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Abstract: In this study, the optical properties of a renormalization group improved (RGI) Schwarzschild black hole

(BH) are investigated in a plasma medium. Beginning with the equations of motion in a plasma medium, we aim to
present the modifications in the shadow radius of the RGI BH. To this end, we compute the deflection angle of light

in the weak gravity regime for uniform and non-uniform plasma media. Importantly, owing to the plasma media, we
discover that the equations of motion for light obtained from the radiating and infalling/rest gas have to be modified.

This, in turn, changes and modifies the expression for the intensity observed far away from the BH. Finally, we ob-
tain the shadow images for the RGI BH for different plasma models. Although quantum effects change the back-

ground geometry, such effects are minimal, and practically detecting these effects using the current technology based

on supermassive BH shadows is impossible. The parameter Q encodes the quantum effects, and in principle, one ex-

pects such quantum effects to play significant roles only for very small BHs. However, the effects of plasma media

can play an important role in the optical appearance of BHs, as they affect and modify the equations of motion.
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I. INTRODUCTION

Einstein's theory of general relativity (GR) is an ef-
fective gravitational theory applicable to physical scales
much greater than the Planck scale but smaller than the
Hubble scale. However, near the Planck scale, the GR
theory is ammended in terms of the action by certain av-
eraging effects such as those resulting from the renormal-
ization group [1]. The renormalization group improved
(RGI) approach is based on the UV complete and non-
perturbative renormalization to quantum gravity, which is
manifested in the asymptotically safe gravity as well [2,
3]. Consequently, quantum gravity effects are manifested
in the quantum Schwarzschild black hole (BH) space-
time as various correction terms of the form ™, where n
denotes a positive real number [4].

The gravitational effects attributed to these quantum
corrections are experienced by test particles located near
the BHs. The RGI Schwarzschild BH has 2, 1, or 0 hori-

zons, provided the ADM mass of the BH is greater, equal
to, or less than a critical mass, respectively. Within the
semi-classical approach to quantum gravity, the Hawk-
ing evaporation of a BH leads to the formation of a na-
ked singularity, whereas RGI effects prevent the com-
plete evaporation of a BH when the ADM mass of the BH
reaches the critical mass, thus leaving behind a cold rem-
nant. It should be noted that the free parameters of the
RGI BH have been constrained recently using data from
various astronomical sources involving gravitational lens-
ing by the BHs at the centers of the M87 and Milky Way
galaxies [5, 6]. The bound orbits and epicyclic frequen-
cies of massive particles around RGI BHs have been re-
cently reported in Ref. [7].

Astrophysical BHs are surrounded by plasma and
magnetic fields. This has been recently confirmed based
on astronomical observations of the M87 galactic center
by the Event Horizon Telescope (EHT) collaboration us-
ing polarized synchrotron radiation probes [8, 9]. In par-
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ticular, the observations reveal the presence of hot plasma
with a temperature on the order of ten billion kelvin,
along with a magnetic field with a strength on the order
of 30 G. The M87 central BH is also an active BH can-
didate surrounded by an accretion disk, and the mass ac-
cretion rate is approximately (3 —20)x 10~#solar mass per
year. Theoretical models depicting the dynamics of non-
magnetized plasma near BHs with a spherical or axial
symmetry have been developed by Perlick et al. [10-14].
These authors not only studied gravitational lensing and
BH shadows in the presence of plasma but also investig-
ated plasma accretion in the radial infall of the BH. In the
literature, plasma effects on the shadows of diverse modi-
fied gravity BHs have been vigorously investigated for
phenomenological reasons [15—23], along with gravita-
tional weak lensing in the presence of plasma [24—34].
Previously, gravitational lensing in the weak and strong
field regimes in the vacuum surrounding BHs has been
reported by some authors in Refs. [35—48]. More re-
cently, new observations made by the EHT team on the
shadow of the Sgr A* BH [49] have also spurred interest
in further analytical studies on BH and wormhole shad-
ow models [50-56].

In this study, we aim to extend the previous phe-
nomenological studies on RGI BHs by analyzing the im-
pact of the presence of plasma, along with the effects of
quantum corrections, on the motion of photons near a
BH. The outline of this article is as follows: In Sec. II, we
outline the equations of motion in a plasma medium. In
Sec. 111, we investigate the shadow images of an RGI BH.
In Sec. IV, we compute the deflection angle of light with-
in the weak limit. In Sec. V, we evaluate the shadow im-
ages casted by the infalling gas on the BH. Finally, in
Sec. VI, we comment on our results. Note that throughout
the paper, we use a system of geometric units wherein
G=1=c.

II. PHOTON MOTION AROUND AN RGI BH IN
THE PRESENCE OF PLASMA

The spacetime metric describing a static and spheric-
ally symmetric RGI BH is given as follows [4]:

42 = f(AE + ——dr + AP +sin60d), (1)
£

where

QM?
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Both the Q and y parameters denote the quantum effect
and are completely free based on the RGI theory. As
mentioned earlier in the Introduction, these parameters

have been recently constrained, i.e.,0.02 <y <0.22 and
0.165 < Q <9.804, and the constraints can be further re-
fined using future astronomical observations acquired
from closer inspections of BHs. However, from a theoret-
ical point of view, Q should be an extremely small quant-
ity. In the astrophysical observations of supermassive
BHs with M > Q, quantum effects are therefore ex-
tremely small, i.e., Q < 1. However, to identify some in-
teresting effects, in the present study, we assume Q as a
free parameter to extrapolate a stronger quantum effect.
In our view, current astronomical observations are not
precise enough; for example, a huge uncertainty exists in
the BH mass, which is why we cannot constrain such
quantum effects to a satisfactory level. The Hamiltonian
representing the propagation of photons in the plasma
medium has the form [57]

1
H"pa) = 5|87 paps =7 = Dpgd’]. ()

where x? denote the spacetime coordinates, p, and #? de-
note the four-momentum and four-velocity vectors of the
photon, respectively, and n is the refractive index (n =
w/k, where k is the wave number). The refractive index is
expressed as follows [58]:

n=1--2 (4)
w

in terms of the plasma frequency w?(x?) = 4ne*N(x*)/m,
(e and m, are the electron charge and mass, respectively,
and N is the number density of the electrons); the photon
frequency w(x?) is defined by w? = (pguf)* with

wo

NI}

w(r) = wo = const. &)

The lapse function is defined such that f(r) - 1 as
r — oo and w(e0) = wg = —p,, which represents the energy
of the photon at spatial infinity [13]. Moreover, the
plasma frequency must be sufficiently smaller than the
photon frequency (w; < w?), thereby allowing the BH
shadow to be differentiated from that in the vacuum case.
In other words, the natural frequency of oscillation of
electrons within the plasma is much smaller than the fre-
quency of light passing through the medium. Using Egs.
(3) and (4), the Hamiltonian for light rays in the plasma
medium has the following form:

H=3[&%pups+ i) (©)

The components of the four-velocity vector for photons
in the equatorial plane (0 = 7r/2, pg = 0) are given by
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where we use the following relationship: x* = 0H/dp,.
From Egs. (8) and (9), we obtain a governing equation for
the phase trajectory of light

dr _ f(rp,

10
d¢ )2 (10

Using the constraint H =0, we can rewrite the above
equation as [13]

dr w?
- NEYTD h%r)p—g -1, (11)

where we define [13]

P =r

2
1 w,,(r)} )

0 W2

The radius of a circular orbit of light, particularly the one
that forms a photon sphere of radius r,, is determined by
solving the following equation [13]:

d(h*(r)) _
dr = =0 (13)

P

After substituting Eq. (12) into (13), one can write the al-
gebraic equation for r, in the presence of a plasma medi-
um as

ry=3r,M  QQyM*+2M* + M3r,)

(r,—2M)? rp(2M —r,)?
Wi(r,) 1w (ry))w,(ry)
- 4 2P 4 p\'pP . p\'p , (14)
Wy Wy

where prime denotes the derivative with respect to radial
coordinate . Evidently, the roots of Eq. (14) cannot be
obtained analytically for most choices of w,(r); however,
we will consider a few simplified cases below.

A. Homogeneous plasma with wlz,(r) = const.

For the special case of a homogeneous plasma medi-
um with a constant plasma frequency throughout the me-

dium, i.e. wf, = const., Eq. (14) can be solved numerically
and is depicted in Fig. 1. The displayed figures indicate
that the photon radius decreases with increasing paramet-
ers y and Q.
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Fig. 1. (color online) Radius of the photon sphere in a ho-

mogeneous plasma medium.

B. Inhomogeneous plasma with w,z,(r) =z0/19

Further, we explore photon spheres in the presence of
an inhomogeneous plasma medium, where the plasma
frequency must satisfy a simple power-law of the form
[59, 60]

wp(n =3, (15)

where zo and ¢ are free parameters. To analyze the
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primary features of the power-law model, we restrict
ourselves to the following case: ¢ =1 and zp asa con-
stant [59]. Using Egs. (14) and (15), we obtain the radius
of the photon sphere based on a numerical scheme for the
inhomogeneous plasma medium, as illustrated in Fig. 2.
One can observe that this profile of the photon radius is
approximately similar to that displayed in Fig. 1. This
suggests that testing and distinguishing the homogeneous
plasma from inhomogeneous plasma around BHs based
on their shadows may be quite challenging.

1. SHADOW OF A BH EMBEDDED IN A
PLASMA MEDIUM

In this section, we investigate the radius of the shad-
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Fig. 2. (color online) Radius of the photon sphere in an in-

homogeneous power-law plasma medium.

ow of an RGI Schwarzschild spacetime metric in a
plasma medium. The angular radius, ag,, of the BH shad-
ow is defined by a geometric approach, which results in
the following [13, 61]:

2 [ 1 3 ‘U%(rp)
Wy L fr) WP
) _ ) _ 0
T R RT3 Y R
ry f(ra) w(z)

where r, and r, represent the locations of the observer
and the photon sphere, respectively. Notably, if the ob-
server is located at a sufficiently large distance from the
BH, one can approximate the radius of the BH shadow
using Eq. (16), as follows [13]:

. 1 wp(ry)
Ry = rpsinag, = \/rf,[m - pw—zp ;
p 0

this is based on the fact that i(r) — r, which follows from
Eq. (12), at spatial infinity for both the models of plasma.
For vacuum w,(r)=0, we recover the radius of the
Schwarzschild BH shadow, Ry, =3 V3M, when rp,=3M.
The radius of the BH shadow is depicted for different
parameters in Fig. 3 for a homogeneous plasma medium
with a fixed plasma frequency, and Fig. 4 presents the
case for a power-law model with a plasma frequency of
wf,(r) =zo/r. Both sets of figures illustrate that the shad-
ow radius decreases much more steeply with Q but re-
mains almost constant with the variation in y.

IV. WEAK LENSING IN THE PRESENCE OF
PLASMA

For simplicty, to perform weak lensing, we focus on a
weak-field approximation given by

8ap = Nap + hap » (17)

where 7,5 and hp represent a Minkowski spacetime geo-
metry and a minute perturbation in the background of the
Minkowski spacetime, respectively. For the foregoing,
the general properties are given as follows [62]:

nQB = dlag(_13 17 1» 1)’
hop < 1,
gP =P —n, P =hep. (18)

heg — 0 under X oo,

We now explore the effect of the plasma in the envir-
onment surrounding the BH on the gravitational deflec-
tion angle. For the plasma medium, the basic equation for
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Fig. 3. (color online) Radius of the BH shadow in a homo-

geneous constant-frequency plasma medium.

the deflection angle is written as [24, 62]

1 hoow? — K.N(x'
&kz_f h33+00a)—(x) dz, (19)
2 -0 0)2—(1)3 k

with N(x') representing the concentration of charged
particles in the plasma medium and w and w, respect-
ively referring to the photon and plasma frequencies.
Note that K, = 4me?/m, defines the constant value of a
plasma particle. The above equation [62] can be rewrit-
ten as follows:

dz.
(20)

o I

lfoo b(dhs3 1 dhgo K., dN
_ dr 1- wg/aﬂ dr

Qp == s
2 a)Q—wg dr

Note that in further calculations, 4, can assume both
negative and positive values, depending on the light posi-
tion and on its motion toward the compact object or away
from the compact object.

On expanding, for greater », the BH metric can be ex-
pressed as

Rsh/M
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Fig. 4. (color online) Radius of the BH shadow in an in-

homogeneous plasma power-law frequency plasma medium.

r 73
M 2M*yQ 2MPQ
S(PM MR MR s
r r r3

M 2M*Q  2MPQ
ds? =ds§+(———7— )dt2
r

2D

where dsg describes the line element for the Minkowski
spacetime, which is defined by

ds3 = —di? +dr? + r*(d6? + sin” 0d¢?). (22)

For further calculations associated with Eq. (20), we
rewrite the i,z components in Cartesian coordinates for
simplicity:

2M  2MAyQ  2MPQ
ho=|——-——F5—- 3 |
r r4 r

r r4 r3

(2M 2M*yQ 2M3Q)
ning,

e o[ 2M AMYYQ  2MPQ
33 = A 3

)cos2 X. (23)
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Here, cos’y =z2/(b*+z%) and r> =b*>+7> are new nota-
tions. In creating these notations, we write the first deriv-
atives of hyy and hs3 as follows:

dhsz  222(6yM*Q+5M°rQ—3Mr?)

dr r ’
M*Q 6MPQ 2M
dhgo _8yM'Q  6M°Q 2M (24)
dr r r* r2

Further, the deflection angle considered can be obtained
based on the following parts [34]:

Qp = a1 +ar + a3, (25)

with
4 —lfDObdh33d
) oo I dr ©
1 b 1 dhgo
A L 2(— 1 oy,
@ Zfoor(l—a)g/wz dr ) ¢

1 (b, K. dN
a3=§£ S g

ot W —w;

(26)

From the above equations, &, &, and &3 respect-
ively refer to the contributions of gravity and the homo-
geneous and inhomogeneous plasma medium to the de-
flection angle. To consider the impact of the plasma me-
dium on the deflection angle, we exploit Eq. (25).

A. Uniform plasma (wg = const)

Let us consider the impact of a uniform plasma medi-
um on the deflection angle given by Eq. (25) [26]:

Quni = Qunil + Quni2 + Quniz » (27)

where aun; and aunp respectively refer to the contribu-
tions of uniform plasma, and a3 = 0 represents the con-
tribution of the uniform plasma distribution. Following
Egs. (24), (25), and (27), the deflection angles of photons
around static BHs with spherical symmetry in the pres-
ence of RGI gravity and uniform plasma can be defined
by

2M  3ayM*Q  4MPQ

A

und =7 8+ 363
. (ZM 3ryM*Q 4M3Q) 1 28)
b 2b* b 1-wi/w?)’

In Fig 5, the deflection angle of light travelling in a
uniform density plasma medium about an RGI BH is

02=0.1; y=0.5
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Fig. 5. (color online) Uniform density plasma: dependence
of the deflection angle on the impact parameter » and RGI

theory parameters {y,Q}.

plotted against the impact parameter and RGI theory
parameters. The figures demonstrate that to achieve a
large deflection angle of light in the presence of strong
gravity, the RGI parameters must be extremely small.

B. Non-uniform plasma (Singular Isothermal Sphere
medium)

Further, we investigate the impact of non-uniform
plasma on the deflection angle of photons around a BH in
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RGI gravity. Note that in a previous study, a Singular [so-
thermal Sphere (SIS) has been proposed to describe the
non-uniform plasma medium distribution (see for ex-
ample [62]). Thus, the plasma concentration in the SIS
medium is defined by [24, 62]

NGy =20, (29)
p

2

with the following plasma density p(r) = %, where o,
wr

refers to the dispersion velocity. Thus, Eq. (25) can be

written as
A Al ) A3
asis = Qgpg + Agpg + Ugpg (30)

where the first two terms ai, and a2 reflect the contri-
butions of the gravity and plasma effects to the deflec-
tion angle, respectively, whereas the last term &glsre-
flects the contribution of the density gradient of the
plasma medium. Relying on Eqs. (24), (25), and (30), the
deflection angles of the photons in non-uniform plasma

assume the following form:

. 4M  SyMbQw?  64MPQw?  15ayMAQ
asgls =— — - —
SIS b2 SabSw? 8b4
16M3w?  16M°Q  2M*w?
+ — s 3D
3nb3w? 3p3 b2w?
where we define
2 ok (32)

wo = .
¢ ka,,R%

In Fig. 6, the deflection angle of light in an SIS with
inhomogeneous density plasma about an RGI BH is plot-
ted against the impact parameter and RGI theory para-
meters. The figures demonstrate that to achieve a large
deflection angle of light in the presence of strong gravity,
the RGI parameters must be extremely small.

We now consider a comparison of the deflection
angles between uniform and non-uniform plasma media.
The behavior of the deflection angle for both the uniform
and non-uniform plasma medium cases is depicted in Fig.
7. As can be observed from Fig. 7, the behavior evid-
ently indicates that the deflection angle of the photon
beam around the BH has larger values compared to that
in the non-uniform case. This is because the photon beam
is scattered under the influence of the non-uniform
plasma. Thus, the deflection angle in the uniform plasma
medium is greater than that in the non-uniform plasma
medium.

N2=0.1; y=0.5
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(color online) SIS: dependence of the deflection

Fig. 6.
angle on the impact parameter b and RGI theory parameters
{r.Q}.

V. SHADOW IMAGES WITH INFALLING AND
STATIC GAS IN A PLASMA MEDIUM

Further, we aim to evalute the effect of the plasma
medium on the optical images of the RGI BH. To achieve
this goal, we use the backward raytracing technique [50,
63—-68]. In this technique, for the given image, one has to
compute the specific intensity, /.o, observed at some dis-
tance from the BH [64]
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Fig. 7. (color online) Dependence of the deflection angle on
the impact parameter.

Tobs(Vobs, X, Y) = fg3j(ve)dlprop’ (33)
Y

where g = vops/ve 1s the redshift factor, and v.denotes the
photon frequency measured in the rest-frame of the emit-
ter. For the total flux, we have [64, 69]

Fops(X,Y) = flobs(vobSaXa Y)dVobs. (34)
Y

Notably, for radiating gas (in free fall), one has to use
the four-velocity components [64]

—1=f(n,u =ul =0. (35)

In addition, we must consider the relation between the
radial and time components of the photon four-velocity
vector, given by

1 (1 b w
kr—ik,\/%(%—r—z—w—g), (36)

which is derived from 9 =0. Thus, we determine the
presence of an extra term owing to the plasma medium
compared to the corresponding form in [64]. The signs
+(-) indicate cases when the photon approaches or re-
cedes from the BH. Furthermore, the impact parameter b
is also modified in the plasma medium:

2
wp(r)
—- : 37
f G

For the redshift function g, we use [64]

kou®
g= 2o (38)
kil

A radial profile is assumed with the 1/r% law and the spe-
cific emissivity

0 e Vx
vy oc 2e=¥s) > ) (39)

where 0 is the Dirac delta function. For the proper length,

we have

ky
glk’|

dlprop = kou?dd = ———dr. (40)

For the total flux, we can therefore write [64]

3

k

Fope(X,Y) oc — f fz—kjdr. (41)
Y

Let us finally consider one additional model consist-
ing of radiating gas at rest (static gas model). In this case,
for the redshift factor, we have g= f(r)!/?>. Assuming a

radial profile with 1/r%, the proper length can be written
as follows:

dlprop = \F() 17 + 742, “2)

For the specific intensity observed, we have

3/2
Iobs(yobs)sz(r)
Y

2
f(r)~ +r2(3¢) dr, (43)

where

dr
do

(44)

2
=i, f(r >(h(r) )

is determined based on the equation of motion obtained
for the light ray moving along the equatorial plane. As the
function A(r) and the impact parameter encode the plasma
effect, the intensity should change. In addition to this, the
RGI parameters y and Q also exert some effects. In Figs.
8, 9, and 10, we illustrate the shadow images of the BH
with/without a plasma medium.

VI. CONCLUSIONS

In this study, we investigate the effect of plasma on
the optical properties of an RGI Schwarzschild BH and
discover the presence of relevant significant effects on
the photon sphere radius of the BH shadow and gravita-
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Fig. 9. (color online) Shadow images with an infalling and static gas model in a uniform plasma medium withw,/wy =0.3, Q=0.1,

and y=0.5.
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Fig. 10.  (color online) Shadow images with an infalling and static gas model in an inhomogeneous plasma medium withw, =zo/r,
where 70 =0.3, Q=0.1, and y =0.5.
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tional weak lensing. Here, the orbits of photons are ob-
tained using the general method and are presented in
Figs. 1 and 2. The plots indicate that the photon orbits
come closer to the central object with an increase in y or
Q. We also discuss the shadow cast by the BH in the
presence of RGI gravity and notice the effects of the
model parameters y and Q on the BH shadow. The res-
ults reveal that with increasing values of the parameters y
and Q, the radius of the shadow of the BH decreases, and
this can be visually confirmed from Figs. 3 and 4. Addi-
tionally, we consider the deflection angle of light rays
around a BH in RGI gravity in the presence of plasma
(different distributions: uniform and non-uniform cases)
and analytically obtain an equation for the deflection
angle in the weak-field regime. In this part of our results,
we discuss and analyze the effect of the uniform and non-
uniform plasma on the deflection angle for different val-

ues of the parameters y and Q.

We also demonstrate the effect mechanism of the
plasma medium on the motion of light owing to infalling
gas or gas at rest and obtain corresponding optical im-
ages. Although the final image is found to depend on the
specific model, the photon ring is a universal characterist-
ic and therefore interesting from an observational point of
view. From Figs. 8—10,it can be observed that the intens-
ity of the photon ring predicted by these models is signi-
ficantly higher for the static gas model compared to the
infalling model. As another observation, one can infer
that in the plasma medium, the intensity is lower com-
pared to that in the absence of plasma.
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