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Maxwell's equal area law for Vaidya-Bonner-de Sitter black hole under
Lorentz invariance violation
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Abstract: In this study, we investigate the tunneling of fermions with arbitrary spin near the event horizon of a
nonstationary Vaidya-Bonner-de Sitter (VBdS) black hole under Lorentz invariance violation (LIV). The modified
Hawking temperature of VBdS black holes is calculated by using tortoise coordinate transformation, Feynman pre-
scription, and Wentzel-Kramers—Brillouin approximation. By considering the cosmological constant as a thermody-
namic pressure in the extended phase space, we construct a Maxwell's equal area law under LIV and study the phase
transitions of VBdS black hole in P—%, P—V, and T —S planes. The LIV increases the length of the liquid-gas co-
existence region. The thermodynamic quantities such as the entropy, heat capacity, Helmholtz free energy, internal
energy, enthalpy, and Gibbs free energy of the VBdS black hole are discussed. These quantities tend to increase un-

der LIV. The stability of the black hole is also discussed in the presence of LIV.
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I. INTRODUCTION

The LIGO and Virgo observations, as well as the
MS87* black hole shadow captured by Event Horizon
Telescope, have proven the existence of black holes
[1-5]. Since then, black holes and their properties have
become more relevant and fascinating subjects among re-
searchers. Hawking temperature is a key concept in black
hole thermodynamics and is of significance to under-
stand the nature of black holes. Hawking [6, 7] proposed
thermal radiation for studies on the quantum effects near
the event horizon of black holes. Several methods for cal-
culation of the Hawking temperature of black holes have
been reported [8—11]. The semiclassical tunneling meth-
od proposed by Kraus, Parikh, and Wilczek [12—15] is
widely used to evaluate the Hawking temperature for dif-
ferent types of black holes. In these studies, the radial
null geodesic method has been used to derive the Hawk-
ing temperature in accordance with the semiclassical
Wentzel-Kramers—Brillouin (WKB) approximation. An-
other tunneling method to derive the Hawking temperat-
ure is the Hamilton-Jacobi method [16], which is an ex-
tension of the complex path analysis reported by Padman-
abhan et al. [17-19]. Remarkable results were obtained
using this technique [20—25]. The tunneling probability
has been corrected after consideration of the effects of
backreaction and self-gravitation to evaluate the Hawk-

ing temperature and semiclassical black hole entropy [26,
27]. The effects of the generalized uncertainty principle
(GUP) in the tunneling formalism for Hawking radiation
have been extensively studied [28—37], and the quantum
corrected Hawking temperature has been calculated.

According to string theory and quantum gravity the-
ory, the Lorentz invariance, which is a fundamental prin-
ciple in physics, is broken down in the high-energy case
[38—40]. The Lorentz dispersion relation is required to be
modified in the high-energy case. The magnitude of this
correction term shoud be in Planck scale [41—43]. Based
on the Lorentz invariance violation (LIV), the Klein-Gor-
don and Dirac equations are required to be modified for
the curved spacetime [44—47]. This leads to corrections
of physical quantities such as black hole quantum tunnel-
ing radiation, temperature, entropy, and other thermody-
namic quantities. Thus, the tunneling radiation of bosons
and fermions under LIV is a promising area of research.
In the last few years, based on LIV modification, many
researchers have studied the corrected tunneling radi-
ation for different types of black holes [48—56].

Hawking and Page [57] discovered a phase transition
between the Schwarzschild-anti-de Sitter (SAdS) black
hole and thermal AdS space. Chamblin et al. [58] invest-
igated the first-order phase transition in Reissner-Nord-
strom-AdS (RNAdS) black holes and explored the ana-
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logy of the phase transition to a van der Waals liquid-gas
system in both canonical and grand canonical ensembles.
Further, treating the cosmological constant as a thermo-
dynamic pressure P = —A/(8n) and its conjugate quantity
as a thermodynamical volume, the phase transitions and
critical behaviors of a RNAdS black hole in an extended
phase space have been studied [59—61]. These phase
transitions of the RNAdS black hole in the extended
phase space are similar to the van der Waals liquid-gas
system's phase transitions. Moreover, the critical expo-
nents are the same as those of the van der Waals liquid-
gas system. The P—V criticality of black holes in differ-
ent modified theories of gravitation has been extensively
studied [62—68]. The van der Waals liquid-gas system
analogous to the P—v criticality of a charged dynamical
(Vaidya) AdS black hole, including the equation of state
and critical exponents, has also been studied [69]. Fur-
ther, a van der Waals-like liquid-gas phase transition has
been observed in the T — S plane of the black hole [70].

For the van der Waals liquid-gas system, above the
critical temperature 7., the isothermal curve shows a sim-
ilar behavior to the experimental results. However, be-
low T, there exists an oscillating region, which violates
the condition of stable equilibrium. The theoretical pre-
diction and experimental results are reconciled by substi-
tuting the oscillating part of the isotherm with a horizont-
al isobar that satisfies the Maxwell's equal area law. The
Maxwell's equal area law has been studied [60, 71-73] in
the P —v plane. Further, the construction of the Maxwell's
equal area law has been extended in the P—V and T-S
planes [74—78]. However, no research has been carried
out on the construction of a Maxwell's equal area law un-
der LIV modification. Our study aims to construct a Max-
well's equal area law under LIV for a Vaidya-Bonner-de
Sitter (VBdAS) black hole in an extended phase space.

The correction of quantum tunneling radiation of fer-
mions from the VBAS black hole induced by LIV is
presented in Section II. In Section 111, we study the Max-
well equal area law of the VBdAS black hole in the exten-
ded phase space and obtain the positions of phase trans-
ition under LIV modification for different conjugate vari-
ables P—v, P-V ,and T-S. In Section IV, under LIV
modification, we present the entropy correction and cal-
culate the modified Helmholtz free energy, internal en-
ergy, and enthalpy. In Section V, the stability of the
VBdS black hole under LIV is discussed through Gibbs
free energy, heat capacity, and Hessian matrix. The last
section presents the conclusions.

II. TUNNELING OF VBDS BLACK HOLE
UNDER LIV
The metric of the nonstationary VBdS black hole in

an advanced Eddington-Finkelstein coordinate system
(v,r,0,¢) is defined by [79]

2M 2 A
ds? = — (1 -—+ g - —rz)dv2+2dv dr
r 2 3
+7r7(d6? + sin? Adg?), (1)

where v indicates the Eddington time, M = M(v) and
Q = Q(v) are the mass and charge of the black hole, re-
spectively, and A is the cosmological constant. The four
vector electromagnetic potentials A, of the VBdS black

hole are A,= (7,0,0, 0). The nonzero contravariant
components of the VBdS black hole are

2M 2 A
g”=(1——+%——r2),g1°=g01=1,
r r 3
1 1
2 33
==, =5 2
& r? & r2sin’ @ @)

As the space-time represented by Eq. (1) is spherically
symmetric, the event horizon is necessarily a null surface
r, = ry(v) that satisfies the null hypersurface condition:

a OF OF _
Ox* Oxb ~

A3)

with F(v,r)=0. Using Eq. (1) in Eq. (3), the horizon
equation and mass of the VBdS black hole are

2M 2 A
1_74_%_*
I r, 3

=27, =0 (4)
and

i
ara (%)

dl"h

respectively, where 7 = O

A. Modified form of the Hamilton-Jacobi equation

Regarding string theory and quantum gravity, the fol-
lowing relation has been reported [41, 80—82]:

P} = P2+ m* - (APy)' P, (6)

where P and P, represent the momentum and energy of a
particle with a static mass of m, respectively. The con-
stant term 4 is in the magnitude of Planck scale, which is
determined from the LIV theory by Eq. (6). The value of i
is unity in the Liouville string theory. A modified form of
the Dirac equation is determined by Eq. (6) for i =2 [43].
The Rarita-Schwinger-Hamilton-Jacobi equation is [48]
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"0, Y +eA )0, +eA,)+ m? =22m(0,¥ + eAy)
Y0¥ — L’[(0,Y + eAg)g" 0, %]’ =0, @)

where u,v=0,1,2,3 and i, j = 1,2,3. The action of the fer-
mion can be obtained by Eq. (7), and the corresponding
modified Hawking temperature of the VBdS black hole
can be calculated. Eq. (7) is a highly accurate dynamic
equation due to the presence of the term O(4?) and in-
volvement of LIV. Using Eq. (2) in Eq. (7), we obtain

é(aﬂ)2+l<aﬂ>2+ L (i‘*’)z
2\ Or 2\ 60 r2sin’ 0 \ 0¢

P ) (20) 2% ety (20)
+2( o +eA o 2Am N +eAy Ep

v Z(a'y)z
—_ 2 —_ _— =
1 ( o +er) o 0, (8)

A
where A=r*=2Mr+ Q* - §r4. As the action ¥ involved

in the above equation is a function of the coordinates
v,1,0,¢, the action ¥ can be derived by using the tortoise
coordinate transformation. Therefore, the tortoise co-
ordinate transformation is defined by

r.=r+ ilnr_rh(v),
2Kk Vh(V())

Ve =V—Vo, (9)

where x and r,(v) are the surface gravity and location of
the event horizon, respectively. v, is the initial time
where the fermions exit across the event horizon. The tor-
toise coordinate transformation describes the spacetime
geometry outside the event horizon of the VBdS black
hole. In this case, r, approaches negative infinity near the
event horizon of the VBdAS black hole and positive infin-
ity when it tends to the infinite point. Eq. (9) can be writ-
ten as

0 1+2(r-ry) 0

o 2(r—ry) or.’
0 0 i 0

o av, 2k(r—ry) Or,

(10)

To study the modified Hawking temperature, the action S
can be defined as

¥ = R(v,,r.) +X(6,9), (11)
and let

OR oY
v, v, @ (12)

where w is the energy of the particle. Using Eqgs. (9)—(12)
in Eq. (8), we obtain

] {é<l+2k(r—rh)>2—2ih(1+2/<(r—r;,))

2k(r—ry) Lr?
R 2
+ er)

*

(l +2K(r—rh))2} (2i>2+2<gi +eA0>

d
+2Amiy (14 2k(r—r3)) —/lz(a

¢! —/lm)(l +2K(r—rh)) (STR> +2k(r—ry)

*

[ +0(4%)] =o0. (13)

To obtain the first-order term of 4 in the final result, by
multiplying both sides of the above equation by 2«(r—r;,)
and setting the limit as » — r,, we obtain

(3 at-tmien() 0

where wy = eQ/r,. To derive the surface gravity near the
horizon of the VBAS black hole, the limiting value of the

2
coefficient ( ) is set as unity:

or,

. 9.
‘%I:I%%W |:A[1+2K(r_rh)]—2r ry

+2Amrti, - 2 (w—wy)?* {1 +2K(r—r,,)}} =1. (15)
Using the above equation, the surface gravity « is calcu-
lated to be

—; 2 2 A4 A~ 2. }
a2 {’h Q" = Ary = 2r(1+24m) | (16)
Using Eq. (10) in Eq. (14), we obtain

OR  1+2«(r—ry)

ar  2k(r—ry) (1_/lm)[(‘“_w°)i(w_w°)]' a7

By integrating Eq. (17) and applying Feynman prescrip-
tion near the horizon of the black hole, we obtain

R, = ;i(l—,lm)[(w—wo)i(w—wo)} (18)
K

115111-3



Yenshembam Priyobarta Singh, Telem Ibungochouba Singh, Sapam Niranjan Singh

Chin. Phys. C 48, 115111 (2024)

where R, and R_ are the outgoing and ingoing waves, re-
spectively, near the event horizon of the black hole. The
tunneling probability of fermions is calculated near the
event horizon of the VBdS black hole in accordance with
the semiclassical approximation:

I' = exp(—2Im YY) = exp(—2ImR.)

_2”(7"10“"0)} =exp(—‘”_T“’°), (19)

= exp

where «y =«/(1—Am) represents the modified surface
gravity of the VBdS black hole according to the Lorentz
invariance theory. As Eq. (19) is similar to the
Boltzamann formula, the Hawking temperature of the
black hole is derived to be

Ko
T=—
2r

1y —M =21, (1 + mAd) — 22w — wo) 1y — —r,3

3 n

- A
21 [2Mry, — Q2 + A2(w — wy)*r? + grﬁ (1-2am)

(20)

According to Eq. (20), the Hawking temperature and
tunneling rate of the VBAS black hole are modified due to
the presence of the correction term A. By applying the bi-
nomial expansion for (1—Am)™' and ignoring the higher
power of 4, Eq. (20) can be written as

Am ( 2 ) )
PR L Ty Y
dam(1—2i) \ 2 Tl @h

T= Th
where T, is the original Hawking temperature of the
VBdS black hole in the absence of the LIV theory,

2
1=~ Ar =20,

_ h
Th= drry(1=2iy) (22)

In our analysis, we consider the cosmological constant A
as a thermodynamic pressure P

p=_A (23)

e

As A >0 in the de Sitter space, P is negative. Although it
is more appropriate to consider P as a tension rather than
as a pressure, we shall continue to refer to it as pressure.
The thermodynamics of de Sitter black holes have been
studied by treating the positive cosmological constant as
thermodynamic pressure [61, 64, 83, 84]. The corres-
ponding conjugate thermodynamic volume is

e S~

1
1
1
1
1
016 1
1
1
1
1
1
1

0.20 0,‘25 0,‘30 0.‘35 o.z‘m 0.4‘15
Fig. 1. (color online) Original and modified Hawking tem-
peratures of the VBdAS black hole versus the radius of the
event horizon r, for 9=0.1, A=1, A=0.1, m=0.1, and
rp, =0.3.

V=—nr. (24)

III. EQUAL AREA LAW OF VBDS BLACK HOLE
IN EXTENDED PHASE SPACE

In this section, we investigate the corresponding Max-
well's equal area law of the VBdS black hole under the
LIV theory. The equation of state of the VBAS black hole
under the LIV theory can be obtained from Eq. (21), and
can be written as f(T,P,V)=0. We construct the phase
transition of the VBdAS black hole in P-¥, P-V, and
T - S, based on the Maxwell's equal area law.

A. Construction of the equal area law in the P -7 dia-
gram

The equation of state for the VBdS black hole under
the LIV theory is obtained from Eq. (21):

_T(1-27,)

- o > (25)
2r,(1 +mA)

8art  8ar2(1+md)’

where X =1+ Am—2i;,—3Ami;,. The equation of state is
reduced to

_T(1-27)

200 %
T 91 +md) A

2792(1 +mA)’ (26)
where ¥ =2r, is the specific volume. Eq. (26) is used to
illustrate P—¥ curves at a constant Q for a given temper-
ature 7.

According to Fig. 2, there is a phase where one value
of the pressure P corresponds to three different values of
¥ in the isothermal curves below the critical temperature
T.. Experiment results show that there should be a hori-
zontal isobar in the isotherm to represent the condensa-
tion line where the gas coexists with the liquid.

The thermodynamic system's chemical potential
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Fig. 2. P-7 diagram below the critical temperature T..
m=0.1,0=1,r=03,and 1=0.1.

should satisfy

dy = —SdT + VdP. 27)

In the isotherm transformation, the difference in
chemical potential between two states with pressures P
and P, should be

,
Hpto = / VdP, (28)
P

0

According to Fig. 2, the black hole is in the "gas"
phase at point E. However, the black hole is entirely in
the "liquid" phase at point A. Furthermore, the region
between A and E may be considered as a coexistence
phase. As the segment BD defies the equilibrium criteria,
the oscillating portion of the curve between A and E can-
not be the coexistence line. The chemical potentials are
the same at points A and E, which is the thermodynamic
condition for phase equilibrium. Using Eq. (28), we ob-
tain

/ 5dP =0, (29)
EDCBA

showing that area ABC is equal to area CDE.

We find the position of the points A and E for the
VBdS black hole under LIV and discuss the effect caused
by the LIV parameter /.

The specific volumes at the boundary of the two-
phase coexistence area with a temperature T, < T, are ¥,
and ¥, for the VBdAS black hole. The corresponding
equal-area isobar P = P, is defined by the event horizon
radius r, and is lower than the critical pressure P.. Thus,
according to the Maxwell's equal area law, we obtain

V2
Po(ﬁz—'ﬁo = J/ f’dﬁ
r’1

[ (e @ 2y
_/,1 (2r(1+m/l)+87rr4 g2 ) 24 G0

Thus,
Tb(l——ZﬁJ (Vz) (22 ( 1 1 )
2Py (ry =)=~y () (D
0(r2=r1) (1+mA) n " 2z \r3 r
)y 1 1
T A+ m) (2_71)' G

According to Eq. (25), we obtain

_ To(1-2r) Q7 X
T 2r(1+mA)

0 (32)

8nrt  8nr?
and

CTo(1-25) Q> %
07 2 (1 +mA)

(33)

1 )
8nr;  8nr;

where r; and r, are the event horizon radii of ¥, and ¥,,
respectively.

r
By using Eqgs. (32) and (33) and setting x = 71, we
2
obtain

_ To(1-27)
T (1+md)
2(1+x)
B 4rryx (1 +mA)

. O’ (1+x) (1+x?)

Anx3r3

(34

and

To(1-2F)(1+x)
2}% =
2rx(1+mA)
2(1+x%)
8rrix2(1+ma)’

| 0 (1+x%)
8rxtrs

(35)

Eq. (31) can be written as

O*(1+x+x%) z
272 4nxr2(1+md)
Tolnx(1 =27,

Crn(+md)(1-x)

2}% =

(36)

Using Egs. (35) and (36), we obtain

4ryxTo(1-27,) (1= x> +2xInx) =£(1 - x)°
(x=1D ({1 +mA)

~Q*(1-x) (3% +4x+3)

242
3r;x

. (37)

Utilizing Eq. (34) in Eq. (37), we obtain
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o Q0+md) i)
: 3z y2(x)’

(38)

where
yi(x)=4-4x°+3 (1 +x+x2+x3) Inx,
y2(x) = ¥*[2=2x+ (1 +x)Inx].

When x— 1, r; =r, =r.. Therefore, using Eq. (38),
we obtain

, QP +md) . yi(x)
ro= lim

. 39
‘ 3T =iy %)
By using the L'Hopital rule, Eq. (39) becomes
2 3
= {M} . (40)
z
Thus,
_ 20V6(I+md)
Vo= ——F=—— (41)
V=
and
= (“2)

T.= .
3vV6rQ(1-2r,) VI +mA

By substituting r, in Eq. (34) and using Ty = xT., we ob-
tain

o

Il

2V2yd (yl(x;) - 9(1+x) {

@ xzylix; —3x2=3|. (43)
2

Ya(x

We plot the pressure P according to the specific
volume ¥ for different values of 7 and 4 in Figs. 3 and 4,
respectively, and show the simulated phase transition and
boundary of the two-phase coexistence based on iso-
therms in the P—¥ diagram. According to Fig. 3, when
the temperature increases, the isobar in the isotherm be-
comes shorter. The boundaries of the isobar coincide
when the temperature reaches its critical value. Moreover,
Fig. 4 shows that, under the influence of LIV, the phase
transition process becomes longer. Further, the comparis-
on of the original and the modified pressures shows that
the phase transition occurs at a lower pressure due to
LIV.

The numerical values of x, ry, r,, ¥, ¥, and P, for
different values of A for the VBAS black hole under the
LIV theory are presented in Table 1, which shows that x
decreases as y decreases, but 4 does not affect it. r, and ¥,

p
0.0006
0.0005
T=T,

0.0004

— T=09 T,
0.0003 — T=08 T,
0.0002

‘ ‘ ‘ ‘ ‘ Y
0 5 10 15 20 25 30

Fig. 3. (color online) Simulated phase transition (black sol-

id lines) and boundary of a two-phase coexistence based on
isobars in the P—7 diagram for the VBdS black hole under the
LIV theory with m=0.1, Q=1, r, =0.3, and 1=0.1. The tem-
perature of the isotherms decreases from top to bottom.

0.00044
0.00042
0.00040 ) id BaCN
A e o — A=0
0.00038 - \ ot LeTTTTTEES -
\ 4 - S<
= =
0.00036 [ \ A — A=0.5
\ //
\_ -
0.00034 |- -
0.00032 |-
0.00030 L L L L L L L v
4 6 8 10 12 14 16
Fig. 4. (color online) Simulated phase transition (black sol-

id lines) and boundary of a two-phase coexistence for 7 < T,
in the P—7 diagram for (a) 1 =0 (top) and (b) 1 =0.5 (bottom)
with fixed m=0.1, Q=1, and r, =0.3.

increase with A but decrease with the increase in y.
However, P, decreases with the increase in A but in-
creases with the increase in y.

B. Equal area law in the P -V diagram

In this subsection, we examine the condition under
which the conjugate variables (P, V) occur under the
Maxwell's equal area law. Further, we discuss the phase
transition of the VBAS black hole in the P—V diagram
based on the Maxwell's equal area law. On the isotherm
with a temperature Ty (Ty < T.) in the P—V diagram, two
points (Py,V;) and (Py,V,) satisfy the Maxwell's equal
area law,

Vs rn 9
PdV:/ <T0(1 21

PoV2=V1) = / 2r(1 +md)

Vi r

0 z ) >
+ Y 4rredr. (44)

By Eq. (44), we derive the relation
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Table 1. Numerical solutions for x, ry, r», ¥, ¥, and Py for different values of A with m=0.1, 0 =1, and 7, = 0.3.
A x X r r Vi V2 Py
1 3.87298 3.87298 7.74597 7.74597 0.000530516
0 0.9 0.386969 2.66568 6.88861 5.33135 13.7772 0.000398128
0.8 0.237789 2.35641 9.90968 471283 19.8194 0.000284384
1 1 3.88744 3.88744 7.77489 7.77489 0.000522667
0.1 0.9 0.386969 2.67563 6.91433 5.35126 13.8287 0.000392237
0.8 0.237789 2.36521 9.94668 4.73043 19.8934 0.000280176
1 1 3.94405 3.94405 7.88811 7.88811 0.000493299
0.5 0.9 0.386969 2.71459 7.01501 5.42919 14.03 0.000370198
0.8 0.237789 2.39966 10.0915 4.79931 20.1831 0.000264433
2 ; .
. 30 N 3To(1 +x)(1=27#,) values of r;, r», V|, V,, and P, are obtained. The results
drrsx(1+x+x%) - 2ry(1+Am)(1 +x+x%) are shown in Table 2. x is not related to the LIV paramet-
35 er . With the increase in A, the values of r, and v, in-
-— - . (45) crease, while, with the increase in y, the values of r, and
4rry(1+x+x2)(1 +Am) v, decrease. Further, P, decreases with the increase in A,
which implies that the LIV reduces the pressure of phase
Similarly, we obtain transition. We plot the P—V diagram for different values
, , of y and 4 in Figs. 5 and 6, respectively, and show the
2 @ +4x+x(1 + Am) (46)  isobar representing the process of isothermal phase trans-
2= . oL .
Ix? ition or two-phase coexistence state as that of the van der
Waals system. Figure 5 shows that, as the temperature in-
At Ty = xT., when 0 <y < 1, we obtain creases, the isothermal phase transition becomes shorter.
When the temperature reaches its critical value, it turns
3V6x(1 +x) @7 into a single point. Further, according to Fig. 6, the iso-

X Ut axrx)pn

The critical state is obtained when x — 1, i.e., y — 1.
Using Eqgs. (46) and (45), we can solve r, and P, for dif-
ferent values of A and fixed y by deriving a specific value
of x by Eq. (47). Using the values of r,, we can find the
values of r|, and the corresponding values of V| and V,
can be obtained. To investigate the impact of the para-
meter A on the phase transition processes, by fixing the
parameters m=0.1, Q =1, r,=0.3, and y = 0.8,0.9, 1, the

thermal phase transition becomes longer under the influ-
ence of LIV. Moreover, the isobar representing the two-
phase coexistence occurs at a lower pressure under the in-
fluence of the LIV.

C. Equal area law in the 7 —S diagram

In this section, through the Maxwell's equal area law,
we construct the phase transition in 7—S for the VBdS
black hole under the LIV theory. The equation of state
(Eq. (25)) can be written as

Table 2. Numerical solutions for x, r{, r», Vi, V2, and P for different values of 4 with m=0.1, 9 =1, and #, =0.3.

A X x r r2 Vi Va Py
1 1 3.87298 3.87298 243.347 243.347 0.000530516
0 0.9 0.404703 2.63752 6.51716 76.8554 1159.48 0.000403993
0.8 0.272204 2.32535 8.5427 52.6691 2611.4 0.000302491
1 1 3.88744 3.88744 246.083 246.083 0.000522667
0.1 0.9 0.404703 2.64736 6.5415 77.7194 1172.52 0.000398015
0.8 0.272204 2.3304 8.5746 53.2613 2640.76 0.000298015
1 1 3.94405 3.94405 256.99 256.99 0.000493299
0.5 0.9 0.404703 2.68592 6.63675 81.1644 1224.49 0.000375652
0.8 0.272204 2.36803 8.69946 55.6221 2757.82 0.00028127
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Fig. 5. (color online) Simulated phase transition (black sol-

id lines) and boundary of two-phase coexistence based on iso-
bars in the P-V diagram for the VBAS black hole under the
LIV theory with m=0.1, 9=1, r,=0.3, and 1=0.1. The tem-
perature of the isotherms decreases from top to bottom.
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Fig. 6. (color online) Simulated phase transition (black sol-
id lines) and boundary of two-phase coexistence for T < T, in
the P-V diagram for (a) 1=0 (top) and (b) 1=0.5 (bottom)
with fixed m=0.1, 9 =1, and 7, =0.3.

QPN+ Am)

2P VS(1+Am) by
453(1-27) °
(48

V(1 =2r) T4 VS (1 =27,)

where S = nr? is the Bekenstein-Hawking entropy.

For given charge O, LIV parameter 4, and pressure
Py < P, the entropies at the boundary of the two-phase
coexistence region are S; and S, and their correspond-
ing temperature is Ty (Ty < T.). Notably, the temperature
depends on the horizon radius r,. According to the Max-

well's equal area law,

S2
TQ(SZ_SI):/ T ds
S
~ /’2 2Pr(1+m) )
r 1—21",,, 47Trh(1—2i"h)

0*(1 + Am)

2 o rdry. 49
drri(1 =21y M “49)

Thus,

—Q*(1+ Am) )
27TTO = N 3 + N
x(L+x)(1=27)r; (1 +x)(1=2i)r,
8nPors(1 + Am)(1 + x + x?)
3(1+x)(1=27) ’ (50)
~ {—Qz(l +Am)  2Pory(1+dm) ) }
0" Lanr(1-2i,) 1-2#, 4rry(1 = 27)
(51)
and
3 [—Qz(l + Am) N 2Pyry(1 + Am) . > }
O 4n3(1-2iy) 1-27, drry(1=2i) )
(52)

By Egs. (51) and (52), we obtain

O*(1+ Am)(1 + x+x?)

z
+81Py(1+Am)yr,—— =0 (53)
Xr;p

xr
and
-Q*(1+ am)(1 + x*) 2(1+x)
87TTO = ; 3 5
(1-27)x3r3 (1=2F)xr,
8 Pyry(1+ Am)(1 + x)
(1-2#,) (>4)
Using Egs. (50) and (54), we can derive the relation
a2 2
8Pory(1 4 Am) = 2 U * 3x3+3x Axdm) 3% 55
X X
Using Eq. (55), Eq. (53) is reduced to
O*(1 +4x+ x5 + Am)
3= 5% . (56)
By Eq. (53), we obtain
2y2
3x°X (57)

Py = .
07 8xQ2(1 +4x + x2)2(1 + Am)>

The critical radius r. = r; = r, and critical pressure P, are

__ V601 + am) (58)
>2
and
2
> (59)

Po=—
©7 967 Q2(1 + Am)?
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At Py = xP., when 0 < y <1, we obtain

3 36x°
T (1+4x+x2)?
We plot T —S diagrams for different values of y and 4
in Figs. 7 and 8, respectively, and show the isotherms
(black solid lines), which represent the simulated phase
transition processes derived from the Maxwell's equal
area law. According to Fig. 7, the isotherm becomes
shorter with the increase in the pressure. Once the pres-
sure reaches its critical point, it converges to a point. For
Fig. 8, we consider P < P. and plot the T—S diagrams
for 2 =0 and 0.5. The phase transition process for 2 =0.5
is longer than that at A = 0, which implies that the LIV in-
creases the phase transition process. We compute the val-
ues of x, ry, r, Sy, Sy, and Ty at y=0.8,09, 1 and A =
0, 0.1, 0.5, to determine the influence of these parameters
on the simulated phase transition process and two-phase
coexistence region. The values are presented in Table 3. x
is unrelated to A. r, and S, are directly proportional to 4
but are inversely proportional to y. Moreover, T, is in-
versely proportional to A and directly proportional to y.
Both r, and S, increase with 1 but decrease with the in-

X (60)

crease in y. However, T, decreases with the increase in A
but increases with y.

IV. THERMAL FLUCTUATIONS

In this section, we evaluate the corrected entropy un-
der the influence of the LIV theory. To determine the cor-
rected entropy, we use the partition function [85, 86]

Z(B) = / ) o(EePEdE, 61)
0

where B=T"'. E and p(E) are the average energy and
quantum density of the system, respectively. We apply
the inverse Laplace transformation to obtain the quantum
density,

. 1 [Pt
p(E) = — / et Z(B)dp
B

27 Jg o
1 SBo+ico P
=5 e*Pdg, (62)
PBo—ico

where § =1n(Z)+pE is the corrected entropy for the

;
0.028 -
;
0.0258 -
.
0027} 0.0256 [ o~
P=P, ! N
0.0254 TN
AN
0026} — P=09 P, i NN — A=0
0.0252 1 N
— P=08P, i N - — A=0.5
oo2sf | T 0.0250 - L N — ’
\\ i ’//,
0.0248 | [ SNl -
0.024 L L S
0 100 120 0.0246 -
Fig. 7. (color online) Simulated phase transition (black sol- 0 200 w0 eo s a0 w0 a0°
id lines) and boundary of two-phase coexistence based on iso- Fig. 8. (color online) Simulated phase transition (black sol-

bars in the 7-S diagram for the VBdS black hole under the
LIV theory with m=0.1, Q=1, , =0.3, and 2=0.1. The pres-
sure of the isobars decreases from top to bottom.

id lines) and boundary of two-phase coexistence for P < P, in
the 7-S diagram for (a) 1=0 (top) and (b) 1=0.5 (bottom)
with fixed m=0.1, 9 =1, and 7, =0.3.

Table 3. Numerical solutions for x, ry, r, S, S», and T, for different values of A with m=0.1, 9=1, and , =0.3.

A X x r 2 S S To

1 3.87298 3.87298 47.1239 47.1239 0.0273958
0 0.9 0.569919 3.00187 5.26719 28.3095 87.158 0.0263212
0.8 0.441089 2.7198 6.16609 23.2393 119.445 0.0251419
1 1 3.88744 3.88744 47.4764 47.4764 0.0273621
0.1 0.9 0.569919 3.01307 5.28685 28.5213 87.81 0.0262889
0.8 0.441089 2.72995 6.18911 23.4131 120.339 0.0025111
1 1 3.94405 3.94405 48.8692 48.8692 0.0272384

0.5 0.9 0.569919 3.05695 5.36384 29.358 90.386 0.02617
0.8 0.441089 2.76971 6.27924 24.1 123.869 0.0249975
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black hole.
Using the steepest descent method at the saddle point
Bo, the complex integral is calculated such that

aS (B) »8 s
B ., =0 and B >0. By further expanding S (5)

around the equilibrium B = By, we obtain

_——— 1 0*5(B)
sw=s+ 5680 (7" )

op?
+ higher order terms, (63)

0

where § =S is the zero-order entropy and satisfies the re-

lations o =0 and > =0 at 8= f,. By Egs. (62) and
ations B an P at B=py. By Egs. (62) an

(63), we derive

LS [PHe ) 2
= A (64)
271 gy ico

The expression of quantum density can be further
simplified to

~ S 625; -1/2

Ignoring the higher-order terms, after simplification,
we obtain

§=5- % In(ST?). (66)

Using the modified Hawking temperature under the
influence of the LIV theory (7) and entropy (S) in Eq.
(66), we obtain the corrected entropy under the influence
of the LIV theory:

4 Vm(1-2i)
(Z=ArF(1+am)) — Q*(1 + Am)ry?

S =nr; +1In {

} . (67)

The corrected entropy in the absence of LIV S, is calcu-
lated using T =T}, :

201 _n;
4+fmri(1=2#y) } 68)

2
Se = +in {—Q2+r,3 (1-27,— A7)
We plot the original entropy S, corrected entropy in the
absence of LIV S, and corrected entropy under the influ-
ence of LIV § in Fig. 9. The original entropy (S) mono-
tonically increases with the radius of the event horizon r,.
However, S, and § initially decrease, and then increase.
The LIV theory does not largely impact a small black

S
25

20+

Fig. 9. (color online) Original entropy, corrected entropy in
the absence of LIV, and corrected entropy under the influence
of LIV for 0=0.1, A=0.1, m=0.1, and r, =0.3.

hole. However, the LIV theory increases the entropy of a
larger black hole.

A. Helmbholtz free energy

We analyze the behaviour of the Helmholtz free en-
ergy of the VBAS black hole under the influence of the
LIV theory. The Helmholtz free energy is [87]

F:-/S dr. (69)

Using Egs. (21) and (67), we obtain the expression of
Helmholtz free energy under the influence of the LIV the-

ory:

1
F=——5—— |02 (1
1277 (1= 27) {Q (2-+9ar)(1 + m)

+7rS(1+ Am)A + 37} { (r=+2A(1 +/lm))}
- 3{r,§ (Z-Ar2(1+am)) - 01 +/lm)}

4 (127
xIn ( (Z-Ar(1+am)) - QX(1 +/lm)rh2)} - 0

The Helmholtz free energy without the influence of the
LIV theory is

Fy {QZ(Z +97r7) + S A

T 27r0(1-2i)
+3r{ (m(1-2i4) +2A) }
—3{r2(1-2i-Ar}) - 0*}

4%(1_2”/1)
Xln<(1—2fh—Ar,3) —er,;l’)}

(71)

In Fig. 10, we plot the Helmholtz free energy with
and without the influence of the LIV theory. The two
Helmholtz free energies exhibit similar patterns. Initially
they decrease monotonically up to the minimum energy
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F
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0.4

0.2+

-0.2F

Fig. 10.
of LIV theory and Helmholtz free energy with the influence of
the LIV theory for 0=0.1, A=1, A=0.1, m=0.1, and r, =0.3.

(color online) Helmholtz free energy in the absence

level, and then increase with the increase in the size of
the black hole. The LIV theory increases the Helmholtz
free energy. In comparison to smaller black holes, larger
black holes are more affected by the LIV theory.

B. Internal energy
The internal energy of the VBdS black hole is [88]

E=F+TS§. (72)

Using Egs. (21), (67), and (70), the internal energy under
the LIV theory is calculated to be

1
E=— Q1 +3n)(1+1
6rri(1—27) {Q( )+ Am)

+r [37r((1 +Am) — (1 +2/lm)> +(B=nr2)

(1+ /lm)A” . (73)

The internal energy without LIV theory is

S S P >
o= =2 {Q (1+3mri)
+r[3r(-i)+(3 —nr,%)AH : (74)

Figure 11 shows the internal energies of the VBdS
black hole with and without the influence of the LIV the-
ory. For small black holes, both internal energies are pos-
itive and exhibit a fluctuation behaviour. However, the
internal energy becomes negative for a large black hole,
which reflects the stability of the large black hole. There
exists an event horizon radius r, = r;, below which the in-
ternal energy under the LIV theory is higher than the in-
ternal energy without the LIV theory, and vice versa for
ry > r;. The value of r; 15 2.00781.

C. Enthalpy
The enthalpy H of the black hole is [87]

0.8

0.6

0.4

0.2

0.0

Fig. 11. (color online) Internal energies of the VBAS black
hole with and without the influence of the LIV theory for
0=01,1=1,A=0.1,m=0.1,and 7, =0.3.

H=E+PV. (75)

We derive the pressure from the Helmholtz free energy:

dF 1 {2 )
= e |2(z+AR(+A
IV = Ter =2y | (B AL Am)
-30%(1 +/lm)} X {nrf,

4NR( = 20)
*n ( (E-ArR(+m) - 021 +/lm)rh2)} '

(76)

Using Egs. (73) and (76), we calculate the enthalpy of the
VBdS black hole under the LIV theory:

1
H=— "
12773 (1= 2i)

wrt [7nz +(6-1)(1 + Am)A]

{Q2(2 +97r2)(1 + Am)

+ [P {Z+ A+ am)AP} =30°(1 + am)]

4 (1 =2#,) ”

XIn [ 5 =
EX—-Ary(1+Am)— Q*(1 + Am)r;,

(77

The enthalpy of the VBAS black hole in the absence of
LIV theory is

H, ! ) {Qz(z +9r7) + 74 [7n(1 —27)

T 2rri(1 -2
+A(6-1) | + [ (1-27,+ AF) -307]
4 V(1 -2iy) ”

1-2r,— Arﬁ - er,jz

XIn [ (78)

In Fig. 12, the enthalpies of the VBdS black hole with
and without the influence of the LIV theory are plotted
and illustrate the effect of the LIV theory. The LIV the-
ory does not affect the small black hole, but increases the
enthalpy of a large black hole.
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05+

-0.5r

Fig. 12. (color online) Enthalpies of the VBdS black hole
with and without the LIV theory for 0=0.1, A=1, A=0.1,
m=0.1, and r, =0.3.

V. STABILITY OF BLACK HOLE

In this section, we discuss the global and local stabil-
ities of the black hole. The global stability of the black
hole is analyzed by using the Gibbs free energy. The loc-
al stability is discussed by evaluating the heat capacity
and Hessian matrix.

A. Gibbs free energy

When the cosmological constant is interpreted as ther-
modynamic pressure, a new term VdP arises in the first
law of black hole thermodynamics. As a consequence, the
mass of the black hole is considered as enthalpy rather
than internal energy [89—91]. Thus, the first law of non-
rotating charged black hole thermodynamics becomes

dM=TdS +VdP+ddQ, (79)

Q. . . .
where © = s the electric potential. Thus, in the canon-

h
ical ensemble, the Gibbs free energy of the black hole in
the extended phase space is

G=M-TS. (80)

The modified Gibbs free energy under the LIV theory is
obtained by substituting Eqgs. (5), (21), and (67) in Eq.
(80):

1
T anri(1-2#)
- ér,‘;) —{zr -+ am)(Q*+Ar) }

3
4~frry(1-2iy) ])}
- +/1m)(Q2 +Ar2) ’

{2nr,3(1 = 2iy) (12 + Q* =213y

X (nr,%+1n[

(81)

The Gibbs free energy in the absence of LIV is

1
Anry(1-27)
A 4

- grh) - <r,3 — Zrﬁi’h - Q2 - Arﬁ)

Go {271,%1(1 = 2i4)(r} - Q* =21y

4+rri(1 =2i#) } )} .

2
X (nrh +In [
) o 7
ri =2y, — Q% — Ar;,

(82)

The Gibbs free energy of the black hole provides a vi-
tal information about the global stability of the black
hole. The preferred phase of the system is that minimiz-
ing the Gibbs free energy. The Gibbs free energies under
the LIV modification and in the absence of LIV modifica-
tion are plotted in Fig. 13. Both decrease for a small black
hole and increase with the increase in r,. The small black
hole has a lower Gibbs free energy, and hence it is glob-
ally stable. The large black holes have a higher Gibbs free
energy signifying a globally unstable state. Further, the
black holes are more unstable under the influence of the
LIV theory.

Fig. 13. (color online) Gibbs free energy of the VBAS black
hole with and without the influence of the LIV theory for
0=0.1,2=1,A=0.1,m=0.1, and 7, =0.3.

B. Heat capacity

The heat capacity of the black hole provides a vital
information about its phase transitions and thermodynam-
ic local stability. The phase transition point is the point
where the heat capacity either vanishes or diverges. The
points where the heat capacity vanishes correspond to
first-type phase transition whereas the points at which the
heat capacity diverges correspond to second-type phase
transition. A stable black hole has a positive heat capa-
city, whereas an unstable black hole has a negative heat
capacity.

The heat capacity in the absence of LIV is calculated
using Egs. (22) and (68):
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oS,
Co=T,—
0 h@Th

Z{Qz(l +arp)—ry {A+n(1 —Zr'h—r,%/\)}}

= . 83
r%(l—Zr’,,+r,%A)—3Q2 (83)

By substituting Egs. (21) and (67) in Eq. (83), we ob-
tain the modified heat capacity under the influence of the
LIV theory:

oS 2

C =T — =
OT 7 (S+Ar(1+am)) =302(1 + m)

{Qz(l + Am)(1 +7r?) — {A(l +Am)

+7r(E—ArZ(1+/1m))H. (84)

To study the influence of the LIV theory on the phase
transition and stability of the black hole, we plot C, and
C in Fig. 14. For the heat capacity in the absence of LIV,
the second-type phase transition point is r, = 0.271375,
while the first-type phase transition points are
r, =0.315466 and r, = 2.07203 for the above set of para-
meters. However, due to the LIV theory, the second-type
phase transition point is r, = 0.280751, while the first-
type phase transition points are r, =0.321609 and
r, =2.00468. We conclude that the positions of phase
transitions are affected by the LIV theory. Notably, both
heat capacities are positive for a large horizon radius,

—10}

Fig. 14. (color online) Heat capacity of the VBdS black hole
with and without LIV theory with respect to the radius of the
event horizon r, for 9=0.1, 1=1, A=0.1, m=0.1, and
rp, =0.3.

which implies stability for large black holes. The stable
and unstable ranges of the heat capacities are presented in
Table 4.

C. Hessian matrix

Another approach to evaluate the local stability of
black holes is by using the Hessian matrix of the Helm-
holtz free energy. This matrix involves the second-order
derivatives of the Helmholtz free energy with respect to

the Hawking temperature and chemical potential
oM
((15 = @) . The Hessian matrix is defined as

] 7:'{[ld 7’—-’{“

H= " ") ab=12, (85)
Wba 7—{bb

- PF - 0*F - O*F -
where Hii = 72 Hi, = m, 21 = W’ and H» =

2

6752' The determinant of the Hessian matrix is zero.

Thus, one of the eigenvalue of the matrix (85) is zero.
The other eigenvalue is determined by the trace of the
matrix. The trace of the Hessian matrix must be positive
for the black hole to be locally stable. It is calculated by

=T (H)=H\ +Hn, (86)
where

)
Hyy =8ar,(1-2i)=",
%

1

Hpy=—"
27 47 02(1-2i)

{2(1 +Am)(30* + Art)
N )
» (Z—Aﬂ(l +/lm)) - 0%(1 + Am)
4 m(1—2i)
xIn { (Z= AR+ m)) — Q21 + dm)yr;2 H ®7)

and X,, X,, and O are defined as

T = Q*(L+Am) (1 +7r)) +r) [A(l +Am)(wri 1)
—EJT],

Table 4. Stable and unstable ranges of the VBdS black hole with and without LIV theory.

Stable range Unstable range
0.271375 < r, < 0.3 0<ry <0.271375
Heat capacity without LIV theory (Cp)
2.07203 < ry, 0.315466 < rj, <2.07203

0.280751 < r, < 0.321609
2.00468 < rp,

Heat capacity with the LIV theory (C)

0<r, <0.280751
0.321609 < ry, < 2.00468
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% = [3Q(1+m) - (Z+(1+ Am)Ar ) 7]
x [12(Z= Arf(1+am)) — Q*(1 + )]

0 =2[30"(+Am)* - Q*r;(1 + am){(1 + 7 1})x
+2ARQ+mr)(1+m)} + g {S AL+ Am)
x(L+mr)+ 722+ A1+ amP(1-27r) . (88)

We plot the trace of the Hessian matrix with respect
to the event horizon radius in Fig. 15. In the absence of
LIV theory, the black holes in the ranges 0.158613 <
rp < 0.271375 and 0.299026 < r;, < co are stable, while, un-
der the influence of the LIV theory, the stable ranges are
0.164393 < r;, < 0.280751 and 0.305731 <r;, < 0. The LIV
theory affects the stability range of the black hole. The
large black holes are locally stable.

Tr(FH)
300

200

!
02 :f's 0.4 05 06 07 08"

-100

-200 -
Fig. 15. (color online) Trace of the Hessian matrix with and
without the influence of the LIV theory for 0=0.1, 1=1,
A=01,m=0.1,and , =0.3.

VI. CONCLUSION

In this study, the quantum tunneling radiation of fer-
mions near the event horizon of a VBdS black hole was
investigated by using the Rarita-Schwinger-Hamilton-
Jacobi equation under the influence of LIV modification.
Based on the LIV modification, the corrected tunneling
rate and Hawking temperature were derived and found to
be dependent on the LIV parameter and mass of the
particle. For A =0, the results are consistent with those in
[69]. The thermal fluctuations of the VBdS black hole un-
der the influence of the LIV modification were also in-
vestigated. We used first-order logarithmic corrections to
calculate the corrected entropy of the VBdAS black hole

under the LIV modification. Further, the modifications in
the thermodynamic quantities such as the Helmholtz free
energy, internal energy, enthalpy, Gibbs free energy, and
heat capacity due to the LIV modification were studied.
Under the influence of the LIV modification, the above
thermodynamic quantities tend to increase. Our graphical
analysis showed that the LIV modification affects the
thermodynamic quantities of large black holes, but it does
not affect the small black holes. The stability of the black
hole was investigated by using the Gibbs free energy,
heat capacity, and Hessian matrix. The local stability
range of the VBAS black hole under the LIV modifica-
tion is presented in Table 4. The large black holes are loc-
ally stable.

Further, the thermodynamic behaviour of the VBdS
black hole in the extended phase space was discussed. By
treating the cosmological constant as a thermodynamic
pressure, we derived the equation of state under the LIV
modification. Similar to the van der Waals liquid-gas sys-
tem, in the isotherms of the VBdS black holes, we ob-
served a region where the condition of stable equilibrium
is violated. The unphysical oscillating part in the iso-
therm should be replaced by an isobar, which represents
the liquid-gas coexistence line. For different conjugate
variables, P-7, P-V, and T-S, we investigated the
phase transitions and positions of the boundary of two-
phase coexistence using the Maxwell's equal area law and
influence of the LIV modification on the phase transition
points. In the P—7 and P-V planes, the length of the
isobar decreases with the increase in the temperature.
Further, the LIV modification increases the length of the
phase transition, and the transition of the liquid phase to
the gas phase occurs at a lower pressure. Similarly, in the
T -S diagram, the increase in the pressure tends to de-
crease the length of the isobar. The liquid-gas coexist-
ence region in the 7 —S diagram increases, and the phase
transition occurs at a lower temperature under the LIV
modification.
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