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Abstract: Based on the Einstein-Maxwell theory, the Joule-Thomson (J-T) expansion of charged dilatonic black
holes (the solutions are neither flat nor AdS) in (n + 1)-dimensional spacetime is studied herein. To this end, we ana-
lyze the effects of the dimension » and dilaton field & on J-T expansion. An explicit expression for the J-T coeffi-
cient is derived, and consequently, a negative heat capacity is found to lead to a cooling process. In contrast to its ef-
fect on the dimension, the inversion curve decreases with charge Q at low pressures, whereas the opposite effect is
observed at high pressures. We can observe that with an increase in the dimension » or parameter a, both the pres-
sure cut-off point and the minimum inversion temperature Ty;, change. Moreover, we analyze the ratio Ty, /7 nu-
merically and discover that the ratio is independent of charge; however, it depends on the dilaton field and dimen-
sion: for n =3 and « = 0, the ratio is 1/2. The dilaton field is found to enhance the ratio. In addition, we identify the
cooling-heating regions by investigating the inversion and isenthalpic curves, and the behavior of the minimum in-
version mass My, indicates that this cooling-heating transition may not occur under certain special conditions.
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I. INTRODUCTION

Einstein's theory of general relativity is among the
two most important breakthroughs of physics in this cen-
tury, and the theory creatively identified gravity as an ef-
fect of the curvature of space-time caused by the pres-
ence of matter. The cosmological constant in the Einstein
field equation mainly describes the state of the universe.
The general theory of relativity has facilitated profound
understanding of the nature and interrelation of time,
space, matter, and gravity, and it has been widely ac-
knowledged. The development of general relativity relies
heavily on the solutions of Einstein's gravitational field
equations and their physical interpretations. Therefore,
the solutions of the gravitational field equations and the
analysis of their properties are important components of
the theory of gravity, and every new gravitational solu-
tion plays an important role in our understanding of the

nature of space-time and gravity. In addition, the study of
high-dimensional gravitational solutions also contributes
toward our understanding of the spatio-temporal stability
and dimensional dependence of gravitational properties.
A black hole (BH) is a direct result of general relativ-
ity; a notable sign of a BH is the event horizon. The event
horizon distinguishes between the inside and the outside
of a BH, and particles that enter the event horizon can no
longer escape. In the past few decades, pioneering stud-
ies [1-3] have established a deep and fundamental link
between black holes and general thermodynamic systems.
In general relativity, black holes can be realized by solv-
ing Einstein's field equations, and as thermodynamic sys-
tems with a physical temperature and entropy, black holes
have a huge impact on the understanding of quantum
gravity [4—7]. Following decades of development, the
thermodynamic properties of black holes have attracted
extensive research interest; these include quantum effects
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on the thermodynamic properties of black holes [8—11],
entropy [12, 13], thermodynamic phase transition
[14—16], thermal and non-thermal radiation [17-19], and
various criticalities [20-26]. In the extended phase space,
the negative cosmological constant is treated as a vari-
able thermodynamic pressure of a BH system, its conjug-
ate quantity is naturally regarded as the BH volume in the
mechanics of AdS black holes, and the mass of the BH is
interpreted as the enthalpy of spacetime and not as the in-
ternal energy [27]. The above ideas have been sub-
sequently generalized and applied to black holes in the
Lovelock theory. For example, in [28], the authors stud-
ied AdS black holes based on the Lovelock theory, and
they used geometric methods to obtain the Smarr for-
mula. They also proved that the variations of the Love-
lock couplings were the extensions of the first law. In
[29], an explicit formula for the ADM mass and free en-
ergy of AdS black holes was obtained based on the Love-
lock theory. In addition, a study on dilaton-AdS black
holes revealed that the mass of a BH represents its en-
thalpy [30]. These innovative studies have led to remark-
able consequences in the thermodynamics research of
AdS black holes in the extended phase space. The ther-
modynamic pressure in the following units (Gy =
h=c=«=1) can be expressed by the cosmological con-
stant as follows:

A
81’

Moreover, the associated volume is

oM
V= FTR
Accordingly, related thermodynamic properties of some
classical systems can be obtained based on analogy in the
BH model [31, 32] and the behavior of BH like van der
Waals fluids [33— 35]. The similarities between black
holes in the AdS space indicate a significant correspond-
ence between AdS and CFT [36]. Indeed, from the per-
spective of AdS/CFT, in [6], the authors demonstrated
that the asymptotic AdS space-time BH is perfectly con-
sistent with the canonical dual description of the double
thermal field theory, and this physical phenomenon is
known as the Hawking-Page phase transition. More inter-
estingly, other theories, such as those of rotating and
hairy black holes [37, 38] and the m-theory [39, 40], have
been widely generalized. To further reinforce the resemb-
lance to van der Waals fluids, researchers have obtained
additional exotic results, such as the behavior of the
quasi-normal modes [41, 42], holographic heat engines
[43], and chaotic structures [44].

In classical thermodynamics, it is well known that the
process of gas movement from a region of high pressure
to a region of low pressure with an equal velocity is

known as J-T expansion. Based on this theory, Okcii and
E. Aydiner were the first to study the J-T effect of
charged AdS black holes [45]. Following this, J-T expan-
sion emerged as an active field and received considerable
attention, and it was subsequently extended to the study
of all types of black holes [46—52]. These comprehensive
studies have revealed that the heating and cooling re-
gions can be perfectly identified based on the T-P dia-
gram. The intersection of the inversion and enthalpic
curves can distinguish the heating-cooling regions of the
black hole. When the J-T coefficient u >0, the cooling
region is obtained, and when u <0, the heating region is
obtained. Moreover, the ratio between T, and the critic-
al temperature 7, is an important aspect of J-T expansion,
and this ratio is 1/2 for an RN-AdS BH [45]. For other
typical black holes, this ratio has been evaluated in previ-
ous studies [46, 47, 49]. In this study, the ratio was re-
stored to 1/2 in some special cases.

The scalar-tensor theory of gravity has emerged as a
research focus. The minimal coupling between the scalar
fields and gravity was first considered in [53]. As one of
the most interesting scalar fields, dilaton gravity is re-
garded as an effective field theory description of the
string theory at low energy [54]. This theory provides an
approach to correct Einstein's theory of gravity. The
coupling of the dilaton field with the Einstein-Maxwell
theory affects the causality of the space-time structure
[55]. In recent years, inspired by the idea of AdS/CFT du-
ality, the research on AdS dilaton black holes has attrac-
ted increasing attention. In addition to using the cosmolo-
gical constant as the potential energy, researchers have
been particularly interested in studying the Liouville-type
dilaton potential energy, which originates from supersym-
metry breaking in the high-dimensional supergravity
model. Consequently, studies have revealed that for only
one or two Liouville type potentials, neither asymptotic-
ally flat nor (A)dS BH solutions can be obtained [56]. For
example, the charged dilatonic BH solutions in (n+ 1)-di-
mensional spacetime [57] and many other interesting
physical phenomena of such black holes have been in-
vestigated; these include thermal stability [57], various
phase transitions [58—60], and criticality [61, 62]. Des-
pite this, we believe that the thermodynamic properties of
this typical class of dilaton black holes remain to be ex-
plored. Hence, it is very natural to explore the effect of
the dilaton parameter on the J-T expansion of charged
black holes based on the Einstein-Maxwell-dilaton grav-
ity theory. Additional discussions on the effect of the
scalar field on J-T expansion can be found elsewhere (see
[50, 63, 64] for more details). We believe that our results
can shed some light on the possible extensions of
AdS/CFT correspondence.

The aim of this study was to analyze the J-T expan-
sion of charged dilatonic black holes and examine the ef-
fects of BH characteristics. The remainder of this
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manuscript is structured as follows. In Sec. II, we provide
a brief review of (n+ 1)-dimensional charged dilatonic
black holes in the presence of Einstein-dilaton gravity. In
Sec. III, we discuss four important aspects of J-T expan-
sion. First, we derive the J-T coefficient. Following this,
we obtain equations for the inversion pressure P;, minim-
um radius 7y, and minimum inversion temperature 7p;p.
We also numerically analyze the ratio between Tp;, and
the critical temperature 7. for charged dilatonic black
holes. Furthermore, isenthalpic curves are investigated.
Finally, some concluding remarks are presented in the fi-
nal section.

II. BRIEF INTRODUCTION TO CHARGED
DILATONIC BLACK HOLES

In this section, we begin with a brief introduction to
the action of (n+ 1)-dimensional (n > 3) spacetime with a
scalar dilaton field in the presence of the Einstein-dilaton
gravity. From [56], we have the following:

1 4
I=—o fd"“x \/_—g(R— ——(Vop)?
167 n—1
- V() —e ¥/ (”‘”FWF’”), 1

where R is the Ricci scalar curvature, Fy, = djua,1, Ay in-
dicates the electromagnetic potential, a is the coupling
constant of the scalar, ¢ is the dilaton field, and V(y) is a
potential for ¢, which should be chosen with the follow-
ing form [56, 57]:

k(n—1)(n—-2)a? (Ao/-Da

V(p) = 2Ae*¢/D 4
(¢) e P2 1)

2

where A is a free parameter playing the role of the cos-
mological constant, which is considered as a thermody-
namic quantity in this study. For convenience, A is re-
defined as A =-n(n—1)/21*> [57], where [ denotes the
length scale, and b is a nonzero positive arbitrary con-
stant. If we set (@ = 0), Eq. (2) reduces to V(¢) = 2A. The
corresponding topological BH solution transforms into [57]

dr?
ds? = — f(rdf* + — + *R(r)*dQ?, 3
/ G k ®)
where
2A (a2 +1) b kn-2)(a?+1) b2
f(r) = P
(n—1)(a?-n) (@®-1)(a?+n-2)
202 1\ p=2(n-2)
om 24> (? +1) 72Dy -
p=DHd-y)-1 n-1)(a*+n-2) '
4)

y =a?/(a? +1); the parameter m is the integration con-
stant associated with mass, and ¢ is the charge parameter
of the black holes. Here, £ implies an (n — 1)-dimensional
hypersurface dQZ, where k can have the following values:
—1, 0, and 1. According to the definition of mass, two re-
lated expressions can be given as follows [57].

b (= Dw,
— 16m(a?+1)

qWwn—1
m Q=

)

wy—1 denotes the volume of a unit (n— 1)-sphere with a
unit radius and can be obtained from the following rela-
tion:

27
—

r(3)

Based on this, by solving for f(r)|,=,, =0 in Eq. (4), we

can express m in terms of r, and substitute it in Eq. (5).
We can obtain the temperature of the BH as follows:

(6)

Wp-1 =

T :f'(r+) _ _k(”_2)<az+ l)b_zy 2y-1

4dr dr(a?-1) "
2 2 2(2 —2(n-2)
_ A(a, + l)b 7 1—2)/_ q (CZ + 1)b s Q2n=-3)(y-1)—y
2n(n-1) 2n(n—1) * '
(N

. . 1 .
By integrating the first law dS = 7dM and using Egs.
(5)—(7), the entropy for this BH can be obtained as

B b(n— l)yri’l* Dd-y) W1

S ®)
4
Moreover, the electric potential [57] is
gbB=Y
-2 ©
Ary

where A= (n-3)(1-7v)+ 1. Based on the first law of ther-
modynamics in the extended phase space, these thermo-
dynamic quantities satisfy

dM = TdS + UdQ + VdP. (10)

Note that the thermodynamic volume is obtained as

1+a?) b Vv, > 2
V= f4Sdr+ — ( r)l+a,2 r_(:t+(l )/(1+a). (11)
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The Smarr formula connects the mass of a BH with other
geometrical and dynamical parameters of the BH, includ-
ing the spin, charge, and electromagnetic potential. The
formula has the following form [27, 65]:

_(n=D(1-v)
B A

4y-2
M TS +UQ+ YTVP, (12)

where P is the thermodynamic pressure given by [62]

3 (n+a?)b*

p=- 1T
8r(n—a?)ry

(13)

One may note that P depends on the dilaton parameter. In

the absence of a dilaton(a = 0), the above pressure re-
A .

duces to P = ——, which corresponds to the pressure of a

bs
Reissner-Nordstrum BH. For charged dilatonic black
holes, P—V criticality has been carefully investigated in
Ref. [62], and the critical temperature 7. is given as

(1-2y)/24

T, = (n=1)

8n2‘"Q2F(g)2 (n—1+a?)

><{(2;1—3“%)

[2n=3)(y=D)-y1/24
k(n-2)

2. A\ p—yn=1)/a
X{(af +n Z)b v ]

(14)

r(l1-a?)

We restrict the dilaton parameter to a < 1 to ensure a pos-
itive value of the critical temperature.

[4r "V 16aP(n - a?)(@? — 1) - Awg?ry " — By - 1)rY )(eY () - D]

III. J-T COEFFICIENT

Next, we investigate the J-T expansion for charged
dilatonic black holes. Interestingly, J-T expansion is also
known as throttling expansion. In this process, the actual
gas is subjected to a certain pressure and undergoes adia-
batic expansion into the low-pressure section of a heat in-
sulation pipe through a porous plug, causing a change in
the temperature of the fluid. The enthalpy is maintained
constant during the expansion. The rate of change of tem-
perature with pressure is generally defined as the J-T
coefficient. For a fixed charge, the J-T coefficient is giv-

en by [45]
oT 1 ov
=57 rlar )] .

Here, the property of the J-T coefficient is generally used
to indicate whether the gas cools (u > 0) or warms (u < 0)
after the adiabatic expansion, where Cp is the heat capa-
city expressed as

oS

szT(ﬁ). (16)

By setting & = (n+a2) / (1 +a2), we can rewrite the ther-
modynamic volume as

bV,
V= —8‘“” Ly, (17)

Thereafter, substituting Eqs. (7), (8), and (17) into Egs.
(15) and (16) yields

= 7 . (18)
[e(n— 1)(1 = y)(161P(n—a?)(@?— 1)~ Ag?ry "0~V — Bri7~%)]
where ~2(n-2) 2v0,2
A =272 (n 4 a?)(a? - 1), (20)
w=3+2n(y—1)—4y, (19)
B=b"2(n-2)(n-)(n+a?k, (21)
167P(n — 2 2_1 —A 2 2+2n(7—1)—47_B 2y-2
Y(r) = ot = D= Aa T & (22)

According to Eq. (7) and Egs. (18)—(22), the behaviors of
w1 and T with the horizon radius r, are depicted in Fig. 1.
From (a) to (f), by setting P=1, g=1, b=1, and k=1,
we can observe the constraints of the dimension and
dilaton field parameter a on the J-T coefficient x# and

167P(n—a?)(@? — 1) - Awg ¥ TV _ gy 1) 272)

[

Hawking temperature 7. Divergence points (vertical
curves) and zero points can be noted in each set of the
graphs. The corresponding event horizon radius in-
creases with an increase in the dimension » but decreases
with an increase in the parameter o. The u—r, scatter co-
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— n=6

— n=7

(e)a =10.8
(color online) J-T coefficient u and Hawking temperature 7 of charged dilatonic black holes for P=1, g=1, b=1, and k=1.
From the top to bottom, the curves correspond to @ =0, 0.4, 0.8.

Fig. 1.

incides with the T —r, zero point, which is interpreted as
the reversal point of the cooling and heating processes.
By comparing Figs. 1(b), 1(d), and 1(f), we observe that
as the parameter o increases and approaches 1 (as shown
in Fig. 1(f)), for the positive and non-zero point of the
Hawking temperature, with an increase in the dimension
n, the horizon radius first increases, then decreases, and
finally increases again. Therefore, we can confidently
suggest that the parameter a affects the thermodynamic
properties of the system.

Next, we explore the possible influence of the negat-
ive heat capacity on J-T expansion. We present the graph-

r.

— n=3
n=4
4
n=5
— n=6
3
— n=7
2
1
0 re
0.0 0.5 1.0 1.5 2.0
(b)a=0
T
5
— n=3
4 n=4
n=5
3 — n=6
— n=7
2
1
0 re
0.0 0.5 1.0 1.5 2.0
(d)a=04
T
5
— n=3
4
n=4
n=5
3 — n=6
— n=7
2
1
0
0.0

(fla=0.8

ical behavior of the J-T coefficient, heat capacity Cp, and

. ov - .
square bracket item [T(ﬁ) - V] in Fig. 2; the results in-

dicate the presence of onlyone root for the heat capacity.
For (r, <r, (in which Cp(r; = ry) =0), the heat capacity
Cp and the term [T (g—;)—v]are negative, and the J-T
(in which

coefficient is positive. For

-

ro<ry<nr

aT 0), the heat capacity Cp is posit-

ive, the term [T (Z—‘;) - V] is negative, and the J-T coeffi-
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uCp,0
2 -
1+
. - . . . r.
0z 4 0.6 0.8 1.0 °
—— Heat capacity
-1 square brackets
—— J-T coefficient
2L
Fig. 2. (color online) Graphical behavior of the J-T coeffi-

cient, heat capacity Cp, and square bracket term for P=1,
a=0,n=3,g=1,b=1,and k=1.

cient is negative. For r, > ry, the heat capacity Cp and the

i) . L
term [T(a—‘;) - V] are positive, and the J-T coefficient is

also positive. These graphical behaviors are completely
consistent with Eq. (15). Consequently, a negative heat
capacity corresponds to a positive J-T coefficient, which
indicates the occurrence of a cooling process.

Applying p =0, the inversion temperature 7; and in-
version pressure P; of the BH can be obtained as

aT
Ti=V_—, 23
v (23)

24 4+2n(y-1 6
r AP D (e - w) - B2y~ 1-¢))

Fi= 16701—a2)(@? - 1)(e—-1)

24)

In Fig. 3, the effect of the dimensions on the inversion
curves is compared while considering Q as a fixed extern-
al parameter and disregarding the dilaton field a. It is ap-
parent that, similar to most multidimensional BH sys-
tems, the inversion temperature increases with the dimen-
sion n at low pressures, whereas it decreases with n at
high pressures.

From Fig. 4, we can observe the influence of the
charge Q on the inversion curve in the T-P plane. In con-

—4Awmn* " er

Tin = (1 +a’2)rmin

2
2+2n(y=)~4y ( g ) —Br 22y -1)

20

150 P

1.0+

n=4

0.5 n=5
” n=6
2l n=7
0.0 ; ; ; ; ; P
0.0 05 1.0 1.5 2.0 25 3.0
Fig. 3. (color online) Effect of the space-time dimensional-

ity on the inversion curve of charged dilatonic black holes for
0=1,a=0,b=1,and k=1.

trast to the effect of dimensions (see Fig. 3), at low pres-
sures, the inverse temperature decreases as the charge Q
increases, whereas the opposite result is observed at high
pressures. Next, considering the subfigures in the first
column of Fig. 4 (see Fig. 4 (a), Fig. 4 (d), Fig. 4 (g), and
Fig. 4(j)), we can observe that as n increases, the high and
low pressure cut-off points move to the upper right. This
result also holds for other values of the parameter o.
Based on the fourth row of the figure, we analyzed the ef-
fect of the parameter o on the inversion curve (see Fig. 4
(j), Fig. 4 (k), and Fig. 4(1)) and discovered that as « in-
creases, the high and low pressure cut-off points move to
the upper left; this phenomenon is not evident at lower di-
mensions; however, the high and low pressure cut-off
points still move upward. This indicates that the influ-
ence of o on the BH may be more apparent in higher di-
mensional space-time. In addition, an increase in the di-
mension n or parameter a leads to an increase in Ty,
corresponding to the zero inversion pressure P; = 0.

Furthermore, it is of great significance to study the ra-
tio between the minimum inversion temperature Tp;, and
the critical temperature 7.. Note that the equations for
rmin and Ty can be obtained by ensuring P; = 0.

2
o YA (5 ) 0 e w)

min

6
—Br”

min

(2y-1-¢)=0, (25)

min

4n(n—1(a? - 1D(n+a?)e

As the minimum radius in Eq. (25) contains a com-
plex index, it is difficult to obtain explicit expressions for
the ratio Twin/7T.; however, we can still perform some nu-
merical analysis. By combining Eqgs. (14), (25), and (26),

(26)

[
the numerical results of the ratio Tp;,/7. are shown in
Fig. 5. It is evident that the ratio Tpin/7. is independent
of the charge; however, an increase in the dilaton para-
meter o causes the ratio to increase. This phenomenon
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(color online) Inversion curves of charged dilatonic black holes for »=1 and k= 1.
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Table 1. Ratio % at various dimensions.
c
da=0) 3 4 5 6 7
h 0.5 0.471957 0.452802 0.438933 0.428377

T,

can be observed at any dimension. For small values of «
(including a =0), the ratio decreases with an increase in
the dimension 7, and under certain conditions, the ratio is
less than 1/2. A case corresponding to @ =0 is shown in
the data in Table 1. As the parameter a approaches 1,
when 7 increases, the ratio Tp;,/7. increases, and it is al-
ways greater than 1/2. In fact, we can also perform an
analytical investigation on the ratio Tp,/T. under some
special conditions; for instance, for n=3 and a =0, ry,

has the following root
3 3
22 \g ¢
i

Ymin = _Tarmin 27

To make the ratio Th;, /7. positive, we consider ry;, to be
a physically positive root and substitute the root into Eq.

(26) and obtain
1
: 02
e, N

min = s <. 28
6 VorQ 3\/5n(£)2 .
k

We obtain Ty, /T = 1/2, in agreement with the result re-
ported in Ref. [45]. The other physical quantities, except
for the dilaton field a, at various dimensions are summar-
ized in Table 2.

As J-T expansion is an isenthalpy process, we further
analyzed the isenthalpy curves. By using Egs. (4), (5),
(7), (23), and (24), we plot the isenthalpy and inversion
curves in plane T — P by fixing the charge Q. To avoid
the appearance of a bare singularity, we set M > Q. Fig-
ures 6 and 7 indicate that the inversion curves (black
curves) coincide with the maximum point of the is-
enthalpic curves (colored curves). We can also identify a
region where the constant enthalpy curve has a higher
slope than the inverse curve, that is, the region where
cooling occurs. The sign of the slope of the isenthalpic
curves changes under the inversion curves, implying that
this region presents signs of warming. Therefore, the
boundary between the heating and cooling regions of the
BH depends on the inversion curve. Upon close examina-
tion, we discover that the isenthalpic curves expand to the
right as M increases, and the cooling-heating critical
points shift upward accordingly. As # increases, the curve
tends to expand at higher pressures. By comparing Fig. 6
and Fig. 7, it is evident that as Q increases, the curves
tend to move toward the left, and the cooling-heating crit-
ical point changes. Next, we substitute Eq. (25) into Eq.
(5) and obtain the minimum inversion mass Mpy,. We
present the behavior of the mass My, for =08, b=1,
and k=1 with different dimensions in Fig. 8. It can be
observed that M, <2 with n <6 at Q = 1; however, the
minimum inversion mass 2 < My, < 2.5 for n = 6. There-
fore, the inversion curve in Fig. 6 (1) does not intersect
with the constant enthalpy curve for M = 2. The absence
of an inversion point in the isenthalpic curves implies the
absence of interconversion between the cooling and heat-
ing regions, indicating that the BH is uniformly heated.
This suggests that the thermodynamics of black holes are
affected by the dilaton parameter o. From Fig. 9, we can
observe the influence of the horizon radius and pressure

Table 2. Other physical quantities (rmin, Tmin and T) for various dimensions.
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Fig. 6. (color online) Isenthalpic curves and inversion curves for =1, b=1,and k=1.

on the mass of the BH. As we are only investigating J-T
expansion for the positive event horizon, the isenthalpic
curves are real.

IV. CONCLUSIONS

In summary, J-T expansion describes an irreversible
adiabatic expansion wherein the actual gas moves from a
high pressure region to a low pressure region through a
porous plug. In this study, we primarily investigated the
J-T expansion of (n+ 1)-dimensional charged dilatonic
black holes in the presence of a potential V(gp). Con-
sequently, we unveiled the effects of the dimension n of
space-time and dilaton field o on J-T expansion from
various perspectives. The main results and findings are as
follows.

First, we introduced the thermodynamic properties of
charged dilatonic black holes in an extended phase space,

along with the first law of thermodynamics and the Smarr
relation. Next, we studied the J-T coefficient in detail,
which is an important quantity in J-T expansion. The pos-
itive and negative J-T coefficients could be used to de-
termine whether the gas was cooled or heated after an
adiabatic expansion. We observed that the J-T coefficient
had a critical point at a constant BH mass, and it may be
interpreted as the divergent point of u. The correspond-
ing horizon radius of the divergent point increased as the
dimension 7 increased but decreased as o increased. The
same behavior could be observed at the zero point of the
Hawking temperature 7. In addition, we explored the pos-
sible influence of the heat capacity on J-T expansion and
noted an interesting observation indicating that the negat-
ive heat capacity led to a cooling process.

Second, we analyzed the influence of BH character-
istics on the inversion curve; these included the dimen-
sion (n), electric charge (Q), and dilaton field (o). Our
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ferent dimensions with @ =0.8, b=1,and k=1.

(color online) Minimum inversion mass M, at dif-

results revealed that in contrast to the effect of the dimen-
sion n, T; tended to decrease as Q increased at low pres-

20

(k)n = 6,00 =0.4

P 0 P

25 30 35 4 6 8 10 12 14

o
N

)n =6, =0.8

(color online) Isenthalpic curves and inversion curves for 0 =10, b=1,and k=1.

sures, whereas the opposite result was obtained at high
pressures. An increase in n or a could lead to changes in
the pressure cut-off points and the minimum inversion
temperature Tp,. Our analysis of inversion curves in the
T-P plane revealed that the influence of the dilaton para-
meter o on a BH may be more evident in higher dimen-
sional space-time. We deduced that these changes de-
pended upon the characteristics of the BH.

Third, we numerically analyzed the ratio between the
minimum inversion temperature 7y,;, and the critical tem-
perature 7., and the ratio was found to be independent of
the charge of the BH but dependent on a and n. In addi-
tion, the ratio increased if we increased the dilaton para-
meter a. It was found that for @« =0 and n =3, the ratio
was restored to 1/2 [45]. The value of the dilaton para-
meter altered the effect of the dimension on the ratio: for
small values of a, the ratio decreased with an increase in
the dimension, but as o approached 1, the ratio was al-
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Fig. 9.

ways greater than 1/2 and increased with an increase in
the dimension.

Finally, because the enthalpy is known to remain con-
stant during J-T expansion, we investigated the is-
enthalpic curve by fixing Q. A number of figures were
plotted in the T — P plane, indicating that the isenthalpic
curves crossed the inversion curves. In these figures, we
could observe that the inversion curves coincided with
the extreme point of a specific isenthalpic curve, and the
cooling-heating regions could be identified. In other
words, the boundary between the heating and cooling re-
gions of the BH depends on the inversion curve. We also
discovered that both the maximum expansion point of the
isenthalpic curves and the cooling-heating critical point

(k)n = 6,00 =04

(color online) Masses of charged dilatonic black holes versus the event horizon and pressure for 0=1, =1, and k=1.

10 10

Hn =6,a=0.8

would change in the 7 — P plane. To further explain why
the inversion curve in Fig. 6 (1) did not intersect with the
constant enthalpy curve for M =2, we plotted the behavi-
or of the minimum inversion mass Mp,. In addition, the
behavior of the mass versus the event horizon and pres-
sure was visualized. In summary, the dimension (7) and
dilaton field parameter () play an important role in J-T
expansion.
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