dress the problem of taking enough time in a false vacu-

Received 17 April 2024; Accepted 18 July 2024; Published online 19 July 2024

T E-mail: rabiasaleem@cuilahore.edu.pk
 E-mail: ali486130@gmail.com

$ E-mail: mrisraraslam@gmail.com

* E-mail: ikra.2016@gmail.com

um. Linde later proposed chaotic inflation [14], which
suggests that the universe is produced in regions with suf-
ficient inflation. These models have different implica-
tions regarding the thermal equilibrium of the early uni-
verse.

Cosmic inflation can be effectively described by con-
sidering a scalar field (¢), dubbed as an "inflaton" that is
determined by a particular effective potential. The
quantum fluctuations generated due to inflaton field can
pave the way towards exponential growth, explaining
how large-scale structures form. The inflationary mech-
anism provides density perturbations, which can be no-
ticed through the measurement of temperature variations
in the CMBR map [15—18]. To achieve a sufficiently
long inflationary regime, it is necessary to apply SR con-
ditions on the inflaton field, in which the inflaton's kinet-
ic energy is usually negligible. Besides, several types of
potential that are used to elaborate the inflationary epoch
have been thoroughly examined in the literature and con-
strained through the measurements of the CMBR's aniso-
tropies [19-23].

Usually, there are two types of inflation: supercooled
inflation and WI [24]. Supercooled inflation involves no
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particle production due to the absence of dissipative ef-
fects introduced by a term I'. In this scenario, a classical
inflaton field slowly rolls down to conserve the system's
energy. Meanwhile, warm inflation involves the produc-
tion of radiation during the inflationary epoch, resulting
in particle generation at relativistic scales. Warm infla-
tion occurs during the later stages of inflation and the
subsequent recent cosmic era. Models with WI include a
factor I' in the scalar field's conservation equation to
maintain radiation production. This I" factor can take on
various forms, such as a constant term, a function of tem-
perature or the inflaton field, or a combination of these.
The significance of WI is measured by the ratio of dissip-
ation to Hubble expansion r =T'/(3H), where I" should be

positive due to the second law of thermodynamics. Dis-
sipation effects during WI can lead to two extremes:
strong dissipation where I' > H and weak dissipation fol-
lowing the inequality I' < H [24].

Although GR has produced the most precise predic-
tions for explaining the cosmological phenomena so far
[25], it lacks an explanation of the ambiguities of the dark
sector, which includes dark matter (DM) and dark energy
(DE). The effects of the dark components on the dynam-
ics of the universe are compatible with observational data
[26]. DM contributes significantly to the formation and
structure of cosmic objects, while DE drives the present-
day acceleration to the expansion of the universe. Togeth-
er, these mysterious components account for 96% of the
total energy density of the universe. DE is now believed
to be the dominant component of the universe, account-
ing for approximately 68.3% of its total energy density,
while ordinary matter and DM make up only 4.9% and
26.8%, respectively [27]. Over the years, several cosmo-
logical models have been proposed to study the nature of
the cosmic expansion. The simplest model to describe the
universe is the non-interacting model, in which all the in-
gredients of the cosmic fluid are conserved independ-
ently. However, the interaction between DM and DE pro-
duces very interesting and feasible results and has been
explored in detail by many researchers [28]. Significant
literature is available on interacting scenarios in different
contexts.

Since the dawn of time, entropy has been an essential
quantity, and its importance has kept growing with the
development of theories like quantum mechanics,
quantum field theory, and quantum gravity. However, ac-
cording to current research, entropy may not be a unique
property; instead, it may vary depending on the physical
system being studied. Alternatively, this variability could
indicate that our understanding of physical entropy is in-
complete, and a generalized form of entropy might be ap-
plicable to all physical systems. A significant finding in
theoretical physics is the connection between a black hole
and thermal radiation, known as black body radiation.
This type of radiation is defined by a particular temperat-

ure and entropy, known as Bekenstein-Hawking entropy
(BHE) [29]. In contrast to classical thermodynamics, the
BHE is not proportional to the volume of the system and
is not an extensive quantity; rather, it is proportional to
the area of the black hole's event horizon. There have
been various discussions on several types of entropies
that differ from the standard BHE. These include the
Tsallis entropy (TE) [30], Renyi entropy (RE) [31], Bar-
row entropy [32], and many more. With the implementa-
tion of such entropies in cosmology rather than the con-
ventional BHE, modifications to the standard FLRW field
equations can be made. Recently, it has been shown that
entropic cosmology, which is related to several different
entropic functions, is equivalent to holographic cosmo-
logy with suitable holographic cut-offs [33]. The holo-
graphic principle (HP) has given rise to the well-known
HDE model [34]. This model efficiently describes the DE
era of the universe by making use of holographic energy
density sourced from different entropies. Interestingly, it
has been proven that holographic energy density can play
a significant role during the early cosmic stage, provid-
ing a feasible inflationary scenario that is consistent with
the Planck observational data [35]. Furthermore, holo-
graphic cosmology can unify early inflation to the late-
time DE era under a covariant formalism [36], making it
even more intriguing.

Besides cosmology, these research activities lead to
some fundamental questions related to the representation,
number of degrees of freedom, and true physical inter-
pretation of the gravitational field. For example, in the
framework of GR, the Ricci curvature scalar R gives rise
to the space-time dynamics. It is derived from the Levi-
Civita connection fixed by the Equivalence Principle. In
this context, gravity is a metric theory where the Lorentz
invariance, causality, and other well-established prin-
ciples hold. However, we can represent the gravitational
field by other approaches based on further geometric
quantities, such as torsion and NM. These representa-
tions are dynamically equivalent to GR but some basic
principles are completely different. For example, the so-
called teleparallel equivalent of GR assumes torsion as
the field describing gravity. Here, curvature and NM are
zero, and one adopts the Weitzenbdck connection as the
affine connection [37]. In this case, the fundamental ob-
jects are tetrads by which it is possible to derive the af-
fine connection, the torsion invariants, and finally the
field equations.

The study of thermodynamics in modified theories of
gravity has drawn significant attention in recent years.
This multidisciplinary study pushes the boundaries of our
knowledge about thermodynamics in a variety of gravita-
tional contexts, ranging from black holes to the early uni-
verse. Theoretical physics is at a frontier as thermody-
namics is integrated with modified theories, which might
fundamentally alter our knowledge of spacetime and the
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universe. Zheng and Yang [38] delved into the realm of
horizon thermodynamics within f(R) gravity. Sharif and
Zubair [39] provided insights into the non-equilibrium as-
pects of thermodynamics in f(R,T) gravity. Examining
thermodynamics by using corrected entropies in f(G)
gravity, Sharif and Fatima [40] conducted a concise
study. Non-equilibrium thermodynamics in the context of
f(G,T) gravity was explored by Sharif and Ikram [41].

These diverse studies showcase that one can discuss
the thermodynamics across various modified gravity the-
ories in this way. Observing the situation at hand, it be-
comes evident that gravity plays a crucial role in the dy-
namics of thermodynamics, especially when subject to
modifications to the relevant gravity. This modification
leads to the development of distinct equations corres-
ponding to each specific theory of gravity. Consequently,
it is imperative to recognize the significance of exploring
particular modified gravity theories, as they provide a
clear framework for understanding the intricacies of ther-
modynamic processes under different theories of gravity.

Recent research in the field of cosmic inflation has fo-
cused on investigating its effects on various modified and
extended theories of gravity. Over the past few years,
many authors have shown a keen interest in assessing in-
flationary models across different cosmic scenarios. As
the theory of cosmic inflation continues to evolve, in-
creasingly intriguing models of inflation are being re-
vealed, accompanied by significant theoretical discover-
ies and observational insights. From this perspective,
Saleem and Shahid [42] explored the dynamics of WI in-
spired by some DE models within the framework of the
Rastall theory of gravity. Their study revealed that this
modified theory of gravity is consistent with the Planck
2018 data. Shahid et al. [43] conducted a study on infla-
tion in the context of hybrid metric-palatini gravity, em-
ploying both standard and irreversible thermodynamic
approaches. Gamonal [44] proposed a formalism for SR
inflation in f(R,T) gravity theory.

The authors in [45] studied WI in the framework of
the f(G) theory of gravity using scalar fields for the FRW
universe model. They constructed the field equations un-
der SR parameters and showed that the graphical behavi-
or of these parameters is compatible with the recent
Planck data. Jawad et al. [46] explored WI coupled with a
vector field in the context of the Braneworld scenario.
Their research indicates that the model aligns well with
current observational data during the intermediate/loga-
mediate regimes. Sharif and Nawazish [47] examined the
behavior of warm intermediate inflation in a flat, isotrop-
ic, and homogeneous universe in the context of the f(R)
theory of gravity and studied strong and weak dissipative
regimes. De Laurentis et al. [48] studied cosmological in-
flation in f(R,G) gravity by considering two effective
masses, one related to R and the other related to G. These
corresponding masses described the dynamics at early
and very early epochs of the universe, giving rise to a nat-

ural double inflationary scenario. Bamba and Odintsov
[49] studied inflationary cosmology in R? gravity with its
extensions to generalize the Starobinsky inflationary
model. They found that the spectral index of scalar modes
of density perturbations and the tensor-scalar ratio are
consistent with the Planck results. Bhattacharjee et al.
[50] assumed the functional form of f(R,T) gravity as
f(R,T)=R+nT, where 5 is the model free parameter, and
modeled inflationary scenarios, where the inflation is
driven purely by geometric effects outside of GR.

Another approach to developing a theory that is more
comprehensive than GR pushes us to consider a geo-
metry other than the Riemannian one. Weyl was the first
to provide a unified theory of gravitation and electromag-
netism, as well as a geometric interpretation for electro-
magnetism [51-53]. Weyl introduced a generalization of
geometry where the length and direction of a vector
changes under parallel transformation. To justify this
idea, he established a compensating vector field. Weyl's
theory tried to interpret this vector field as the electro-
magnetic potential but faced many issues and was eventu-
ally rejected by Weyl himself [54]. Later, Dirac attemp-
ted to revive the Weyl geometry by showing that the ex-
pression of a partial derivative distinguishes the Rieman-
nian geometry from the Weyl geometry [55]. Weyl's idea
did not have much physical success, but it did have some
interesting points. One significant point of Weyl geo-
metry is providing the non-zero covariant derivatives of
the metric tensor, which gives rise to the concept of NM.
To simplify the geometric formulation of gravity, the
teleparallel equivalent to GR was proposed by utilizing
the Weitzenbck connection with zero curvature, NM
tensors, and non-zero torsion [56, 57]. This approach of-
fers another framework for understanding gravity while
preserving certain geometric properties.

Jamil et al. [58] studied the warm intermediate scen-
ario of cosmological inflation, driven by scalar inflaton
and gravitational dynamics in f(7°) gravity, where 7 is
the torsion, and found that it is consistent with observa-
tional data. SR inflation in the teleparallel gravity, spe-
cifically in scalar-torsion gravity, was studied in Ref.
[59], where the authors found that a power-law form of
coupling function and monomial scalar field potential are
ruled out by current observational data. The authors of
Ref. [60] examined the reconstruction during SR infla-
tion in scalar-torsion theories, whose Lagrangian density
is an arbitrary function of f(7,¢) (where ¢ represent the
inflaton). In particular, they imposed the reconstruction
scheme under the SR approximation and found different
potentials and their corresponding associated non-minim-
al coupling functions, which showed that the inflationary
model is consistent with observations and is therefore an
alternative to GR. In the context of f(7") gravity, the au-
thors of Ref. [61] investigated an inflationary universe
with a logamediate scale factor and concluded that loga-
mediate inflation is completely ruled out by observation-
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al data in the standard inflationary scenario based on GR
and it can be compatible with the 68% confidence limit
joint region of Planck 2015 data.

An alternative formalism called symmetric teleparal-
lel gravity (STG) was developed by using a connection
between torsion tensors and the NM tensor that describes
gravitational interactions. In coincident GR and f(Q)
gravity, STG has been transformed into a particular class
that shows a vanishing connection in the coincident
gauge. One important feature of this theory is that it dif-
ferentiates between inertial and gravitational effects,
which cannot be made in GR. A different geometric rep-
resentation of gravitation, provided by STG, is dynamic-
ally identical to GR, as expressed by the Einstein-Hilbert
action with no boundary terms. This formulation yields
self-accelerating cosmic solutions in both the early and
late universe. Capozziello and Shokri [62] studied cosmo-
logical inflation in the context of f(Q) gravity using Ein-
stein and Jordan frames. In addition, they compared the
results in both approaches with observations from Planck
and BICEP2/Keck array satellites and constrained the
model parameters. Maryam et al. [63] analyzed cosmolo-
gical inflation within the context of f(Q,T) gravity with
the linear combination of Q and 7. They assumed three
inflationary potentials, the power-law, hyperbolic, and
natural potentials, and by applying SR approximations,
they calculated these inflationary observables in the pres-
ence of an inflaton field. The results indicate that by
properly restricting the free parameters, the proposed
model provides appropriate predictions that are consist-
ent with the observational data obtained from the Planck
2018observations. In this scenario, several cosmological
and astrophysical aspects related to this theory have been
thoroughly discussed in Refs. [64—72].

The remainder of this paper is organized as follows:
Section II presents a basic formalism of f(Q) gravity.
The fundamental framework for discussing WI effects in
the context of f(Q) gravity is presented in Sec. III. Using
the SR approximation, the exact solutions are derived. In
Sec. IV, a comprehensive perturbation analysis is conduc-
ted for both low- and high-dissipative regimes. Secs.
V-=VII focus on modifying the Friedmann universe using
TE, RE, and BHDE, respectively. Under these modified
entropies, the exact solutions and inflationary observ-
ables are developed and depicted graphically. Finally, the
paper concludes with a summary of its findings.

IL. SETUP OF £(Q) GRAVITY

Let us start by introducing the fundamentals of the
STG theories. In these theories, gravitational interactions
are described by non-zero NM scalar. In STG and related
theories, the affine connection is incompatible with the
metric, leading to a non-zero value for V,g.s. The gener-
alized metric affine connection must be defined at the
first step to provide the formalism of STG theory [73]:

o ={0}+K; +L,. 6))

In the above equation, o) is the standard Levi-Civita
connection conventionally used in GR. The quantity {f,}
and the remaining two terms, the torsion and deforma-
tion tensors, are defined as follows:

1
{ﬁv} = Ega/l(g/ul,v + gllv,,u - gpv,/l), (2)
1 1 ald
va = Eg (Tuxlv + Tv/lu + T/luv), (3)
a 1 ad
Lyv = Eg (Q/l,uv - Q,u/lv - Qv/l,u), (4)

where T, =T, —T,. The NM tensor is written as [74]

Q(mv = Vaguv = aag;tv - r(/iug/lv - rgygu/l' (5)

The representation of the NM tensor using the in-
verse metric is Q¥ = —V,g*”. The Riemann tensor can be
defined as follows:

RS, =20, %, + 27, (6)

In GR, torsion and NM tensors are zero, and
curvature is the basic geometric entity. The essential

quantity in TEGR is the torsion scalar T =S*"T,,,
where S = E(KH va g T 4 g, Following that, the
affine connection adopts the Weitzenbock form I, =

e5d,e;. In STEGR, the torsion and Ricci tensors and scal-
ars are both zero, and we only deal with the NM scalar

Q = _Qapvpaluva (7)

where the definition of the NM conjecture is

@ 1 @ 1 @ Aw 1 @
PuV:_ELHV-i_E(Q -0 )gﬂ"_zéﬂQV' (8)

The two separate traces of NM tensor are Q, =
8" Qo and 0, = 8" Q,iav- The most general STEGR con-
nection has the following form:

o . 0x* ¢
W 9E Gxdxy”

)

where &' = ¢!(x) is a random spacetime position function.
This connection can be gained by vanishing connection
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under the transformation x* — &“(x”). It is always feas-
ible to calculate a coordinate transformation to get a van-
ishing connection T, thanks to the coincident gauge, and
the NM tensor eventually falls to Q,, = 9,g,». The Ein-
stein-Hilber action corresponding to underlying gravity is
written as

S =/d4X\/__g{%+Lm(gyv,‘l’m)} . (10)

We may propose an extended form of STEGR that is
similar to f(R) and f(T) gravity, where the action is ex-
pressed as

S = /d4X\/__g{_@ +£m(g/1v,‘l’,,,)} > (11)
where g is the determinant of metric tensor g,,, «*=
871G =1, and L, is the matter Lagrangian, depending on
matter fields ¥,, and metric tensor and filling the cosmos
as a perfect fluid. For f(Q) = Q, STEGR reduces to GR.

We assume a spatially flat geometrical model of the uni-
verse defined by the FLRW metric as follows:

ds? = —d2 + A (O)(dx* + dy? +d2), (12)

where a(¢) is called the scale factor of the cosmos. Cos-
mological equations are constructed as follows by vary-
ing the action given in Eq. (11):

1 . 1
OfH’ =5 f =p. (12fooH>+ f)H ==3(p+P),  (13)

where the dot signifies the derivative with respect to cos-
mic time ¢, and f, and fp, denote the first- and second-
order derivatives with respect to NM scalar O, respect-
ively. Furthermore, p and P represent the fluid's total en-
ergy density and pressure, respectively.

III. SETTING UP STAGE FOR INFLATION IN
f(Q) GRAVITY UNDER SLOW-ROLL
APPROXIMATION

We take into account the following f(Q) function [62]:

J(Q)=aQ+p0", (14)

where «, B8 are free model parameters, and m is a dimen-
sionless parameter. There are two cases for m: m <1 in-
dicates low-curvature and m > 1 indicates high-curvature
regime. In this manuscript, we restrict our study to the
case of m =2 so that we can evaluate the exact solutions.
The NM scalar for spatially flat FRW metric has the form
Q = 6H*. By using this form of Q in the above chosen

function, one might set up the dynamical system of Eq.
(13) as

1 i . 1
aH2+18,8H4=§p, aH+36,8H2H=—§(p+P). (15)

Regarding the standard inflationary mechanism, the
inflaton field has the following energy density p, and
pressure p,, :

22 22

pe= 5V, Po=T -Vl (16)

where V() denotes the inflaton field's potential. Under
SR conditions, ¢?/2 < V(¢) and ¢ < H¢, along with an
approximation p, < p,. By inserting the above expres-
sions of p,, P, into Eq. (15), we get the solution of H* as
a function of V() as follows:

= =3a =+ /92 +2168V(p)

1083

(17

The conservation equation in underlined gravity can
be written as

p+3H(p+P)=0, (18)

which further leads to the following conservation equa-
tions for scalar field and radiation, respectively illustrat-
ing WI dynamics in a spatially flat FRW universe:

P +3H(p,+P,) = -T¢?, (19)

g, +4Hp, =T¢?, (20)

where I' is a dissipation factor acting as an interacting
coefficient between the inflaton field and radiation. Equa-
tion (20) may be expressed as follows by defining a ratio
r=T/3H:

py+4Hp, = 3Hr¢?.

By ignoring the evolution of radiation density during
inflation, the preceding equation provides the solution of
radiation density as

3

Py = ngbz. (21)

The SR conditions are provided below to make the
system easier to solve by removing some highly non-lin-
ear terms from the background equations:
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Py < 4pr’ Py < r‘pz’ Py ~ Vi),

r
P < V), @< (3H+ §)¢.

The evolution of effective potential of inflaton is de-
termined in the following by using the above-mentioned
approximations:

V'(¢) = -3H@(1 +r), (22)

where ’ represents the first derivative with respect to ¢.
The generic form of the Friedmann equation under SR
condition ¢? < V() becomes

F(H) = —3a+ /92 +2168V(p)

1083 ’

(23)

and the evolution of the above equation according to the
field turns out to be

V'(p)

/922 +2168V(p)

By inserting the value of V’(¢) from Eq. (22) into the
above equation, we get an expression for ¢ as

_ FuH /927 +216V(p) 25)

3H(1+7)

FuH'(¢) = 24)

After some simple algebra, p, from Eq. (21) turn out
to be

_ 3<F,HH/ 1/9a2+216ﬁV(<p))2' 26)

Pr=7 3H(1+7)

As p, is pure radiation, which can be written as
py, =0oT*, here, o is the "Stefan-Boltzmann constant", and
T is the temperature of the radiation bath. We get the ex-
act solution of temperature by using the value of p, from
Eq. (26):

ro () (Fut IR

4a 3H(1+7)

The effective potential can be evaluated by inserting
Eq. (25) into Eq. (23) as follows:

_ HP(1+ r)2((108BF +3a%)? —9a%) — 108*B(F ; H')?

V@) 259282 (F wH')? + 2168H>(1 + r)?

(28)

Now, we define the SR parameters (e,n) in terms of
Hubble parameter as defined in Ref. [75]. In this scen-
ario, we utilize these parameters in the context of f(Q)
gravity and obtain the following expressions:

2HH

n=-

where ” represents the second derivative with respect to
¢. The e-folding number determines the rate of inflation,
which is defined and calculated by

I Pe 2
Nz/ H(t)dtz—/ SH(1+1) de, (30)
. oo FyH' /9% +2168V(p)

where ¢., ¢, indicate the values of inflation at the begin-
ning and end of inflation. As long as € < 1, inflation will
continue to exist and € must be unity at the end of infla-
tion. The exact solution of scale factor by making use of

. da
the definition dN = o s calculated as

3H2(1+7)

©s
L) = a(g, de ). (31
a(e.) a(cp)eXp(/% F ol a1 2168V (g) sv> (€29

The following is the crucial and fundamental SR con-
dition:

H
-— <1
HH
Our current goal is to determine the expressio “HH

to identify some new parameters in further calculations.
We begin by looking at the second derivative of H, i.e.,

= &(H ‘9). By expanding the derivative in this expres-
sion, we get

H=¢H" +pH'. (32)

We first determine the value of $ to get the solution
of Eq. (32). We have done this by differentiating Eq. (25)
with respect to ¢z, which results in

p=- 4 (GH
GH+T)(/9a2 + 2168V (9))

+T)((1088F yH'V' () + (F yyH* + H'F 1)(9a*
+2168V(9))) — F yH' (9a* + 2168V (9))(3H’ +T7)).
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This allows us to obtain

e T ()
1

T HGH+TY V922 +2168V(p)

(BH+T)((1088F yH' X V'())
+(F yyH? + H'F 1)(9a* + 2168V (¢)))
—(F g H)(9a” + 2168V ())(3H' +T7)). (33)

We may rewrite this in a simple way by defining
some parameters:

H 17
———=—+GBH+D(x+9 - w,
aE - w W +é)-w
where the parameters are

1088F 1 H'V'(¢)

X HGH+TY /922 +2168V(p)’

_ FuyH™ + H'F )92 + 2168V (¢)

£= HGH+T)? /902 +2168V(p)

_ FuH' (9% +2168V(9))3H’ +T")

HQBH+T)? \/9a? +2168V(p)

IV. PERTURBATION SPECTRA ANALYSIS

The general formula for calculating the amplitude of
adiabatic perturbations is given by [76]

4 (H\ ,
P =55 (i) ae* 349
where ¢ is given in Eq. (25). This equation is valid for a
combination of inflation and radiation fields in the quasi-
static phase of radiation production. Additionally, it can
be shown that, in the quasi-static limit, and using an
equation of state, this result holds true for any scalar field
that is interacting adiabatically with another field.

A. High-dissipative Regime (r > 1)
In this case, the term de? is defined as follows:

dg* = —, (33)

with "freeze out number" kr = V[H. Inserting the value
of T from Eq. (27) and using expression of € in Eq. (29),
we get the following expression of P,(k) for our model:

=) () ()" oo

The spectral index specifies the relationship between
the curvature perturbations and SR parameters. We calcu-
late the scalar spectral index n, for our model as

ny,=1+

dInP,(k) ¢< H T 3¢ 3H"

dink _ T2H T~ ) (37)

-—+ +
H T € H’

The following is the definition of the tensor power
spectrum:

32
Pr(k) = WV(SD) =
P

32 ( I2((108BF +3a%)* —9a?) )
75mi \ 23328B2(F yH')* +216p2 )
(3%)

Finally, the general expression for tensor-to-scalar ra-
tio under the high-dissipative regime is calculated as

_ Pr(k) _ 16z(4a)"* V()
© Py(k) 3m

(F73/4H3/463/2H/—3/2)' (39)

Next, we will present similar calculations for the low-
dissipative regime.

B. Low-dissipative Regime (r <« 1)

In a low-dissipative regime, Eq. (34) is used to repres-
ent the amplitude of the scalar spectrum, but the term dy
is specified differently as dp = HT. Here, P,(k) takes the
following form:

Py(k) = % ( sz - ) . (40)

Furthermore, it can be written as

4 1/2
Py(k) = ( (—6 S5a ) e—2H’2FH3> . (41)
We analyze n, and r for low-dissipation as
(’b SHI l—‘/ E’ Hl/ )
=1+2 ( - , 42
B EaE T T e T w 42)

_Pr() _ 16V(p) (6‘2H3H’2F>1/2

"RG0 T 3w “3)

[0

We have just completed the theoretical groundwork for
our approach. Next, we will apply it to modified universe
models with TE, RE, and BHDE (Secs. V, VI, and VII,
respectively).
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V. ANALYZING WARM INFLATION USING
TSALLIS ENTROPY IN f(Q) GRAVITY

Tsallis entropy was introduced by Brazilian physicist
Constantino Tsallis in 1988 [77]. This entropy is a gener-
alization of the standard Boltzmann-Gibbs entropy, which
is commonly used to discuss inflationary cosmology.
This allows for the description of systems that exhibit
non-Gaussian statistics, long-range correlations, and non-
extensive behavior, which may be relevant to WI scenari-
os. It has been shown to be useful in describing dissipat-
ive systems, which is an essential feature of WI models.
In WI, dissipation is introduced by considering the infla-
tion field to be in contact with a thermal bath, which
leads to non-conserved energy systems and results in the
production of particles. Tsallis entropy can provide a
more accurate description of the non-equilibrium dynam-
ics of the inflation field and the thermal bath, paving a
path to more accurate predictions for the inflationary ob-
servables. Tsallis entropy in WI models can lead to new
and interesting results that cannot be obtained by using
the standard Boltzmann-Gibbs entropy. It has been shown
that TE can lead to power-law inflationary potentials,
which has some interesting cosmological implications.
Tsallis entropy in the WI mechanism is an important and
active area of research, which has the potential to lead to
new insights into the dynamics of the early universe and
the generation of the cosmic structure. We have con-
sidered the Hubble horizon as a candidate for the IR-
cutoff as the cosmic horizon for this entropy, which is
L=1/H. The radius of the Hubble horizon [78] is con-
sidered as ry = 1/ VH?>+ K/a?; as we are working in flat
geometry, the curvature parameter K =0 leads to ry = L.
The Hawking temperature [79] defined by the surface
gravity is taken to be T, = 1/27r,; by considering the ra-
dius, it turns out to be T, = H/2r, where A is the area of
the horizon. The volume is considered as V, = (4/3)7R3,
which will become V, = 4r/3H>.

The usual Friedmann equation is written as

Fy =1 = %,
Sm%,

(44)

Here, c=h=1, and m[% is the reduced Planck mass. p is

the energy density of the fluid. Black hole entropy has re-

ceived significant attention recently, particularly due to
developments from Tsallis and Cirto [80]. They argued
that the thermodynamic entropy of a black hole has a mi-
croscopic mathematical formulation that deviates from
the area law, which is characterized as

S =yA", (45)

where y is an unknown constant, 4 is the black hole hori-
zon area, and x is the Tsallis parameter, a real parameter
that quantifies the degree of non-extensivity. In Ref. [81],
amodified Friedmann equation was successfully de-
veloped, integrating modifications to Padmanabhan's
Emergent Gravity proposal [82] by considering Tsallis-
type entropy for the apparent horizon of an FLRW uni-
verse. The relevant Friedmann equation is [81]

8

(H)™ = 32"
P

(46)

The following equation corresponds to the modified
Friedmann universe with TE using the above equation:

F(H) = H**, 47)

By keeping in view, the original F(H) in Eq. (23) turns
out to be

_ -k
F(H) = ( 3a+ \/9az+216,8V(90)> ‘ 3)

10883

In our approach, H and I" will be treated as a function
of ¢. These terms are chosen as the power-law functions
of inflaton, which are defined as

H(p) = Hoy", Ti(g) =To", (49)
where H, and Ty represent arbitrary constants, while the
exponents n and m are not specified at present. We are
going to count on Planck data to determine the power
laws applicable to the underlying model. Using the TE
given in Eq. (47), we evaluate the spectral index n; and
tensor-to-scalar ratio » for a high-dissipative regime as

3
ny =1+ BHL %02 @" 07! (k= 2)) (T2 @222 1 432BHn* o' (k = 2)2)2 (m — 3 +2n + 3((368

X T2 Hy M0 p2me2m202) (4 — 23+ m + 3) + @*TEHS QP34 (2 (k — 2)n + m + 3)) + (155528° H,)*

x it (k=2)*((2k = 3)n + D' +432a°BH, " (k = 2)*n (n + 1)p*"*P))), (50)
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3 3
F=— (871'1’13 ((,pm)i /HO‘Pn((?’a’Z + IOSﬁ(Ho(,Dn)4_2k)2 _ 902)(1_[3(2—1()(]( _ 2)‘p—m+4n—2kn—3)§ ((902m+4l—%

3
X (36ﬁHg‘p4n + CYZ(H()(p”)2k)2)(r(2)Hgkt,02(m+2kn+2) + 432ﬂH&0n49010"(k _ 2)2))—% )(9 \/gH(;t ¢Z(5n+m—6)

1 ) . _
Xﬁmi(roa_l)“ (FéSDZm + 432ﬁH(2)(5 2k)n4902(5 2k 2)(k _ 2)2)) 1 .

Also, for the low-dissipative regime,

D

3
ny =1+ B6BH @™ +a*(Ho" )™ (48BHGn* o™ (k = 2) + ¢* (Hop")*) "2 (17288 Hy’n* "2 (k - 2)?
X (m+ (4k — D)n) + 1728a*B*Hy* % n* o™ @04 (k — 2)2(m + Tn)(m + 4 + (8k — 9n) + a*¢*(m + 4

+(4k — Dn)(Hog") ™) (Hy *n* "0 (k= 2)(368Hy¢™ + o (How")™)),

(52)

1
4a2 n2<p4(k - 2)(H0<,0”)4k(—9a/2 +(Ba? + l08ﬁ(H0¢’1)4'2k)2)(36H3ﬂcp4" + az(Hoga”)Zk)
r= ; 3 .
81B(Tog" (Ho@")~1+4) 2 (A8HY (=2 + k)>n*Bp™ + ¢* (Hop")*) 2 m?

The aforementioned information provides a theoretic-
al foundation for inflation. Recent observational data
from the Planck satellite also provide insightful informa-
tion on the WI paradigm. They provide specific informa-
tion about the spectral index and its variation. Figures 1
and 2 show that the constructed model incorporating WI
using TE fitted well with the deep 20 level of the Planck
2018 data [6, 7].

VI. ANALYZING WARM INFLATION USING
RENYI ENTROPY IN f(Q) GRAVITY

The concept of RE was introduced by Hungarian
mathematician Alfred Renyi in 1960 [28]. Renyi entropy
is a concept from information theory that is used in vari-
ous fields, including physics and cosmology. It can be
used to quantify the degree of entanglement between the
inflaton field and its environment. During WI, the in-

0-10¢ W m=05,n=-3 ]
W m=1,n=-3

0.08; B m=1.5, n=-3 |

r W m=1,n=-35 1

[ W m=1,n=-25 ]
0.06 i

|y 4.0

. 8

0.04] ]
0.02f

[ 7 3
000 . . . \ ““““ —— B

0.955 0.960 0.965 0.970 0.975

ng

Fig. 1.

-0.0001—
_0.0002: — m=0.5, n=-3 ]

I — m=1, n=-3
~0.0003F

-0.0004 r S

-0.0005—

(53)

[
flaton field is in contact with a thermal environment,
which means that the inflaton field is not in a pure state.
Instead, it is described by a density matrix that includes
contributions from the thermal environment. The RE is a
measure of the entanglement between the inflaton field
and the environment and is defined as

— 1 q

Sq= (i-q In(tr(p?)),

where p is the density matrix, and ¢ is a parameter that
determines the order of the entropy. When ¢ =1, Renyi
entropy reduces to non-Neumann entropy, a standard en-
tanglement measure. Renyi entropy has been used to
study the dynamics of the inflaton field and its interac-
tion with the thermal environment. It can be used to
quantify the degree of entanglement between the inflaton
field and its environment, and it has been used to study

— m=1,n=-25 |

0.96 0.97 0.98

ns

0.94 0.95

(color online) Left plot for n, —r plane and right plot for n;—a, during high-dissipative regime with contours of Plank 2018

data by varying m=0.5,1,1.5, and n = -3.5,-3,-2.5. Here, we fixed k= 0.05,Ip =0.5,Hy = 1.5, =1, 8=0.1, and m, = 1.

125102-9



Rabia Saleem, Muhammad Hamza Rasool, M. Israr Aslam et al.

Chin. Phys. C 48, 125102 (2024)

0.101 B m=05 n=-3 |
[ B m=1, n=-3 1
0.08 W m=15n=-3 -

M m=1,n=-35 |

r =1,n=-2.5
0.06 W=t n

‘as

0.04%

0.02}

ooob . .| = —
0.965

0.970 0.975
nS

Fig. 2.

-0.0001—
t =—— m=1, n=-3
-0.0002) — m=1, n=-3.5
I m=1.5, n=-3
-0.0003|
| — m=1, n=-3.5
-0.0004f —— m=1,n=-25
-0.0005 AL
0.94 0.95 0.96 0.97 0.98
nS

(color online) Left plot for n,—r plane and right plot for n,—a, during low-dissipative regime with contours of Plank 2018

data, by varying m=0.5,1,1.5, and n = -3.5,-3,-2.5. Here, we fixed k = 0.05,[g =0.5,Hy = 1.5, =1, =0.1, and m,, = 1.

the dynamics of the inflaton field and quantum-to-classic-
al transition during WI. In more recent times, it has been
claimed that BHE S = A/4 is actually Tsallis entropy that
results in S =In(1+6A/4) for the Renyi entropy content
of the system. The Hubble horizon is considered as the IR
cut-off.

Renyi HDE can be defined as [83]

2172
Fiy=— (54)
87T (1 + ﬁ)
which can be simplified as
3C?H*

Now, by using general F(H)= H* given in Eq. (23), we
get

2/ \/— 2
F(H):%( 3a+ 9a2+216,8V(go))

1083

(—3ai v/ 9a? + 2168V (p)

-1
+r6) . 56
1088 : ) (56)
In this model, we use the same power-law functions
of inflaton for parameters H and I'. The parameters n;
and r for the low-dissipative regime are calculated as fol-

low:

ny =1-QGBCn* " (Hi o™ + 16) QHyna* ™" + 27C* Ha ™ + 2Hom* a*8)* 4H3n°6° 108C* (m + Tn)a*B5°n*
+20(5m+ 11n+20)a*¢" +27C*(25m — 137n+ 100)B5¢* ¢*" + 8H,'n° 6> (189C* (m + Tn)a?B6°n* + 27m
+73n+ 108)&2¢p4 +27C*(15m -5 + 60)ﬁ6¢p4)¢p10” + 4H527r46( 1458(m — n)n4,8253C6 +513n*(m + Tn)d?
X B6°C*+108(5m — 13n+20)86¢" C* + 16(m + 3n+4)a* "' + 2H) ' n* (1458n* (Sm + 3n)5*6° C® + 675
x nt(m+Tn)a’B6*C* + 54(Tm — 11n+28)B6¢* C* + 4(m + 3n + 4)a*¢" )" + 54C*H) n*B(81C* (3m + 5n)

X B6°n* +8C2(m + Tn)a*on* + 2(m — n+4)g* )" + 27C* H ¥ n* nB(189mBSC* + 459nB5C? + 2ma’ + 14n

x a?)p'®" + C6729H§0n4(m +3n)B%"" + 8H§(13m —n+52)n°a?%? + 8H3n865(27(m —9n+4)86C*
+4(9m+Tn+36)a? )" + 4HS 84 (27(11m = 79n + 44)B6C* + 10(1 1m + 1Tn + 44)a? )™+ + 16(m —n

3
+4)a’ 167 ") | (8r(* (H ™" + 16)* QHma ™" + 2TC* HyBp™ + 2m* a2 6)?) 2 (AHm* (27C* B8 n* + *)p™

3
+108C*Hy n*npog' ™" + 27C* Hy*n' Be'™ + 16 Hin' 5™ + 24Hyn* 6% 0" + 16 H ' 59"+ + dn®6 ") 2
X (4 Hy(27C*B5°n* + ¢")* + 108C* Hy' n*nfop' ™ + 27C* Hy*n* '™ + 16Hy 8% o + 24 Hyr* 6% o™+

+ 1650 Hin +4n°5* ")),

(57
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r=((2((3a” +((81BC*Hy¢™) /(276 + 2nHy0™")))* — 9a)2TrPmy(2TBC* Hon'* ™'+ (218 + Hy ™) [ (w6
+ H2™)) +4) )@ C* Hon* 26 + H2p™)? 2m2a?6 + 21C*BHL o™ + 2P Hip™ ) ? (Tog™ " (706 + ™"
X H)2(27BC* Hy n* " +1088B8C* s H ) n' o' + 4m* H o™ (27BC* 6°n* + ¢*) + 4n°6*¢* + 161 SHS o+

+ 24 S Hip"™ + 16006  H2 )7 .

(58)

Under the high-dissipative regime, n, and » will have the following form:

n, =1-9C*Hyn? ™™ (216 + Hy ™" )(1/87) (w6 + Hap™) (@™ (n6 + Hy o™ )2 a5 + 27BC* Hy ™"

+2ma’ Hyg™))(243BC* Hy'n' o' 256 + Hy ™) + 4m° T g™+ (6 + H§<p2")4)‘% (6 + Hy¢™)(2n* ?6
+27BC*Hyp* + 2na® HE ™) (12 HEng™ ) (w6 + Hip™) ™' — (6Hinp™)(2ns + Hap™) ™ +3(m—4n +3)
+m+3(n—1)-n)-818C*np" (8x°T5¢™"** (216 + Hy ™" )(Hy ™ + n6Hp)* + (187a*C*H'n ™

X (2m26% + Hyp™ + 3n6Hy ™) (Hy(m — 3n+2)¢™ + 306 Hy (m — 3n + 2)¢™" + 21%6% (m — Sn + 2))) — (243

X BC HY 1’ """ (216 + H o™ ) (Hy (—m +n—2)" + 6 H3 (=3m +n — 6)¢™" — 21%6*(m— n+2))))/((x
X8+ H2p™)(2m*a? 5+ 21C* Hyp* + 2ma* Ha ™) (6 + Hi o) 2n* a*6 + 27BC* Hyp™ + 2ma” Hi ™)
X (243ﬂC4H30n4<p10”(27r5 + Hggoz”)2 + 4ﬂ2F(2)<p2m+4(n5 + Hétpz”)“)))), (59)

1
r=(Q2n ' Hop")2 (¢")*((3e + 81BC* Hy"" (27°6 + 2nHyo™) ™' ) = 9a)(3Bmiy(Hong" ™) (Tow™ " (Hy

1
x@)™")#(243BC* Hy'n'* """ * (276 + Hy™ > (6 + Hy™") * + 4T 5™ )" WC*Hyn’ ™" 215 + H;

3
X ™")(rS + Hyp™) )2 (o™ (n6 + Hyp™ ) (2n° a6 + 27BC* Hyp™ + 2na” Hy ™)) (243BC Hy'n' '

3
X (216 + Hyp™) +4n° L™ (w6 + Hyp™)*) ™) 4.

The consistency of the n,—r trajectories with the
Planck 2018 data is shown in the left plots of Figs. 3 and
4, and the n,—a, trajectories are displayed in the right
panels of Figs. 3 and 4. Both graphs fit well with current
observational data up to the 20 level.

VII. ANALYZING WARM INFLATION USING
BARROW ENTROPY WITHIN f(Q)
GRAVITY

Barrow recently proposed a fractal pattern for the
black hole horizon, suggesting that the area of the hori-
zon could increase due to quantum-gravitational deforma-
tion [84], This modifies the area-law entropy, resulting in
Sy~A"2_ The cosmological field equations based on
Barrow's modified entropy were investigated in Ref. [85].
Subsequently, researchers have explored new develop-
ments in the literature to test the effectiveness of Barrow's
entropy in the cosmological context [86]. In addition, the
BHDE model was introduced in Ref. [87] and assessed
against recent cosmological data in Ref. [88]. It was dis-
covered that BHDE efficiently describes the late-time ac-

(60)

[
celerating expansion of the universe and has the correct
asymptotic behavior [89]. Notably, although Barrow's en-
tropy shares similarities with TE, the origin and physical
motivation of the two are distinct. Tsallis non-ad-
ditiveentropycorrectionismotivatedbyextendingtraditional-
thermodynamics to a non-extensive one, while Barrow's
correction to entropy is based on a complex fractal horizon
structure caused by quantum gravitational effects, which
was driven by the COVID-19 viral explanation. Hence, a
deformed black hole entropy expression is given by [29]

Sy (2‘0) (61)

where the new term A is defined in the range [0,1], A,
is the Planck area, and 4 is the standard horizon area. There-
fore, the goal of this modified entropy relation is simply
to produce BHDE on the basis of HDE, whereby phenom-
enology is improved, and set it apart from the HDE stan-
dard framework. Barrow's entropy is defined as [86]

F(H)y=CL™™, (62)
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where C =3c¢*M;, M, is the Planck mass, ¢* is a dimen-
sionless constant, and £ represents the IR cutoff, which
is taken to be the Hubble horizon £ = 1/H. Parameter C
has dimension [£]™2!. For vanishing A, Eq. (62) will
be the standard HDE, and it becomes constant under the
limit A — 1. Our model now takes the following form:

F(H) = c(ﬁ)%fm. (63)

Using Eq. (23), we get

_ (1-8)
F(H):C( 3a+ \/9a2+216,8V(¢,0)) ' (64)

1083

In this model, we followed similar expressions of H
and I to those used in the previous two models. The para-
meters n, and r for the low-dissipative regime are calcu-
lated as

ny =1+ (c(A = D (" Ho) V@)@ +36Bc(¢" Ho) > V)88 Hy V'™ (A = 1) + )2
X (m+2(n—1)+3n+2(a* (488’ Hy ™M™ 1 (n+ 1)(A = 1)* + ¢*(2A - Dn+3)) + (72°Bc(¢"
X Ho) 28D (48Bc* Hy ' Mt o™ 1=8(A = 1)*(An + 1) + ¢*(3A = 2)n + 3))) + (129682c* Hy '~V *1-8)
X (48Bc*n* (A — 1)2Hy ™™ " D (2A = Dn+ 1) + @* (4A = 3)n + 3))))((48BHY ™V n* " =D (A - 1)

+¢") (@’ +368c(¢" Ho)4")H ™),

(65)
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1
r=4¢'a2n’c((3a” + 108Bc(¢" Ho) * ") = 9a7)(A = 1)(@” + 36Bc(¢" Ho) >*~V)(81Bm) (488> Hy '™
1
% n4(,04n(17A)(A _ 1)2 + (,04))7| (F0H3+4A¢m+3n+4nA(48ﬂC2H3(I—A)n4¢4n(]7A)(A _ 1)2 + "04))—5 .

For the high-dissipative regime, n, and r are formed as

n, =1+ Be(A — VP 2(g" Ho) 2470 ("2 +368c(¢" Ho) 2~ 1)(432B¢X(A — 12 Hn' ¢ (" Ho) ™

+ rggpz'"*“)*% Ymg™ +3(n— 1)~ —ng™ + (3([5p* " (36Bc(m +4(A— Dn+3)(¢"Hy) >4V +a?(m
+2(A = Dn+3)) + (4328¢3(A — 1)*Hin* ®" (0" Ho) **(368c((2A — Dn + 1)(¢"Hy) >V + a*(n+1)))))/
X (e +36Bc(¢" Ho) > )(4328c* (A — 1)’ Hyn'* ¢®"(¢" Ho) ™ + T3> ™)),

3 1
r=(8r¢"(¢")2 /Hog"((3e” + 108Bc(¢" Ho) ") = 9a”)(9 V3pm} (Hong" ™) (Tog™ " (aHy) ™) # (432
XﬂCZ(A _ 1)2H8ﬂ4(,06n(¢nH0)_4A + 1—%9021114-4))—] )(C(A _ 1)n3‘p—m—3(¢nHO)—2(A—l)r0g0m+2(a/2 + 36,36'(90’1

13
XHQ)*Z(A*I))(“_SZﬁCZ(A_ 1)2Hgn4(p6n(¢nH0)74A +1—%¢2m+4)—2 )2 .

(66)

(67)

(68)

The n, —r trajectories are consistent with Planck 2018
data, as shown in the left plots of Figs. 5 and 6. The con-
sistency of n,—«; trajectories is displayed in the right
panels of Figs. 5 and 6. It is found that the model is fitted
with current observational data up to the 20 level.

VIII. CONCLUSIONS

Recently, there has been growing interest in studying
the connection between early-time inflation and DE mod-
els. While there has been significant research to apply the
holographic principle in late-time cosmology and the DE
era, no attempts have been made to test it in the early uni-
verse to achieve an inflationary model with holographic
origins. Such consideration holds the same importance as
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its well-established applications in late-time cosmology.
In addition, the reduction of early horizons naturally res-
ults in an increase in holographic energy density during
inflationary scales. In one study [35], the holographic ori-
gins of inflation were discovered by applying the holo-
graphic principle to the early cosmos. The analysis
showed a perfect agreement between the theoretical pre-
dictions and Planck 2018 data, especially at the ex-
tremely precise 1o level. Saleem and Shahid [42] invest-
igated the WI phenomenon in a modified cosmological
model within Rastall gravity. They adopted Tsallis and
BHDE entropies for the usual Friedmann equations. They
computed SR parameters and inflationary observables for
both extremes (low and high) of dissipation to compare
the theoretical predictions of these models with current
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Fig. 5. (color online) Left plot for n, —r plane and right plot for n; —a, during low-dissipative regime within contours of Plank 2018
data for 1=0.5,1,1.5. Here, we fixed Ho=k=«x=1,T9=05,mp, =1, a=1, and y =0.16.
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(color online) Left plot for n; —r plane and right plot for n; —a, during high-dissipative regime within contours of Plank 2018

data by varying m =0.5,1,1.5 and n = -3.5,-3,-2.5. Here, we fixed 6 = 0.04, ¢ =10, [, =05, Hy=1.5,a=1,8=0.1,and m, = 1.

observational data. The free parameters were constrained
by the Planck limits on inflationary trajectories. The res-
ults are interesting and physically viable up to the lo
level. Younas et al. [90], using some important entropies
in the Chern-Simons modified gravity, discussed the DE
models and several different involved model parameters
regarding the evolution of the universe. Ghaffari et al
[91], using Sharma-Mittal entropy, examined some char-
acteristics of Schwarzschild and Schwarzschild-de Sitter
black holes. Jahromi et al. [92] considering a flat FRW
universe and studied SMHDE analytically in the frame of
the holographic principle. In [93], the authors showed
that the generalization that unifies Rényi and Tsallis en-
tropy in a coherent picture naturally comes into being
through the g-formalism of generalized logarithm and ex-
ponential functions. Upadhyay and Dubey diagnosed the
SMHDE model through the statefinder and checked the
stability of the models under the allowed range of in-
volved parameters [94]. In Ref. [95], Ayman studied a
new f(7°) modified gravity model using a Tsallis HDE
model with a Hubble cutoff and confirmed that the
growth of DE and the universe is in acceleration mode.
Astashenok and Tepliakov presented the Tsallis HDE
model with an event horizon cut-off in the framework of
the f(R) theory of gravity [96]. In particular, they ob-
served the cosmological evolution by considering
f(R)=R+AR?>-ou/R and showed a sufficient accuracy
of the model with SN Ia observational data for different
values of involved model parameters.

The authors of Ref. [97] considered the linear and
quadratic perturbations for a scalar-tensor model with
non-minimal coupling to curvature, coupling to the
Gauss-Bonnet invariant, and non-minimal kinetic coup-
ling to the Einstein tensor was developed. In this mechan-
ism, they discussed the SR inflation in scalar-tensor mod-
els and found a consistency relation that is useful to dis-
criminate the model from the standard inflation with ca-

nonical scalar field. The SR approximation of cosmic in-
flation within the context of f(R,T) gravity was analyzed
in [44], where the authors chose a minimal coupling
between matter and gravity and obtained the modified SR
parameters. They further concluded that the Starobinsky-
like model predictions are in good agreement with the last
Planck measurement. In the context of the f(T,7") theory
of gravity, researchers explored the concept of cosmolo-
gical inflation with the assumptions of SR conditions and
determined different observables related to inflation [98].
The SR inflationary models in a class of modified theor-
ies of gravity that contains non-minimal curvature-in-
flaton coupling, i.e., f(R,T) gravity with RT mixing term,
were analyzed in [99].

Recently, Capozzielo and Shokri [62] discussed cos-
mic inflation in the framework of f(Q) gravity. Motiv-
ated by the ideas of [42] and [62], our main objective is to
successfully generate inflation driven by the relative en-
ergy densities of Barrow holographic, Renyi, and Tsallis
inflation by examining their potential. We show that the
natural simplicity of basic formalism displays high effi-
ciency and yields inflationary observables that perfectly
align with observational data. To do this, we incorporate
TE, RE, and BHDE entropy and modify the Friedmann
equations and continuity equation using a general Hubble
parameter function within the f(Q) framework. By de-
picting n,—r and n,—a, trajectories, we have examined
how well the underlying model fits the Planck 2018 data.
To obtain consistent findings, we imposed constraints on
all significant model parameters.

The results are explained as follows:

e Figures 1 and 2 show graphical representations of
ns—r on the left side n; — a, on the right side during low-
and high-dissipative regimes. We found that the results
lie within the range of Planck 2018 data. In Fig. 1, the al-
lowed ranges for the free parameters m and » in left plot
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are m € [-1,3] and n € [-4,—1.5], and the ranges for right
plot are m € [-1.5,6] and n € [-9,-0.5]. In the left plot of
Fig. 2, m€[0.3,2] and n€[-3.5,-2.5], and in the right
plot, m €[0.47,1.57] and n €[-3,-2.5]. Figures 1 and 2
show good agreement within the deep 20 level of Planck
data.

e For Renyi entropy, Figs. 3 and 4 have the same be-
havior as mentioned previously. The results are consist-
ent with standard Planck data. In Fig. 3s, the ranges for
the free parameters m and » in left plot are m € [-0.5,7]
and n € [-9,-2] and those in right plot are m € [0.2,4] and
n € [-3.86,—1.9]. In Fig. 4, the allowed ranges of the free
parameters for the left plot arem € [-2,9] and n € [-4,-1]
and for the right plot are m € [-8,5] and n € [-9,-0.5].

e Figures 5 and 6 are plotted using BE. In Fig. 5, the
allowed ranges for free parameters m and » in the left plot
are me[-0.5,4] and ne[-4,-2] and in the right plot
arem € [0.5,2.5] and n € [-5,-1.5]. In Fig. 6, the allowed
ranges for the left plot are m € [-1,4] and n € [-8,-2] and
for the right plot are m € [-0.5,1.7] and n € [-9,-1.5]. All
these figures are consistent with Planck data up to the 20
level.

The main task of this manuscript is to use different
entropies in f(Q) gravity, develop corresponding field
equations, and discuss the phenomena of WI. From cos-
mological observations, the universe has experienced two
phases of accelerated expansion, one at the early uni-
verse with exponential expansion and other at late times.
To describe this behavior, modified gravitational theories
can be constructed to provide an extra degree of freedom
[100] or introduce new fields like the inflaton [101] or
dark energy concept [102]. The first approach is to start
from GR and add correction terms, resulting in f(R) grav-
ity [103], f(G) gravity [104], or f(P) gravity [105], or to
construct gravitational modifications using torsion, such
as f(T) gravity [106], non-metricity gravity [69], or oth-
er geometrical structures.

In Ref. [107], the authors studied WI using vector
fields in the background of a locally rotationally symmet-
ric Bianchi type I model of the universe and formulated

the field equations, SR, and perturbation parameters un-
der SR approximation. In this scenario, they showed that
the graphical behavior of these parameters is compatible
with WMAP7 and the Planck observational data. Using
the Bianchi type I universe model, the authors of Ref.
[108] studied WI during the intermediate era. They calcu-
lated entropy density, scalar (tensor) power spectra, their
corresponding spectral indices, tensor-scalar ratio, and
running of spectral index in terms of inflaton and con-
strained these cosmological parameters with Planck 2014
results and WMAP7 probe. The dynamics of WI were
discussed in Ref. [109], where the authors explored the
inflation driven by non-Abelian gauge fields using the Bi-
anchi type I universe model.

The impact of bulk viscous pressure on the warm in-
flationary modified Chaplygin gas model, in the context
of the FRW universe, is discussed in Ref. [110], where
the authors found that the viscous inflationary model re-
mains compatible with the WMAP7 and Planck probe.
The authors of Ref. [111] studied cosmic WI during rap-
id oscillations using the concept of non-minimal derivat-
ive coupling framework. They considered an anisotropic
and homogeneous Bianchi I background, developed the
formalism of anisotropic oscillatory inflation, and found
some constraints for the existence of inflation. An early
cosmic phenomenon inspired by inhomogeneous DE flu-
id models was studied in Ref.[112]. In particular, they de-
termined viscosity through energy density and Hubble
parameter, which act as corrections to a perfect DE fluid.
Based on current analysis, we have observed that the DE
models in the framework of modified theories of gravity
provide some impressive results about the dynamics of
WI. As minimizing the usage of exotic matter for the
physical viability of cosmic dynamics is one of the
primary goal of studies on the inflationary universe, it
seems that f(Q) is a good candidate to accomplish this.
We hope our findings are fruitful for the scientific com-
munity.

Data Availability Statements

All data generated or analyzed during this study are
included in this published article.
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