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Abstract: In this study, the properties of heavy quarkonia X are examined by treating them as bound states of Q
and Q at the leading-order level within the non-relativistic quantum chromodynamics (NRQCD) framework, where
O represents either a charm or bottom quark. The branching ratios for the radiative leptonic decays X — yI*I~ are
revisited, and the angular and energy/momentum distributions of the final state particles are analyzed in the rest
frame of X. Furthermore, we apply Lorentz transformations from the rest frame of X to the center-of-mass frame of
[*I~ to establish the connection between the widths I'x—y+- and T'x_+-. The comparison of the connection to
those documented in literature (divided by 27) for various X states, such as J/¥, W(25), Y(1S), and T(2S), shows
relative differences typically around or below 10%, comparable to the next-to-leading order corrections of O(a) and
O(*). However, we observe a significant disparity in the ratio between I'y(25)yr+r~ and Dy2g)—r+-, with our
prediction being four times larger than those in literature. The outcomes derived from this study have practical im-
plications in describing the quantum electrodynamics radiative processes and contribute to the investigation of QCD
processes associated with the decays of heavy quarkonia and searches for new physics.
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I. INTRODUCTION

The radiative leptonic decays of heavy quarkonia, de-
noted as X, i.e., X — yI*l” where [ =e,u,t, are crucial in
tests of quantum electrodynamics (QED) due to the ab-
sence of hadronic final states. Moreover, in studies on
quantum chromodynamics (QCD) and searches for phys-
ics beyond the Standard Model (SM) at colliders, where
copious hadronic events are produced, an accurate simu-
lation of QED radiative background events is essential.
This necessitates the utilization of software tools, such as
PHOTOS [1-3], which rely on appropriate theoretical in-
puts regarding not only the decay branching ratios of X
but also the differential distributions of the final state
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particles. However, only the branching ratio for the de-
cay J/¥ — yete™ is available from the Particle Data
Group (PDG) [4] when considering X states of quantum
configuration I°(J7€)=07(1""), such as J/¥, ¥(Q2S),
T(1S), and Y(2S). This value was obtained based on the
predicted ratio between I'jpp_ye+.- and I'jppe+- [5]. Con-
sequently, it is imperative to encourage further experi-
mental measurements and accurate theoretical predic-
tions for the radiative leptonic decays of heavy quarkonia.

In Ref. [5], the ratio between I'x_,,+- and Ty is
calculated based on the QED formalism presented in Ref.
[6]. The ratio is defined using quantities in the center-of-
mass (c.m.) frame of the /"I~ system. By utilizing the
measured value of I'y_,;+,- and aforementioned ratio, it be-
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comes possible to determine the radiative leptonic decay
width Ty, and branching ratio without considering
the wave functions of the bound state X at the origin ex-
plicitly. This ratio and results from Ref. [5] have also
been employed in subsequent studies [7—10] to investig-
ate the radiative leptonic decays of quarkonia. However,
the c.m. frame of the /"I~ system varies with the energy
and direction of the final state photon. As a result, the ex-
pression proposed in Ref. [5] does not directly provide in-
formation regarding the angular and energy/momentum
distributions of the final state particles in the rest frame of
X.

This study focuses on reexamination of the radiative
leptonic decays of heavy quarkonia within the frame-
work of non-relativistic QCD (NRQCD) [11]. For simpli-
city and to facilitate comparison with the results in literat-
ure and those of PDG, this study does not include the pro-
cesses of X —» X'y — yI*I~, where X’ is another reson-
ance lighter than X. The heavy quarkonia X is regarded as
a bound state of a quark (Q = ¢,b) and its antiquark (Q),
and its wave function is analyzed in both momentum and
position spaces. At the leading-order (LO) level, the de-
cay width of the quarkonia X into specific final states is
proportional to the square of the wave function at the ori-
gin, denoted as |¢/(6)|2. As the ratio between different de-
cay widths of X decay modes is independent of |¢(6)|2,
we provide preditions for I'y_,,+;- in both the rest frame
of X and c.m. frame of [*/~ by utilizing I'y_;+- and ratio
Ty~ /Txo-. Numerical integration in the rest frame
of X provides insights into the angular and energy/mo-
mentum distributions of the final state particles. On the
other hand, the relation in the c.m. frame of "I~ yields
the ratio between I'y_,,;+; and I'y_,+;-, which can be com-
pared to the corresponding ratio proposed in Ref. [5]. The
results can be incorporated into some generators, similar
to PHOTOS, as theoretical inputs for simulation of QED
radiative processes during tests of the SM and search for
new physics.

This paper is organized as follows. In Section II, a
brief introduction to the production and decay of heavy
quarkonia within the framework of NRQCD is provided.
Section III presents an analytical description of the kin-
ematics of the final state particles in the decay X — yI*i-,
focusing on the X rest frame. In Section 1V, to illustrate
the analysis, the decay J/¥ — yu*u~ isused as an ex-
ample, and the angular and energy/momentum distribu-
tions of the final state particles are derived at the LO level
within the NRQCD framework. In Section V, the Lorentz
transformation from the X rest frame to the /"I~ c.m.
frame is performed. This section presents the derivation
of the ratio between I'y.,,+ and I'y_;-,and the pro-
posed expression is compared with that in Ref. [5]. Fi-
nally, the conclusions are presented in Section VI.

II. HEAVY QUARKONIA PRODUCTION AND
DECAY WITHIN THE FRAMEWORK OF
NRQCD

In this study, we use the symbol X to represent heavy
quarkonia of the Q0 (Q = c,b) state. Within the frame-
work of NRQCD [11], the physics of X production can be
divided into a perturbative part and non-perturbative part
based on the energy scale. The perturbative part involves
the production of a heavy-quark pair QQ[n] with
quantum configuration »n at a hard scale A ~my, where
n= LM (S L and J represent the total spin, orbital
angular momentum, and total angular momentum of the
Q0 pair, respectively; the QQ pair is in either a color-
singlet or color-octet state indicated by the superscript [1,
9]). The non-perturbative part refers to the hadronization
of the QQ[n] pair into the bound state X at a significantly
lower scale A’ <my. This factorization can be expressed
as [12]

dou(X+{k) =) dou(QOInl +(XO%) . (1

where dé,,(QQ0[n] +{k}) describes the production of the
heavy-quark pair Q0 of quantum configuration n with
additional final state partons {k}. (O%)represents the non-
perturbative long-distance matrix element (LDME),
which describes the hadronization of the QQ[n] state into
the bound state X.

Similarly, within the NRQCD framework, the decay
of X into light hadrons can be factorized into two parts as

[11]
I'(X — LH) = 2Im(X16 L4-fermion| X}
21 A
- AW o, @

d,—4
. M

where 6L mion represents the four-fermion correction
terms in the NRQCD Lagrangian. This includes the sum-
mation of different local four-fermion operators O, of
quantum configuration » multiplied by corresponding
coefficients f,. d, represents the naive scaling dimension
of the operator O,. The coefficient Imf,, which can be
computed perturbatively, is proportional to the rates for
on-shell O and O to annihilate from the initial quantum
configuration » into the final states. The non-perturbative
matrix elements (X|0,|X) indicate the probability of find-
ing Q and Q in the quantum configuration » within the
bound state X, which is suitable for annihilation.

In this study, we consider only the (radiative) lepton-
ic decay of X with the quantum configuration 16(J*¢) =
07(177), denoted as X — (y)I*l". Within the NRQCD
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3
P(X — (1) = 2ore €50

X

. 2
KOl yly)l® +

where v represents the velocity of Q (Q) in the bound
state X. The average value of v is approximately 0.3 for
charmonium and around 0.1 for bottomonium [13]. The
second term in Eq. (3) is proportinal to v?. As the pro-
cesses of X — I*I" and X — (y)I*I- share almost the
same Feynman diagrams according to the optical theor-
em [11],

Im, S+ 4
EOL 24 Oar) 4
Imﬁy) I+~ 3 s ( )

Imfypf _ Img),ﬁ/—
Imf,+ - Img1+ -

(1+0()) , ®)

where o and a; are coupling constants of electromagnet-
ic interaction and strong interaction, respectively. Thus,

F(X —> yl+l_) _ Imfyl-q—
X — ) Imfy
LO
Yt~

Im
= (1+0()) (1+0(a) +0(Y)

(1+0(@)+00:")

Imf©O

Im + - 3S
8(7)141 ( I)Re
m

C o\ 2
((Mz/ﬁ&;dO)-(OM& (—%D> d/llﬂ)) +00'T),  (3)

_Imf0

= LO
Imfpy

(1+0@@) +00") , (6)

where Imf\? and Imf) . are calculated from the dia-
grams in Fig. 1 and Fig. 2, respectively. Eq. (6) demon-
strates that, by considering only the diagrams in Fig. 2
and Fig. 1 to calculate the ratio between I'(X — yI*I")
and T'(X — "), the next-to-leading order (NLO) cor-
rections are of O(«) and O(v*).

Fig. 1.

Fig. 2. Diagrams for decay X — yI*I".

III. ANALYTICAL DESCRIPTION OF FINAL
STATE KINEMATICS

For the radiative leptonic decay of a quarkonium, de-
noted as X — yl*I~, the four-momenta of the final state
particles in the rest frame of X can be parameterized as
follows:

Pl =(\/pl +m}, pi-sinb-, 0, pi-cos6-), (7

P, =(E,, E,sinf,cos¢,, E,sinb,sing,, E,cosb,), ®)

Pr=Px=Pi- =Py ©)

where pi = (my, 0, 0, 0). Utilizing the on-shell condition
of I*, we obtain the relation

my —2myE, —2(my —E,) \/pi- + m} : 1
2pi-E, sin@-siné, tan;- tan@, -

(10)

cos¢, =

The variables p-, E,, 6, and 6, are complete to de-
scribe the kinematics of the final state particles. The sens-
ible regions of the parameter space should ensure that E;-
obtained from Eq. (9) is larger than m;, and cos¢, ob-
tained by Eq. (10) ranges from —1 to 1. Consequently,
the accessible ranges of the parameters are determined as
follows:

Pr- € (0’ plmax) > (11)
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A A
my > Mx
mx — \/pr +m: + p- mx — \/pr +m?
E, e m
X
Eom 5TV pr+mj
yeut » X 5 5
mx =/ pi-+m; —pr
0. € (0'lpr.E,)). 2n—-0'p.E,]) . (13)
0_¢€ (—9'[171-, 1, O1prs y]) (14)

where E,, represents the photon energy cut (consider-
ing only photons with energies higher than E,.,), and

_ Eycut + my — Eycut 4m12
) 2 M — 2, cuiy
Eycut my — Eycut 4m12
Pimid = — 2 2 ) )
mX_ Eycuth
(15)
0,=0-+06
+ 1§ y ’ (16)
0_=6,-6,
2
X —mxE,—(mx—E,)\/p} +m}
Olp-.E,] = cos™! < 2 xLy (pXE ORVAZ l
=ty
(17)

IV. ANGULAR AND ENERGY DISTRIBUTIONS
OF FINAL STATES IN THE QUARKONIA
REST FRAME
At the LO level (v =0) within the NRQCD, we can
consider X with the quantum configuration I6(JF¢)=
0-(17) as a bound state of QQ[n] with n=3S!". The

momentum-space quantum state of X can be expressed as
[14]

&eE ~ 5
X)—\/me/(z )M()WW &, 1y

where J(l?) represents the wave function in momentum
space, and k (—k) is the three-momentum of Q (Q) in the
rest frame of X, satisfying the condition k| < mg. The
amplitude for X to decay into specific final states is ex-
pressed by [14]

DPi- €0, Pimia)

_pl,

; (12)

pr- € (leid > Pimax )

2 J@M(G,0 — final states ) .
myx
(19)

M(X — final states ) ~

To obtain Eq. (19), we approximately treat Q and Q as
static since v=0 (|l?| =0) at the LO level within the NR-
QCD. We also use the approximation 2mgy ~ my. In Eq.
(19), zﬁ(@) represents the wave function of X at the origin
(6), obtained from the Fourier transformation of J(/?) :

$h o~
[ St =u®). o)

Consequently, the decay width of X into specific fi-
nal states can be approximated as [14]

I'(X — final states )

Illf(O)I2

X

/dnf’M(00—> final states)| . (21)

where II; represents the phase space of the final state
particles. The correlation between Eq. (21) and Eq. (2) is
established through

(XIOym(WIX) = W (O)F , (22)

> 2
ZImfgsgn(A) = /dH/- ‘M(0,0 — final states )| . (23)

Considering the described parameters,

8(2 ) \/1

where cos¢, is expressed by Eq. (10), with 6, and 6, re-
0, —

dr, = dpi- dE, d6, d6_,

> \/1- cos2

24

+ — —

and

placed by , respectively.

2 2
In Fig. 2, we present the diagrams for the decay

X —yl'l. As my < mz,my (where mz and my repres-
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ent the masses of the Z boson and Higgs boson, respect-
ively), we consider only the Feynman diagrams where the
photon serves as the intermediate line for the decay
X — vI*I”. Additionallv. due to charge-coniugation in-

40967°Qa’

variance [5], the photon in the final state can be emitted
only by one of the charged leptons in the final state.
Therefore, we consider the diagrams shown in Fig. 2. A
direct calculation yields the following result:

3 ’M(6,6—>yz+r)’2 - _

Qo.dg=+1 my (mX—Z N2 +m12>2 (mX—Z( N2 +m12+Ey>>

2

X (2[)12_ my (mx (—8mx \/plz, + m,2 +8E, \/p,z, + ml2 + 7m§( —l4mxE, + 6E§) + 2m12(5mx - 2Ey)>
+my(myx —E,) (—3m§( (2 \/ pr+mi+ Ey> +2myE, (6 \/pr+m?+ Ey) - 4E§ \/pr+m? +m§()
+4mj (3my —2myE, + E ) +8p} my +mjmy (—4m§ (5 \/pE+mi+ 8E,/)

vamy 5, (14/f -+ +9E,) =82 \/p +mi-+15m3) ).

where Q5 and 1y, represent the electric charge and
helicity of Q/Q from the quarkonia X, respectively. Ex-
perimental findings show that, for the vector particle J/¥,
the spin projection along the z-axis is restricted to values
of +1, which corresponds to the state being represented
as 15,5,y =I1,+1). This requirement ensures that
A = -1 at the LO within the NRQCD framework. Con-
sequently, the squared amplitude where 1y = -1 exclus-
ively contributes to the decay process of J/W. Using the
relation

= 2
/ Iy [ M1 = 26:0,6 > ')
1 S 2
we obtain
e 2
/dnf ‘M(AQ =-124;0,0 - yl+l_)‘

1 5 2
=— [ dIl M(@O,0 = vyl . 27
i/ fz\ @.0-y'r)| @7)
As an example, we consider the decay J/¥ —
yutu~. By considering the squared amplitude with
A. = —4; and phase space in the rest frame of J/¥, numer-
ical integration yields the angular and energy/momentum
distributions of the final state particles, as shown in Fig. 3
with E,. =0.025, 0.1 GeV and in Fig. 4 with E,q =0.1
GeV. In the left middle panel of Fig. 3, noticeable kinks
are observed in the lepton momentum (p,-) distributions.
These kinks arise due to a shift in the permissible range
of E, values when p,- surpasses pimi, as detailed in Eq.
(12). The separation between the kink location (pmiq) and

(25)

[
maximum value of p,- (Pmax) 1S E,cu, in accordance with
Eq. (15). Regarding the photon energy distribution depic-
ted in the right middle panel of Fig. 3, variations in the
photon energy cutoff (E,) merely alter the position of
the left endpoint of the curve. The distribution tends to-
ward divergence as the photon energy approaches zero. In
the lowest panel of Fig. 3, radiative photons predomin-
antly align along the collinear (6,,- =0) and antiparallel
(6,,- =) directions relative to the y~ movement, a phe-
nomenon attributed to collinear singularity. Notably, the
distribution exhibits asymmetry, with a higher propensity
for photons to align in the antiparallel (6,,- = ) direction
to the u~ trajectory. This asymmetry is due to the uneven
phase space available at 6,,- =0 and 6,,- = 7. With E,
set at 0.1 GeV, the allowed ranges for p,- are [0, 1.44]
GeV and [0, 1.54] GeV at 6,,- =0 and 6,,- =, respect-
ively.

V. EXPRESSION OF I'y_,,;+ DERIVED IN THE [*I~
C.M. FRAME

Although the final states consist of three particles (I*,
[~, and y), it is advantageous to analyze the decay of X in
the c.m. frame of the [*/~ system. In this frame, we can
employ a set of variables to describe the angular distribu-
tions of the photon and leptons, as well as their relative
motion. We introduce Q (¢, and ¢) and Q; (6, and ¢;)
to represent the angles of the photon and leptons, respect-
ively, in the [*/~ c.m. frame. Furthermore, we use ¢, to
denote the angle between the directions of motions of the
photon and lepton in this frame. To quantify the kinemat-
ics, we introduce £, E, and s to represent the velocity
of the leptons, energy of the photon, and square of the in-
variant mass of the /"I~ system, respectively. Using the
given quantities, we can parameterize the four-mo-
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Fig. 3. (color online) Angular and energy/momentum distributions of y and x~ from the decay J/¥ — yu*u~ in the J/¥ rest frame. 6,,

6,-, and 6,,- are the polar angle of y, polar angle of =, and angle between the moving directions of y and ™, respectively. E, and p,-
are the photon energy and x~ momentum, respectively. Two kinds of photon energy cut are chosen.

mentum of the final states in the c.m. frame of [*/~ as fol-
lows:

P =(Vs'/2,0,0, \/s/4—m?), (28)
p?f = ( W/zs 09 Os - sl/4_m[2) s (29)

pl = (E,, E,sind,cos¢), E,sind,sing’,, E,cost)),
(30)

where we have chosen the direction of motion of /- as the
z-axis direction, resulting in 6, =6, Using the relation
P¥ = (pj- + pi- + p,)* = my, we obtain

s =(\m+Ep-E) (31)
B= 1= i (32)

(Vmi+Ep-E;)
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(color online) Left panel: polar angle-energy distribution of y from the decay J/¥ — yu*u~ in the J/¥ rest frame at E,qy = 0.1
Y

GeV. Right panel: polar angle-momentum distribution of x~ from the decay J/¥ — yu*u~ in the J/¥ rest frame at E,cy = 0.1 GeV.

To ensure 5" > 4m;, we obtain the upper limit for £, by

2

m
E;< —X—ml.
4ml

(33)
The photon energy cut E,, in the X rest frame corres-
ponds to the lower limit E ., for E) in the [/~ c.m.
frame, expressed by

’r
yeut = EVCUI

(34

The parameter of the Lorentz transformation from the X
rest frame to the /*/~ c.m. frame is expressed by

2

w/m§(+E;2

where p), is the three-momentum of the photon in the /*I-
c.m. frame. Thus, the /'~ c.m. frame changes with the
photon energy and angles. We need to determine the Jac-
obi factor J appearing in the following equation:

B=- (35)

d*pr- d*pp d*p,
Qn)2E,. (2n)2E; (2n)2E,

x 2m)'s*(py =Pt =Pl = 1)

&g &P Ep

y
* Qm2E; 2n2E; 2n)2E,

x 2n)*s*(p¥ - plt = Pl =P, (36)

where pi-, pr-, and p, (p-, pj., and p,) are the three-mo-
menta of /-, [*, and y in the X rest frame (/I c.m.
frame), respectively. Direct derivations demonstrate that
the Jacobi factor J is related to the partial derivatives of
the four-momentum of /- and y in the X rest frame with
respect to those in the I*/~ c¢.m. frame, which yields

J=J(p P pi Pl = J(E)

E/2 E/ mg( 7”2
=1+—2 | 4- Y -3 ! (37)
my \/mx +EP? £,
Therefore,
JE, <my) =1, (38)
J(E, > my) =0, (39)

which indicates that the production of high-energy
photons in the I*I~ c.m. frame is suppressed.

According to Eq. (21), the decay width of quarkonia
X decaying into specific final states is directly proportion-
al to the squared amplitude of the wave function at the
origin, represented as |¢(6)|2. Consequently, the ratio
between the decay widths of different decay modes of X
is independent of the specific value of Iz//(6)|2. Consider-
ing the phase space, Jacobi factor resulting from the
Lorentz transformation, and squared amplitude in the
center-of-mass frame of the I*/~ pair, by integration over
the final state angles, we derive the following expression:
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Fxﬁwr _ Vise L)2

| PN

ﬂ(1+2b)\/1 4b /

X (—,8’(1 +b21(61(i;§;)> + ((1

; (41)

(42)

The analytical solution for the integration outlined in Eq.
(40) is presented in Appendix A.

The predicted ratios of I'x_,yq- /T'x_+-, calculated us-
ing g'(b,c), are depicted in Fig. 5. These ratios exhibit a
decrease as either the lepton mass m; or photon energy
cut E,, increases. Utilizing the experimentally meas-
ured values of Rjy_.+.- = (5.971£0.032)% and Rpy_,+,-
=(5.961 + 0.033)% obtained from the PDG [4], and em-
ploying the ratio T'x_,,+; /Tx_ derived from Eq. (40),
we can calculate the branching ratios of J/¥ — ye*e™ and
J/¥ — yutu~ at various E, values, as depicted in Fig.
5. Notably, the ratio between Ry et~ and Rypw sy y-
consistently remains around 3.0 within the range of E
spanning from O(0.01) to O(0.1) GeV. The future experi-

|

1+c* —(‘)2

FX—WI"‘I

—4b)+b28(3_’3’4))ln {HBID =g'(b,0),

ﬁ/
(1 -pH(A-p?

—4b)

(40)

a-p7y ) " li-p

[
mental results of this ratio will serve as a direct test of
lepton flavor universality (LFU). A more comprehensive
analysis of this ratio, encompassing the robustness of the-
oretical predictions in the face of radiative and power cor-
rections, susceptibility to possible breaches of LFU, and
practicality of experimentally detecting such BSM phe-
nomena via this decay rate ratio, is beyond the scope of
this study. These facets are designated for subsequent re-
search endeavors.

In Ref. [5], the differential decay width for the pro-
cess X — yI*I™ is expressed by

s 2a dE, 1 —cos?@ ,
erﬁyl*l’ - er%l*[ ﬁ = E, %dg}/ .
n mx (1-p2cos ¢,)
(43)
where
3 , o
drx_,l+l— = m (l -i‘/lCOS2 01) FX—>I+I’ 4771'1 . (44)

By integrating out the final state angles (Q, and €)), we
obtain the ratio of the decay widths:

BI

=16« b/

1—‘X—>l*l’

The analytical result for the integration in Eq. (45) is
provided in Appendix A.

The comparison between g(b,c) derived from the rela-
tion proposed in Ref. [5] and g'(b,c) obtained in this
study reveals differences arising from the prefactors and
integrated functions of 5.

8(b,c)
2ng'(b,c)
trated in Fig. 6. The ratio £5.0)_

2ng’'(b,c)
small values of b (e.g., b <0.03 when ¢=0.02) and de-
creases as b increases.

In the specific case where E,. =0.1 GeV and X in-
cludes J/¥, ¥(2S), Y(1S), and Y(2S), the ratio between

The dependencies of on b and c are illus-

is larger than one for

a2

(e ts) o (100

—4b)
) S [ ]) =

I'x_y+- and 'y, as determined by g(b,¢) and g’'(b,¢),
is presented in Table 1. For modes with b approximately

c,b
g(Tr) , rather than

g(c,b), is comparable to g’(c,b), with a relative differ-
ence within 10%, which is comparable to the NLO cor-

rections of O(a) and O(*) according to Eq. (6). The
C’ .

largest discrepancy between gzn and g'(c,b) is ob-

served for the mode W(2S) — (y)r*r~, where b=0.232.

(45)

equal to or smaller than O(107%),

. . 8¢
g'(c,b) is four times larger than

2r
$ED) e factor ————— in g/(c,b) yields a 2.5
o5 > the factor (1+2b)m1ng(c,)yle sa?2.5-

. Compared to

fold enhancement for the decay mode W(2S) — (y)r*r~
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Fig. 5.  (color online) Upper panel: predicted values of Ty« /Tx_+- using g’(b,c). Lower left panel: branching ratios of

J/¥ - ye*e” and J/¥ — yutp~ at different E,.. Lower right panel: ratio between Rjjy_ye+e- and Rjpp_,y,+,~ at different Eyey.

when b=0.232. By disregarding the differences in the
prefactors between g(c,b)/2n and g'(c,b), which are neg-
ligible when b < 1, the remaining enhancement in g’(c,b)
for the W(2S) — (y)r*7~ decay mode can be attributed to
the variations in the integrated functions.

VI. CONCLUSION

In this research, we delved into the leptonic decays of
heavy quarkonia X, conceptualized as a zero-momentum
bound state of a quark (Q) and an antiquark (Q) within
the NRQCD framework at the LO level. Through a de-
tailed analysis of the squared amplitude for the decay pro-
cess X — yl"l"and an examination of the kinematics of
the final state particles in the rest frame of X, we calcu-
lated the decay widths and branching ratios for the three-
body leptonic decays of X. Our study was also extended
to the determination of the angular and energy/mo-
mentum distributions of the final state particles in the rest

frame of X via numerical integration.

To explore the Lorentz transformation from the rest
frame of X to the c.m. frame of [*]-, we derived the Jac-
obian of this transformation and analyzed the phase space
in the [*I~ c.m. frame. Through these analytical ap-
proaches, we propose a prediction for the ratio between
I'x_y+- and 'y, highlighting discrepancies from pre-
viously reported expressions, particularly from that in
Ref. [5]. Our analysis identifies a missing factor of 1/2x
in the earlier expression and suggests that a detailed com-
parison of the equations can elucidate the differences.
The discrepancies become pronounced when the ratio
m? /m% crosses a threshold of approximately O(0.1).

Our investigation spans various heavy quarkonia, in-
cluding J/¥, ¥(2S), Y(1S), and Y(2S). The ratios de-
rived from our proposed relation align closely with those
from literature (after adjustment by 2x), which show-
cases relative differences generally within or below 10%.
This level of agreement is on par with the expected NLO

103108-9
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2t g'(b,c)
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Fig. 6. (color online) Ratio between the predicted values of
. . gleb)
Tx—syi+i- /Tx—p+- Obtained using g o and g’(b,c).

corrections of O(a) and O(*). An outlier is observed in
the ratio between I'yos)yr+r- and Tyos)r-, Where our
proposed expression predicts a value four times larger
than expected. The findings of this research offer a solid
foundation for comparison with future experimental res-
ults from facilities such as BESIII. B-factorv exoeriments.‘

Table 1. Ty, /Tx_p+- determined by g’'(b,c) and ratio
between the predicted values of Tx_,y+/- /Tx_+ using %

and g’(b,c). X represents J/'¥, ¥(2S), T(1S), and 1(2S).

Mode b ¢ (Eyon =0.1 GeV)  g(ch) 5
JIY = (yetem 2.72x1078 3.34x1072 0.152 L11
JIY - (e 1.16x1073 3.34x1072 5.04x1072  1.10
P(2S) = (y)ete” 1.92x1078 2.79% 1072 0.168 1.10
P(2S) - (e 8.22x 107 2.79x1072 5.84x1072 110

Y2S) - i 0232 2.79% 1072 6.09x10° 025
T(AS) = (y)ete” 2.92x107° 1.07x1072 0.266 1.08
TAS) = (Yt u™ 1.25%x1074 1.07x1072 0.111 1.07
T(AS) - (7Hr™ 3.53%x1072 1.07x1072 2.80x1072 0.98
T(2S) = (y)ete” 2.60x107° 1.01x1072 0.273 1.07
TQ2S)—> (u'n” 1.11x107* 1.01x1072 0.115 1.07
T2S)—> 71" 3.14x 1072 1.01x 1072 3.04x1072 099

and CEPC, thereby enhancing our understanding of
heavy quarkonia decays and contributing to tests of the
SM and search for new physics.

APPENDIX A: EXPRESSIONS OF g'(b,¢)
AND g(b,c)

The analytical solutions for the integrations described
in Egs. (41) and (46) are

« i 2bx (4+23b—(4+17b)x?)
"(b,e) = ———— 1-4p) | = —21n%2
§(:) ﬂ(1+2b)\/1—4bx<( )(3 n()>+ 1)
. 2(2-236> =22+ b(2 = Th))x> + (2 + b(4 + b))x*) tanh ™ (x)
(1-x2)°
X

4(1-2b—-8b%) tanh™" (

V1-4b

)

1-4b

+(1-467) (21n(1_x) ln(1_4b_x2> —In? (1-2) +210°(1 +x)

1+x 4b

+41In(2)In(1 —x)) —2(1-4p%) (2Li2 <1%x> -k <Li2 (1—

1+x

() e ()
and

2

g(b,c) =2ax <(1 -b) (% —21n2(2)) L8

+4btanh™' (x)—4 V1 —4btanh™ <

1—x2

) (e ()
(AT)
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2(1-2b)In 1-Vi-
1+ V1—4b

4b In V1-4b-x
1-4b+x

+(1-b) 1-b
1—x
_2(1—3b—(1—b)x2)ln(1+x> —4(1-b)Li (
(1-b)(1-x) 2
) Vi—4b-x : I-ab+x
“2=2) (Lo | = | e\ T A
( b)< 12( - 1—4b> 12( - Vi-db

respectively, where

and R(z) represents the real part of z.

4b

-,
(V1+c%—c)?

) —In* (1 -x%) +2In°(1 +x) +41n(2) In(1 - x)
- X
T)

. V1-4b—-x . 1-4b+x
) _L12<1+ Vi —4b) +h (1+ Vi —4b>>) > 82

(A3)
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