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Abstract: We show that the Dirac equation is separated into four differential equations for time-periodic Majorana

fermions in Kerr-Newman and Kerr-Newman-(A)dS spacetimes. Although they cannot be transformed into radial

and angular equations, the four differential equations yield two algebraic identities. When the electric or magnetic

charge is nonzero, they conclude that there is no differentiable time-periodic Majorana fermions outside the event

horizon in Kerr-Newman and Kerr-Newman-AdS spacetimes, or between the event horizon and the cosmological

horizon in Kerr-Newman-dS spacetime.
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I. INTRODUCTION

The Dirac equation in black hole spacetimes plays a
significant role in the study of general relativity and
quantum cosmology. A Dirac fermion is a spinor ¥ in
spacetimes satisfying the Dirac equation

(D+iA)¥ =0, M

where A is a certain real number. In 1968, Kinnersley in-
troduced the null basis to study the Petrov type D metric
[1]. In [2], Chandrasekhar separated the Dirac equation in
Kerr spacetime when Dirac fermions are time-periodic
and given by

R_(r®O_(0)

, l R,(r)0.(6)
P g , — a—i(wt+(k+3)p) s 2
v y=e R.(1O_(6) @

R_(r©.(6)
where S is a diagonal matrix,
S = Ar% diag <(r +iacos 9)%ng2, (r—iacos 0)%12X2) ,

and Page extended his method to Kerr-Newman space-

time [3]. Since then, various studies have been conducted
to investigate Hawking radiation and the numerical solu-
tions of Dirac fermions in various spacetime back-
grounds (for examples, see [4—7]. In [8], Finster, Kam-
ran, Smoller, and Yau applied Chandrasekhar's separa-
tion to prove the nonexistence of the L? integrable, time-
periodic solutions of the Dirac equation in non-extreme
Kerr-Newman spacetime. This indicates that the normal-
izable time-periodic Dirac fermions must either disap-
pear into the black hole or escape to infinity. In [9, 10],
Belgiorno and Cacciatori applied the spectral properties
to prove the non-existence of the L? integrable, time-peri-

odic solutions of the Dirac equation with mass greater
1 /Al

than V3 in non-extreme Kerr-Newman-(A)dS space-

times, where A is the cosmological constant. In [11],
Wang and Zhang applied Chandrasekhar's separation to
prove the nonexistence of the L” integrable, time-period-
ic solutions of the Dirac equation with arbitrary mass and

4 A
O<p< 3, or with mass greater than ¢ 3 and
4 3

—<p< , 0 <¢ < in non-extreme Kerr-Newman-
3 3-2¢q 2

AdS spacetime. In non-extreme Kerr-Newman-dS space-
time, the nonexistence of L? integrable, time-periodic
Dirac fermions hold true for arbitrary mass and p>2
[12]. In particular, taking p=2,they confirmed Bel-
giorno and Cacciatori's results in which normalizable
time-periodic Dirac fermions with mass greater than
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% —% must either disappear into the black hole or es-
cape to infinity.

For Chandrasekhar's separation, the Dirac equation
can be transformed into radial and angular equations. In
[13], Kraniotis observed that the radial and angular equa-
tions could be reduced to generalized Heun's equations in
Kerr-Newman spacetime, which provide local time-peri-
odic solutions in terms of holomorphic functions, whose
power series coefficients are determined by a four-term
recurrence relation. Using the four-term recursion for-
mula, he also proved that there is no time-periodic solu-
tion with a fermion energy strictly less than its mass in
Kerr-Newman spacetime.

In the recent search for neutrinos, which are one of
the most mysterious particles in the universe, we are in-
terested in discovering whether they are Majorana fermi-
ons. The most promising method to date is through
double beta decay [14]. Various approaches have been
studied to distinguish between Majorana and Dirac fermi-
ons (for examples, see [15—22]).

A Majorana fermion is a Dirac fermion whose anti-
particle is itself. To define a Majorana fermion precisely,
let us introduce the 4-component charge conjugate oper-

ator
c=( %
eﬁa

with the Pauli matrix ¢, and antisymmetric operator on
spin indices, where

iy 1
eaﬁ:—e(w:ig'zz< | )

The charge conjugation of the Dirac fermion ¥ is defined
by

Ye = YT,

Therefore, Majorana fermions are given by

Wwe
Wy = | . W*yl (3)
10'2‘1‘\,\,eyl

and satisfy the Dirac equation [23—25], where Wy, is the
Weyl spinor, and ¥y, is its complex conjugate. Time-

€

period Majorana fermions can be given by

R_(r)®_(0)

R.(r)©.(0)
¥ =S"Ey, = _ , 4
v R.(r)©.(0) @

~R_(NB_(6)

where S and E are the diagonal matrices

1
S = A, diag ((r+iacos6) La, (r—iacos6)?bys).

E = diag ( e—i(wt+(k+%)¢) Lo ei(a)t+(k+%)¢) 12X2> )

In this short paper, we show that the Dirac equation is
separated into four differential equations for time-period-
ic Majorana fermions given by (4) in Kerr-Newman and
Kerr-Newman-(A)dS spacetimes. Although they cannot
be transformed into radial and angular equations, the four
differential equations yield two algebraic identities. When
the electric or magnetic charge is nonzero, they conclude
that there are no differentiable time-periodic Majorana
fermions outside the event horizon in Kerr-Newman and
Kerr-Newman-AdS spacetimes, or between the event ho-
rizon and the cosmological horizon in Kerr-Newman-dS
spacetime.

We remark that Dirac fermions taking form (2) are
not consistent with Majorana condition (3). Thus, previ-
ous results on the existence or non-existence of time-peri-
odic Dirac fermions cannot be applied to the current situ-
ation for time-periodic Majorana fermions.

II. GEOMETRY OF KERR-NEWMAN-TYPE
SPACETIMES

For convenience of discussion, we unify the Kerr-
Newman and Kerr-Newman-(A)dS metrics

E A, Ag

Agsin® 0 2va®
+ gs;]n (adt—r “d¢), (5)

=)
—

2
A, in’6@ U U
dhte = — 7 <dt— asm d¢> +=dr + —de

by taking x as zero, pure imaginary, and real, where
A = -3« is the cosmological constant, and

A, = (P +a)(1 +217) = 2mr + P* + Q7

Ag=1-k*a*cos’l, U=r"+d’cos’d, E=1-«*a*>0.
The metric (5) solves the Einstein-Maxwell field
equations with the electromagnetic potential
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Ao or d_asm Hd(p _Pcos@(aclt_r2
U = U

where P and Q are real numbers representing the magnet-
ic and electric charges, respectively.

In the following, we let 0 <u,v<3, and 1<4i,j<3.
On a 4-dimensional Lorentzian manifold, we choose the
frame {e,} such that ¢, is timelike and ¢; are spacelike.
We denote {e”} as the dual coframe. The Cartan structure
equations are

| +

2
a d(p),

(6)

M — _ vV - Y = —
de' = -, Ne¥, Wy = g, = —w,,.

If it is spin, we use the cotangent bundle to define the
Clifford multiplication, spin connection, and Dirac oper-

ator [11, 12]. We fix the Clifford multiplications as the
following Weyl representation:

I . i
e’ 2 , e c s N
by =0

where o; are Pauli matrices,

o Yl ()

We fix our discussion in the region A,>0. The

coframe is
&= /A (d _asm 9d¢> ,
U =

[l

U
= =do
e A,
A 2+ 2
&= \/—esinﬁ(adt—r Td d¢),
U =
U
e = A—rdr.

with the dual frame

With respect to the above coframe, we obtain

de® = Che' ne’ +Che’ A+ Chre' A,
de' =C} e’ ne',
de* = C3e* Ne +Cohe® Ae* +Che' AP,

de’ =C3e* ne',

where

a* Ay . A,
C?OZ_U \/gsmecosa % =0, \/;,
2a [A, A,
C?z=ﬁ —cos, Cj :L\/i,
uvvu : UuUVu
1 Ay . r A,
Cio = g ( \stme> - Gy \/;
2 A
Cio = z \/7 ing, C3 =— \/>smecos(9

Thus, the connection 1-forms are

W’ = —wp = Che" + 2Clze
1 1
0 _ 0 1
wH=—Wwy = §C3Oe 2Clze ,
0 _
W’ = —wpy = Cpe’ — 7C30e

2

1
wz—wlz—ECue -ChLé,
1 _ — (3 Bl
Wiy =wi3 =C3e +C5e,

1
Wh = wy = 2C e’ +Ce. )

The spin connection is defined as
- 1 5
Vx¥ = X(P) = gw,(X)e e,

where X is a vector, @ is a spinor, and e¢*- is the Clifford
multiplication. Therefore, using (8), we obtain

- 1 1
Voo ¥ =eo¥ - Ewm(eo)eo el - §w03(eo)eo e

1 1
- 5(1)12(60)61 R szz(eo)ez e,

- 1 1
VellP =e|¥ - Ewoz(el)eo-ez-‘P— 5‘012(31)91 - ¥,

1 1
V,¥ =e, ¥ — Ewm(ez)eo NP 5a)m(ez)eo R

1 1
- Ewlz(é’z)el = 5‘”23(62)32 e P,
- 1 1

Ve, ¥ =es¥ - §w02(€3)80 = §w13(e3)el R
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Using Clifford multiplication (7), these can be written as

the matrix forms
1{e O
_Z i 9
2( 0 ) ®

where € is the Hermitian conjugate of ¢, and

Vo, ¥=eY+E, ¥, E,=

C%o) o1t (Cgo C(l)z) 03,

III. TIME-PERIODIC MAJORANA FERMIONS

In this section, we prove the nonexistence of time-
periodic Majorana fermions in Kerr-Newman type space-
time when the electric or magnetic charge is nonzero.

First, we simplify the Dirac equation (1) on metric (5)
when ¥ is given by (4). The Dirac operator with electro-
magnetic potential 4 is

D=¢t-(V,, +iA(e,)). (10)

We denote J = diag(lrx2, —Ihx2). In terms of (6) and (9),
we obtain

e'-e, (V) = \/ . STEd W+ \/ VST Edgw
P +a? as 1 0 .
—i oA (w+r2+a2 <k+2>)e IS Ey

& (S -0,(U\/A)S™)Ey

+asin30 Aa . (ljg+2acose\FS )

20+ Ar
+ i ( = (k+l)>ez-S’lez//
VUAg sinf 2 ’
202 AA
e ENY = "= cotfe' - S~ Ew——\/ ? sin e
2\UA, U
0NN, 5 A, -
ISTEYy+ —ZLe STEy+ ——¢’-STEy,
v 2VU ¥ 2\VU ¥
10r . iPcotd , _;
iA(e,) )W = — ST'Ey— -S7'Ey.
(iAce)) T e v Y

Note that
HrT =-Je, 'E=E'e!, 'E' =Eé",
1
s = Set, 'S = \JUA,S e .
VUA,

Substituting the above formulas into (10), we obtain

DY = T (VAD - VAL)w (1D

1
SE
U+A,
with

D, =ed, +A—<w(r +a)+a_<k+ ))j’ lQro

fominse (k1) e

(1 - ;> cotfe' + —P cote?.
20 Ay

L =—e€ 66+K(

0

We denote A, = de2@+& 19 Using (11), we can re-
duce Dirac equation (1) to

R_(NO_(0)
R.(r©.(0)
D=Ly, = T (12)
’ R.(N6.(0)
—R_(N®_(0)
where
—Ar VA, D, o
D. = _iﬂwkr \/A_rDr,Ol
' ‘/A_rDr,n —iduir ’
\/A_rDr,lo —iduir
al,;cosé VAsLoo
. adgcos  VAgLgo
’ VA¢Lgy1  —ad,icosf
VAsL 10 —al,;cos6

and for [, m=0, 1,

Do =10+ (1) 1 (w(r +d) (

= 1
k *)
sin9< +2

+(=1)Pcotf— (=1)"(Ag - %) cot0>.

( 1 l+m

Lo =—(=1)'0p+ <wa sinf +

0
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Writing each row of (12), we obtain

- i/lwkrR,('D, + \/ A,Dr,00R+®+
= 4y c0SOR_O_ — \/AyLyooR_O_, (13)

— i/la,krR+®+ — 1\ ArDr’()]R_@_
= ad,;cos 9R+®+ + \/ Ang,()lR_,.@_,_, (14)

—iTLL,](rR+(:)+ + \/ ArDr’] IR_®_
= —(lkaCOSHR+®+ + v/ AOL9,|1R+®+, (15)

LR O+ /AD, 1RO,
= ClkaCOS QR_®_ + 1/ Ang,l(]R_Q_. (16)

These equations cannot be separated into radial and angu-
lar equations. However,

Dr,]m = _Dr,lrh, L@,lm = L@,lm

and

Pcotf
Ay

2iQr

Dr,lm + Drjrh == A 5
r

Lﬁ,fm + LG,lm = 2(_ 1 )m

where [=(/+1) mod2 and /= (m+1) mod?2. Thus, by
subtracting the complex conjugation of (13) from (16)
and adding the complex conjugation of (14) to (15), we
obtain the two algebraic identities

ia(NR_O_—-BOR,O, =0, BOR_-O_+ia(r)R,0, =0,

where
Or Pcotf
a(r)=——=, pO)= -
VA, B VA
Therefore,

(22 =B©? )R, = (a(r) ~B(6)*)R-©_=0.

If R,®, or R_®_ is nontrival, it must hold that a(r) =

+6(0). As a(r) depends only on r> 0 (outside the event
horizon), and B(6) depends only on 6, both are constant.
Therefore, three cases occur: (i) P=Q=0, (ii)) P#0,
Q0=0,and 6=nr/2, and (iii)) P#0, Q+0,and r=ry is a
positive constant, § =6, is a constant. However, R, 0, =
R_O_=0 outside the hypersurface 9=r/2 is equipped
with the metric

A a 2 P 1 r’+a
2 _ r 2
dS3 =- rT (dt - §d¢> + Krdr + ﬁ (adt— d¢)

—
=)
—

in case (i1), and outside the 2-surface is equipped with the
metric

2
A(ro) asin® 6,
ds? = — dr— d
? U(ro,60) < =

Ag(8o) sin® 6, (a i 12 +d> d¢)2
U(ro,6)

—_

—
=)
—_

in case (iii). This indicates that Majorana fermions are not
differentiable in cases (ii) and (iii). Therefore, if P #0 or
0 #0, we conclude that there is no differentiable time-
periodic Majorana fermions in Kerr-Newman-type space-
times.

IV. CONCLUSION

We note that Chandrasekhar's separation for time-
periodic Dirac fermions is not consistent with the condi-
tion for Majorana fermions and introduce a new separa-
tion for time-periodic Majorana fermions. With this sep-
aration, the Dirac equation cannot be transformed into ra-
dial and angular equations, as is done in Chandrasekhar's
separation. Instead, it is separated into four differential
equations, which yield two algebraic identities. When the
electric or magnetic charge is nonzero, they conclude that
there is no differentiable time-periodic Majorana fermi-
ons outside the event horizon in Kerr-Newman and Kerr-
Newman-AdS spacetimes, or between the event horizon
and the cosmological horizon in Kerr-Newman-dS space-
time. This conclusion plays a role in searching for free
Majorana fermions when considering the gravitational ef-
fect.
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