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Abstract: In this paper, we consider the intricate thermodynamic topology of quantum-corrected Anti-de Sitter-Re-

issner-Nordstrm (AdS-RN) black holes within the framework of Kiselev spacetime. By employing the generalized

off-shell Helmholtz free energy approach, we meticulously compute the thermodynamic topology of these selected

black holes. Furthermore, we establish their topological classifications. Our findings reveal that quantum correction

terms influence the topological charges of black holes in Kiselev spacetime, leading to novel insights into topologic-

al classifications. Our research findings elucidate that, in contrast to the scenario in which @ = 0 and a = 0.7 with
total topological charge W = 0 and w = —4/3 with total topological charge W = —1, in other cases, the total topologic-
al charge for the black hole under consideration predominantly stabilizes at +1. This stabilization occurs with the sig-
nificant influence of the parameters a, ¢, and @ on the number of topological charges. Specifically, when @ assumes

the values of w =—1/3, w =-2/3, and w =—1, the total topological charge will consistently be W = +1.
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I. INTRODUCTION

Black hole thermodynamics is a field of physics that
explores the connection between the laws of thermody-
namics and the properties of black holes. Black holes
have thermodynamic quantities such as entropy and tem-
perature, which are related to classical attributes such as
horizon area and surface gravity. Black hole thermody-
namics involves integrating general relativity, quantum
mechanics, and thermodynamics into a comprehensive
description of black holes. The motivation for studying
black hole thermodynamics comes from several sources,
such as the analogy between the laws of black hole mech-
anics and those of thermodynamics. The discovery of
Hawking radiation shows that black holes emit thermal
radiation and have a finite temperature. The holographic
principle suggests that the information content of a re-
gion of space is proportional to its boundary area rather
than its volume. The AdS/CFT correspondence relates a
gravitational theory in anti-de Sitter (AdS) space to a con-
formal field theory (CFT) on its boundary. In black hole
thermodynamic studies, some concepts are very import-
ant, such as critical points and phase transition. A critical
point is a point in the phase diagram of a system where

the distinction between different phases disappears. For
black holes in AdS space, there is a critical point where
small and large black holes have the same temperature
and free energy. At this point, the heat capacity of black
holes diverges, indicating a second-order phase transition.
The Hawking-Page phase transition is a phase transition
between AdS black holes with radiation and thermal AdS.
Hawking and Page showed that although AdS black holes
can be in stable thermal equilibrium with radiation, this is
not the preferred state below a certain critical temperat-
ure. At this temperature, there will be a first-order phase
transition where, below T, thermal AdS will become the
dominant contribution to the partition function. In the
context of the AAS/CFT correspondence, this phase trans-
ition can be interpreted as the confinement-deconfine-
ment phase transition of strongly coupled field theory on
the boundary [1-20].

The study of the thermodynamic topology of black
holes considers the topological properties of black hole
thermodynamics, such as critical points, phase transitions,
and stability. Recently, new studies have been conducted
on critical points and phase transitions in the thermody-
namics of black holes from a topological perspective. The
topological classification of thermodynamics of black
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holes is a method to study the phase transitions and critic-
al points of black holes using topological tools such as
winding numbers, Brouwer degrees, and Duan's ¢-map-
ping method. These tools can reveal the local and global
topological properties of the black hole spacetime and its
thermodynamic state space. Different types of black
holes, such as Kerr-AdS, Kerr-Newman-AdS, Euler-
Heisenberg, Young Mills, and Banados-Teitelboim-Zan-
elli black holes, can have different topological classes de-
pending on their parameters and dimensions. The topolo-
gical classification can help us understand the intrinsic
properties of black holes under smooth deformations and
the effects of cosmological constants and other features
on their thermodynamics. Researchers have conducted
some studies using entropy-temperature (Duan's topolo-
gical current ¢-mapping theory) [21-25] and generalized
Helmbholtz free energy [26]. For further studies, also see
[27-43]. Also, topology structures and photon spheres
have recently been used to determine the range of para-
meters for black holes [44, 45].

Quantum corrections play a pivotal role in addressing
the singularity issue inherent in classical general relativ-
ity. The traditional Schwarzschild solution presents a sin-
gularity at » = 0, where spacetime curvature escalates to
infinity. Kazakov and Solodukhin examined spherically
symmetric quantum fluctuations in both the metric and
matter fields. Their work led to an effective two-dimen-
sional dilaton gravity model [46]. These quantum adjust-
ments modify the Schwarzschild solution, effectively re-
placing the classical singularity at » = 0 with a quantum-
corrected zone. This area has a minimum radius, 7mi,, of
the order of the Planck length, rp, ensuring that the scal-
ar curvature remains finite. The significance of this modi-
fication lies in its suggestion of a singularity-free, regular
spacetime. The spacetime is composed of two regions
asymptotically joined at a hypersurface of constant radi-
us. This indicates that quantum effects could smooth out
the singularities that classical general relativity predicts,
thus enriching our comprehension of black hole physics
and the quantum-level structure of spacetime. Con-
sequently, investigation into quantum corrections has at-
tracted considerable interest among researchers, sparking
studies in various domains. These include the criticality
and efficiency of black holes, thermodynamics of a
quantum-corrected Schwarzschild black hole in the pres-
ence of quintessence, accretion processes onto a Schwar-
zschild black hole within a quintessence environment,
and explorations of quasinormal modes, scattering, shad-
ows, and the Joule-Thomson effect [47—51].

Motivated by the above concepts, this paper aims to
examine the thermodynamic topology and topological
classes of the quantum corrected AdS-(RN) black holes
in Kiselev spacetime. We will also compare our results
with those of other works in the literature. The paper is
organized as follows. In Sec. II, we review the thermody-

namics of quantum-corrected AdS-(RN) black holes in
Kiselev spacetime. In Sec. III, we introduce the basic no-
tions of thermodynamic topology. In Sec. IV, we analyze
the thermodynamic topology of quantum corrected AdS-
(RN) black holes in Kiselev spacetime from the perspect-
ives of generalized Helmholtz free energy. Finally, we
summarize our findings and conclusions in Sec. V.

II. MODEL

In this section, we thoroughly examine the quantum-
corrected AdS-RN black hole, which is encapsulated
within Kiselev spacetime. Our objective is to perform an
exhaustive analysis of its attributes, particularly its ther-
modynamic topology from the perspective of generalized
Helmbholtz free energy, which is of paramount import-
ance to our study. We will explore the spacetime metric
of the quantum-corrected charged AdS black hole en-
circled by a Kiselev spacetime. This metric is distin-
guished by its spherical symmetry and is formulated as
follows [51]:

ds* = f(r)de — f(r)"'dr* = rAdQ?, (1)
Thus, according to [51],

2M r2—-a2 c 0?

foy==="4 500

r r 52 r3w+l

Here, we note that » > a is used to prevent the formation
of imaginary structures. In other words, we consider the
quantum fluctuation effects when r is approximately lar-
ger than a. In our research, we aim to clarify the paramet-
ers that define the black hole in question. The parameter
M denotes the black hole's mass, while the parameter a
represents how quantum corrections affect the black
hole's characteristics. The symbol ¢ represents the length
scale relevant to the asymptotically AdS spacetime. The
parameter c is associated with the cosmological fluid en-
circling the black hole, and Q indicates the black hole's
electric charge. To initiate our discussion, comprehend-
ing the rationale for choosing the specific metric and ana-
lyzing the origin of each term is crucial. Vissers pro-
posed that the Kiselev black hole model can be expanded
to include a spacetime with N components. This exten-
sion is marked by a linear correlation between energy and
pressure for each component, as detailed in the cited liter-
ature [52, 53]. In our analysis, we consider various val-
ues for w, such as w =-1/3, o = -2/3, v = -1, and w =
—4/3. The parameter a is intricately connected to changes
in the black hole's mass due to quantum corrections. The
underlying theory for this parameter is extensively dis-
cussed in [54]. As an independent variable, a possesses
the distinctive feature that, when set to zero, the metric
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reverts to the familiar AdS-Reissner-Nordstrm metric,
now shrouded by a cosmic fluid. Theoretically, a can as-
sume any value as long as it is smaller than the event ho-
rizon's radius, aligning with the notion that it constitutes a
minor modification to the conventional black hole metric,

dM = TdS + VAP + ¢dQ + Cdc + Ada. 3)

To determine the entropy of the quantum-corrected
Schwarzschild black hole located in Kiselev spacetime, it
is noted in [6] that this entropy is consistent with the
Hawking-Bekenstein entropy formula. As a result,

S =—=nr,. 4

The formula for pressure is given by P = 3/8x£? [55].
The mass and Hawking temperature of the quantum-cor-
rected AdS-RN black hole, enveloped by Kiselev space-
time, are calculated as follows:

1 i,  8PS3? 2a-1/2
M=——| VS -ma?—cnz S™7 + +7Q°S ,
2w 3

(5)
and
oM 1 1
= (5 0= i (e +¥70
cw ey wQ?
+352() ) ©)

The first law of thermodynamics robustly accommod-
ates variations in the black hole's defining parameters, or
hair, which include the black hole's area, cosmological
constant, electric charge, quintessence parameter, and
quantum correction parameter. For a comprehensive dis-
cussion on integrating the quintessence parameter as a
thermodynamic variable, our study further develops this
framework to include the variability of the quantum cor-
rection parameter.

III. THERMODYNAMIC TOPOLOGY

Thermodynamic topology is a method that integrates
topology into the study of black hole thermodynamics.
This approach involves assigning topological numbers to
each zero point in the phase diagram. The topological
number is determined as the residue of the generalized
Helmbholtz free energy at the critical point. This unique
number can unveil new features and classifications of
black hole thermodynamics that conventional methods
fail to capture. For instance, it can differentiate between

conventional and novel critical points, each bearing dis-
tinct implications for the first-order phase transition. The
Helmholtz off-shell free energy is an extension of the
Helmbholtz free energy that accommodates non-equilibri-
um states of a system. The conventional Helmholtz free
energy is the internal energy of the system with the
product of temperature and entropy of the system subtrac-
ted, representing the amount of useful work obtainable
from a closed thermodynamic system at a constant tem-
perature and volume. In contrast, the Helmholtz off-shell
free energy is the Legendre transform of the internal en-
ergy concerning the entropy, which can be expressed as
[26, 56—60]

F(S,V,Y)=U(S,V,Y)-TS. (7)

Here, S represents entropy, V denotes volume, Y en-
compasses other extensive variables, T represents temper-
ature, and U signifies internal energy. The Helmholtz off-
shell free energy is instrumental in analyzing phase trans-
itions and critical points of black holes within various
frameworks, such as AdS or dS spaces, and can accom-
modate scenarios with or without electric charge, includ-
ing nonlinear electromagnetic fields. To elucidate the
thermodynamic properties of black holes, we employ di-
verse quantities. For instance, mass and temperature can
serve as two variables to articulate the generalized free
energy. Drawing upon the mass-energy equivalence in
black hole physics, we can recast our generalized free en-
ergy function to a conventional thermodynamic function
as follows [26, 56—60]:

F=m-2, )
T

where 7 represents the Euclidean time period, and 7,
which is the inverse of 7, denotes the temperature of the
ensemble. The vector ¢ is defined as follows [26, 56—60]:

_ o= (P
¢=(¢".,¢ )_(BrH’ cot@)csc@)), )

Here, ry represents the radius of the event horizon, and
the parameter 0 < @ < r is introduced due to the axis lim-
it [26]. It should be noted that the vector field ¢ points
outward at the points where ® = 0 and 7 due to the diver-
gence of the component ¢ at these points. This is ana-
lyzed using Duan’s ¢-mapping topological current. The
vector ¢g has infinite magnitude and points away from
the origin when @ is either 0 or x. The variables ry and
O can take any values from 0 to infinity and from 0 to n,
respectively. Additionally, we can rewrite the vector as
¢ = Iglle’®, where [Igll = Voo, Or ¢ = ¢ +i¢. Topology

can be applied to black hole thermodynamics to classify
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the critical points and phase transitions of black hole sys-
tems according to their topological charges and numbers.
A critical point is a point in the phase diagram where the
system changes state or behavior, such as a phase trans-
ition or stability change. A topological charge is a quant-
ity that measures the winding number of a vector field
around a critical point. A winding number is an integer
that counts how many times a vector field wraps around a
point in a plane. A topological number is the sum of all
the topological charges in a system, which reflects the
global topological nature of the system. One way to per-
form the topological analysis of black hole thermodynam-
ics is to use Duan's topological current ¢-mapping theory.
This theory maps the thermodynamic variables to a vec-
tor field ¢ in a two-dimensional plane and defines a topo-
logical current j* as [26, 56—60]

1
j‘u = Tgypsabavnaapnh, /l, V,p = 07 1»25 s (10)
T

9 ,_ ¢

_ o> ™"~ il ,
al current is nonzero only at the zero points of ¢, which
correspond to the critical points of the thermodynamic
system. The topological charge Q at each critical point is
given by [26, 56—60]

where n = (n',n?), n The topologic-

0 = /z?=|,3ifli52(7 —7)1' =X ,Bmi = 2?:1‘7):" (11)
b

where §; is the positive Hopf index, which counts the
loops of the vector ¢, in the ¢ space when x* is near the
zero point z;. Meanwhile, n; =sign(jo(¢/x),)=+1. The
quantity w; represents the winding number for the i-th
zero point of ¢. The winding number can be calculated by
the following formula [26, 56—60]:

W:L/dQ, (12)
21 .,

i

3 3 3
—3w-1 [ = 2 _ 23w+l T = 2 3w 3w+4
4r <87TP Vre—a*r 87rcPr+87rPQ r+r ) 5

Then, the total charge will be
0=) . (13)

Using this method, one can classify different types of
black holes according to their topological charges and
numbers. The generalized Helmholtz free energy method
is another way to perform the topological analysis of
black hole thermodynamics; it is based on the general-
ized off-shell Helmholtz free energy, which is a function
of the thermodynamic variables that is valid for any state
of the system, not only for the equilibrium states. Using
this method, one can plot the generalized off-shell Helm-
holtz free energy as a function of V for a fixed T and
identify the critical points and phase transitions of the
black hole system by looking at the shape and features of
the curve.

IV. DISCUSSION AND RESULTS

Topological techniques are instrumental in analyzing
the critical points and phase transitions within black hole
thermodynamics. This is achieved by attributing a topolo-
gical invariant to each critical point on the phase diagram.
A topological invariant is a numerical value that delin-
eates the nature and sequence of the phase transition oc-
curring at a critical juncture. This invariance can be de-
termined through the application of the residue theorem
or by employing Duan's topological current theory. In
this section, our objective is to scrutinize the thermody-
namic topology of the aforementioned black holes. We
will subsequently elucidate the specifics of our computa-
tional approach. Thus, in accordance with the preceding
equation, the Helmholtz free energy for this black hole is
deduced as follows:

F = P _m

T T (14)

Two vector fields, ¢ and ¢?, are calculated in ac-

cordance with the concepts previously discussed as fol- »
lows: o 09 16
sin@’ (16)
” r 3 e 4> Q> 2ar
_— = R 15
¢ 2V —a2 2" ap 2r* 7T (15)

and

Also, we obtaint as follows:
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412 P NP2 — a2r3er3
T=
3ncProw Nr? —a* + n(—P)Q? V2 —a2rio + 8 Vi2 — g2p3w+ 4 pppdws3’

(17)

[

In our study, we consider the thermodynamic topo- point in Fig. 1 (b), 1 (f), Fig. 2 (b), 2 (d), Fig. 4 (b), 4 (d),
logy associated with a quantum-corrected charged AdS and Fig. 5 (b), indicative of the one topological charge
black hole enveloped by Kiselev spacetime. The illustra- determined by the free parameters introduced herein. This
tions are bifurcated, showcasing the normalized field charge correlates with the winding number and resides
lines on the right. The illustrations reveal a singular zero within the blue contour loops at coordinates (r,6). The se-

U] T
—— Q=1,a=0.4,c=0.7,w=—+ A A A A
Q=1,a=0.4,c=0.7,w=-7 M 11 I 1 11 ; i e
60 r A A A A A A A A A
F< % A A A A A A A A A A
200 < W A A A A A A A AL 4]
~ % % %N R R Rk R A 4
~ 40+ - f ~— ’ ]
S rrorororoyorord X
[~ » v Y YUYy ovy N
200 W ¥y oy Yy ¥ Y Y YOV Y '
(VVYYYY!I? v ]
051 Yy v VYiYY v ]
HIIAERES
T T #Ilii R
o 2 4 8
r
(a) (b)
70~ ‘
_— Q=1,a=0.7,c=0.4,w=_;—
60
. 50
40
30 s s s ‘ ‘
2 4 6 8 10
r r
(c) (d)
50 - -
3.07
— Q=1,2=04,c=0.4,w=-1 A
i : 25l A
[ A
: A
2.0 A
461 F A
- ® 5L ) / ‘ ‘ ]
ul AFrvvorororyoyy R
T r Yy vy vy vy v vovovyy v oY Y
1.0 YV Y*Y*i* Y*,
a2r v YY VY Y
osf ~ Y Y Y \E
} R Vi
40’;”” ‘7‘””8‘ o_o:“““““““ ““"
o 2 a 6 8 10
r r
(e) (f)

Fig. 1. (color online) Curve of Eq. (17) with respect to (O =1; a =0.4; c=0.7) in Fig. 1 (a), (Q=1; a =0.7; ¢ = 0.4) in Fig. 1 (¢), and
(©=1;a=04;c=0.4)in Fig. 1 (e) for o =-1/3. In Fig. 1 (b), 1 (d), and 1 (f), the blue arrows represent the vector field n on a por-
tion of the (r—6) plane for the quantum-corrected AdS-RN black holes in Kiselev spacetime. The blue loops enclose the ZPs.
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quence of the illustrations is dictated by the parameter w;
for instance, in Fig. 1, w is set to —1/3, and for Fig. 2
through Fig. 5, o assumes the values —-2/3, —4/3, —1, and
0, respectively. To construct these contours, we selected
free parameters (Q = 1; a = 0.4, 0.7; ¢ = 0.4, 0.7). The
findings from Fig. 1 (b), 1 (f), Fig. 2 (b), 2 (d), Fig. 4 (b),
4 (d), and Fig. 5 (b) reveal that the distinctive feature of a
positive topological charge of unity is the zero point en-
closed within the contour. Our discourse explores the
black hole stability by scrutinizing the winding numbers
alongside the specific heat capacity. The affirmative
winding numbers infer the thermodynamic stability of the
on-shell black hole, which is further substantiated by the
specific heat capacity calculations. Considering the solit-
ary on-shell black hole, its topological number aligns
with the winding number of 1. This indicates the pres-
ence of a single stable on-shell black hole, equating to a
topological number that mirrors a positive winding num-
ber across all BH configurations (W =w=+1). Con-

2
8L -_ Q=1,a=('3.4,c=0.7,¢.u=-3

—_ Q=1,a=0.4,c=0.4,w=-§-

0 2 4 6 8 10

Fig. 2.

versely, Fig. 3 (b) and 3 (c), corresponding to the free
parameters (Q = 1; a = 0.4; ¢ = 0.7), portray three topolo-
gical charges (w = —1,+1,-1), culminating in a total topo-
logical charge of W = —1. This is a departure from the
preceding figures and transpires when o = —4/3 for the
specified black hole. Moreover, Fig. 1 (d), with free para-
meters Q = 1; a=0.7; ¢ = 0.4, and Fig. 5 (d) and 5 (e),
with free parameters (Q = 1; a = 0.7; ¢ = 0), exhibit four
topological charges (w=-1,+1,-1,+1), resulting in a
total topological charge of W = 0. The above elucida-
tions confirm that unlike in Fig. 3 (b) and 3 (c) and Fig. 5
(d) and 5 (e), despite pivotal parameters like a, ¢, and w
directly swaying the count of topological charges, their
total topological charge predominantly tallies to +1. Non-
etheless, Fig. 3 (b) and 3 (c¢) and Fig. 5 (d) and 5 (e) stand
out with divergent outcomes from other instances, mark-
ing a noteworthy observation. In Figs. 1 (a), 1 (¢), 1 (e), 2
(a), 2 (c), 3 (a), 4 (a), 4 (c), 5 (a), and 5 (c), we chart the
trajectory corresponding to Eq. (17) across varied free
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(color online) Curve of equation (17) with respect to (O =1; a=10.4; ¢c=0.7) in Fig. 2 (a) and (Q = 1; a =0.4; ¢ = 0.4) in Fig. 2

(c) for w =-2/3. In Fig. 2 (b) and 2 (d), the blue arrows represent the vector field n on a portion of the (r-6) plane for the quantum-cor-
rected AdS-RN black holes in Kiselev spacetime. The blue loops enclose the ZPs.
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Fig. 3. (color online) Curve of Eq. (17) with respect to (O = 1; a = 0.7; ¢ = 0.4) in Fig. 3 (a) for w = -4/3. In Fig. 3 (b) and 3 (c), the
blue arrows represent the vector field # on a portion of the (r-#6) plane for the quantum-corrected AdS-RN black holes in Kiselev

spacetime. The blue loops enclose the ZPs.
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Fig. 4. (color online) Curve of Eq. (17) with respect to (O =1; a =0.4; ¢ =0.7) in Fig. 4 (a) and (Q = 1; a =0.7; ¢ = 0.4) in Fig. 4 (¢)
for w =—1. In Fig. 4 (b) and 4 (d), the blue arrows represent the vector field » on a portion of the (r—6) plane for the quantum-correc-

ted AdS-RN black holes in Kiselev spacetime. The blue loops enclose the ZPs.
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Fig. 5.

(color online) Curve of Eq. (17) with respect to (Q = 1; a = 0.4; ¢ = 0) in Fig. 5 (a) and (Q = 1; a =0.7; ¢ = 0) in Fig. 5 (c) for

o = 0. In Fig. 5 (b), 5 (d), and5 (e), the blue arrows represent the vector field # on a portion of the (r—#) plane for the quantum-correc-
ted AdS-RN black holes in Kiselev spacetime. The blue loops enclose the ZPs.

parameter values. We summarize these results in Table 1.

V. CONCLUSIONS

In this article, we explored the thermodynamic topo-
logy of quantum-corrected AdS-RN black holes in the
Kiselev spacetime. Utilizing the advanced generalized
off-shell Helmholtz free energy methodology, we per-
formed a detailed calculation of the thermodynamic topo-
logy for this black hole. Additionally, we rigorously stud-
ied its topological classifications. Our research showed
that integrating quantum correction terms within Kiselev
spacetime plays a pivotal role in the topological classific-
ations of black holes. This leads us to uncover ground-
breaking insights into their intrinsic characteristics and
behaviors, potentially reshaping our understanding of
black hole physics. In conclusion, our investigation into
the thermodynamic topology of a quantum-corrected
charged AdS black hole within Kiselev spacetime has
yielded significant insights. The study meticulously ana-
lyzed the zero points across various figures, which signi-
fy the presence of topological charges. These topological

Table 1. Summary of the results.

Free parameters w w
©=1;a=04;c=0.7, 0 =-1/3) +1 +1
(0=1;a=07;c=04; 0=-1/3) +1,-1,+1 +1
©=1;a=04;c=04; 0 =-1/3) +1 +1
(0=1;a=04;¢c=0.7; 0 =-2/3) +1 +1
—(0=1;a=04;¢c=0.4; v =-2/3) +1 +1
(0=1;a=0.7;c=04; o =-4/3) —1,+1,-1 -1
—(0=1;,a=04;¢c=07,0=-1) +1 +1

(©=1;a=07;¢=040=-1) +1 +1
(©=1,a=04;¢c=0,0=0) +1 +1
(©=1,a=0.7,¢c=0,0=0) —1,+1,-1,+1 0

charges are linked to the winding number and are encap-
sulated within the contour loops at specific coordinates
(r,0). The parameter w plays a pivotal role in dictating the
topological charges, with values of w = —1/3, -2/3, —4/3,
—1, and 0 influencing the topological charge. The free
parameters chosen for this study were O =1 and (¢ and ¢

115115-8
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=0.4; 0.7). Notably, Fig. 5 (d) and 5 (e) present an excep-
tion, depicting four topological charges that result in a
total topological charge of zero, and Fig. 3 (b) and 3 (c)
have three topological charges that result in a total topo-
logical charge of —1, deviating from the otherwise con-
sistent total topological charge W = +1 observed in other
figures. This anomaly occurs at w =—4/3 and o = 0. Fur-
thermore, certain figures display three topological

charges, culminating in a total topological charge W = +1,
highlighting the influence of the parameters a, ¢, and
on the topological charge count. Despite the variations in-
troduced by these parameters, this study concludes that
the total topological charge predominantly remains at +1,
affirming the thermodynamic stability of the black hole,
except for in Fig. 3 (b) and 3 (¢) and Fig. 5 (d) and 5 (e).
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