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Abstract: In this study, we investigate the phase transitions of the RN-AdS black hole at its Davies points accord-

ing to the generalized Ehrenfest classification of phase transition established based on fractional derivatives. Not-
ably, Davies points label the positions at which the heat capacity diverges. According to the usual Ehrenfest classi-
fication, second-order phase transitions occur at these points. For the RN-AdS black hole, the Davies points can be

classified into two types. The first type corresponds to extreme values of the temperature, and the second type cor-

responds to the infection point (namely the critical point) of temperature. Employing the generalized Ehrenfest clas-

sification, we determine that the orders of phase transition at the two types of Davies points are different, that is, we
note an order of 3/2 for the first type and 4/3 for the second type. Thus, this finer-grained classification can discrim-

inate between phase transitions that are expected to lie in the same category, providing new insights leading toward a

better understanding of black hole thermodynamics.
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I. INTRODUCTION

The research undertaken by Hawking and Bekenstein
laid a firm foundation for the study of black hole thermo-
dynamics. Notably, phase transition and critical phenom-
ena are important characteristics of usual thermodynamic
systems. Therefore, one may naturally consider the cor-
responding properties of black holes. Davies found that
the heat capacities of some black holes diverge at certain
points according to the Ehrenfest classification, which is
a feature associated with a second-order phase transition
[1-3]. These divergent points of heat capacities are now
known as Davies points.

In general, the heat capacities of black holes can be
expressed in the following form:

=12
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where X represents a certain thermodynamic quantity,
and r, is the radius of the event horizon. Therefore, the
divergent heat capacity is equivalent to dT/dr, =0. Ac-
cording to this result, Davies points can be further classi-
fied into two types. For the first type, the Davies points
correspond to extreme points of temperature, where the
temperatures may have maximal or minimal values,

whereas for the second type, a Davies point lies at the in-
fection point of temperature, which is also the critical
point of black holes.

So far, the properties of various black holes near crit-
ical points have been studied extensively. On the basis of
AdS/CFT, the phase structures of charged AdS black
holes have been reported in Ref. [4, 5]. The thermody-
namic stability and phase transition of several charged
black holes have been analyzed by placing them in a fi-
nite box [6—8]. Using thermodynamic geometry, the ther-
modynamic curvature can be obtained, and based on this,
one can ascertain the phase transition of black holes near
the critical points [9— 14]. Inspired by the idea of [15]
treating the cosmological constant as pressure and its
conjugate quantity as the thermodynamic volume, an ex-
tended phase space can be constructed. Analogous to a li-
quid —gas system, the P—V criticality and phase struc-
tures of several AdS black holes have been analyzed
[16-28]. In all the related studies, the authors concluded
that the phase transition occurring at the critical point is
of the second order.

Hilfer proposed a type of generalized Ehrenfest clas-
sification that classified the phase transition according to
the continuity of the fractional derivatives of free energy
[29, 30]. Inspired by Hilfer's research, we reanalyze the
phase transition of the RN-AdS black hole using the gen-
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eralized Ehrenfest classification and determine that the
order of phase transition at the critical point should be
4/3 and not 2 [31]. At present, the generalized Ehrenfest
classification is primarily used to deal with the phase
transition at critical (Davies) points; hence, these do not
affect the original phase structure of black holes. Chabab
and Iraoui further studied AdS black holes in higher di-
mensions and without spherical symmetry and dis-
covered that the order of fractional phase transition can
be dependent on the geometry of spacetime [32, 33].

Notably, both types of Davies points correspond to a
divergent heat capacity. In other words, we cannot dis-
criminate between Davies points of the two types based
on the heat capacity. By employing fractional derivatives,
we can generalize the Ehrenfest classification to include
phase transitions of the fractional order. This finer-
grained classification may reflect richer phase structures
of thermodynamic systems. Here, we consider the RN-
AdS black hole as an example to analyze the phase struc-
ture at its Davies points. Considering that the temperat-
ures of the RN-AdS black hole exhibit different behavi-
ors at the two types of Davies points, we expect to ob-
serve different phase structures. Therefore, we consider
whether the phase structures at the two types of Davies
points can be distinguished using this generalized Ehren-
fest classification. We also aim to understand whether the
order of phase transition at the critical point is the same in
the extended phase space and non-extended phase space.

The paper is organized as follows: We first briefly re-
view the RN-AdS black hole and describe several ther-
modynamic quantities in Section I. In Section II, we ana-
lyze the phase structures at the first type of Davies point,
referring to two Davies points on the left-hand side and
right-hand side. In Section III, we discuss the phase struc-
tures of the RN-AdS black hole at the critical point. Fi-
nally, we summarize our results and discuss possible fu-
ture studies.

II. RN-ADS BLACK HOLE

The RN-AdS black hole represents a static spheric-
ally symmetric spacetime, and its line element is

ds? = —f(r)dt2 + f’l(r)dr2 +r2dQ2. )
The metric function is

2M  0? A

f=1l-=——=+=-—, 3)

where the parameters M, O, and A = -3/L* denote the
black hole mass, electric charge, and cosmological con-

stant, respectively.
Using f(ry) =0, we can determine the position of the

event horizon. We do not consider the extended phase
space in this paper. The first law of thermodynamics does
not include the thermodynamic volume and pressure and
is described as follows:

dM = TdS +¢dQ. “4)

In this case, M is the internal energy. Through the Le-
gendre transformation, we can obtain the Helmholtz free
energy F'=M—TS, which satisfies the following differ-
ential relation:

dF = —SdT + ¢dQ. (5)

Thus, F = F(T,Q) is a thermodynamic characteristic
function, based on which we can derive all other thermo-
dynamic quantities. We consider a canonical ensemble
and assume (7, Q) as the thermodynamic variables.

The temperature of the RN-AdS black hole is

Lzrlzl + 3r2 - L2Q2
B 4nl2 rz

(6)

The entropy satisfies the area law, that is,
S =A/4=nr?, and the electric potential at the horizon
measured at infinity is ¢ = Q/r;.

The heat capacity at constant charge is defined as

_OM| _ 08| 05/n,
0T lg = ATlp ~ OT/on,

~ 27'rr,2, (Lzri + 3r2 - L2Q2)
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Using the denominator, we can derive the position of the
Davies points as follows:

L4 —361202. (®)

ry, = gi—

When L > 6Q, two different roots, which correspond
to the first type of Davies point, can be observed, where-
as when L =6Q, the two roots coincide, which denotes
the critical point and belongs to the second type of Dav-
ies point.

As depicted in Fig. 1, two Davies points of the first
type can be noted on the blue curve. Each Davies point
separates the temperature into two branches. The heat ca-
pacity has opposite signs on the two branches. As the two
Davies points coincide on the red curve, it transforms in-
to a critical point. We also depict the heat capacity in this
figure. At the two types of Davies points, the heat capa-
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(color online) Temperature and heat capacity of the RN-AdS black hole as a function of the horizon radius. We choose L= 1.

The blue and red dashed curves correspond to Q = 1/8 and Q = 1/6, respectively.

cities both diverge. According to the standard Ehrenfest
classification, the phase transitions are both of the second
order. In the following sections, we attempt to distin-
guish between these phase structures using our general-
ized Ehrenfest classification.

III. PHASE TRANSITIONS AT THE FIRST TYPE
OF DAVIES POINT

According to Eq. (6), for smaller r;, the temperature
of the RN-AdS black hole is dominated by the electric
charge Q, rather than L, whereas for larger r;,, the temper-
ature is dominated by L. Therefore, the behavior of tem-
perature near the left Davies point is different from that
near the right Davies point. Thus, we should analyze the
phase structures at the two Davies points separately.

For simplicity, we set L = 1 in this section.

The left Davies point lies at

\/g(IZQ2+ V1-3607-1)

T, =—
r(1-1-360%)""
1- V1=3602
o= VTR )

V6

We define several dimensionless quantities as

. (p+ 1 (p? +20-2)(V1=360%— 1)+ 18(p* +4p* + 69> + 4p +4) Q°

T=T.(1+1, ry=r.1+p). (10)

In this case, the Davies point lies at 7 = p = 0. In this man-
ner, we can perform a series expansion near the Davies
point. Because this left Davies point corresponds to the
maximal value of temperature, 7 < 0 at all times.

After setting Q = 1/8, we can obtain a dimensionless
equation of state from Eq. (6):

0.057p* — p(0.3021 +0.0729)

—p?(0.906¢ +0.224) — 0.906pf — 0.302: = 0. (11)
Near the Davies point, we solve Eq. (11) to obtain a
series solution of p as a function of #:

p=—1.162(-0"? - 1.804t —3.270(-1)*'% + 6.6331>
—14.616(=1’? + O(?),
p=—1.162(-0)"? - 1.804¢ +3.270(-1)*'% + 6.6331

+14.616(=1’? + O(P). (12)
The two series solutions correspond to the two
branches on both sides of the Davies point. The most not-
able feature of this result is that it contains terms with
fractional exponents.
According to the definition above, we can obtain the
free energy

12(p+1) /6 - 6/1-3602 ’

where p = p(r) is given by Eq. (12).
Substituting the results obtained from Eq. (12) into
the free energy, we have the following:

F =0.105 - 0.053¢ — 0.082(=1)*/? + 0.13#

—0.227(=t? + 0(), (14)
F =0.105-0.0537+0.082(=1)*/* + 0.134
+0.227(=t)? + 0(#). (15)

(13)

We should note the presence of terms with fractional
exponents. In particular, the coefficients before the term
(-1)*/? have opposite signs.

We now compute the derivatives of the free energy.
We use Caputo's definition of fractional derivatives
[34-36]. The main formulae needed are as follows:

D¢x" =0, with ninteger and @ > n;

D x* oc x*%, with a real.

(16)

For additional properties of the fractional derivatives,
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refer to the appendix of [31].
The a-order fractional derivative of the free energy
with 1 < @ <2 has the following form:

DIF(t) = (-1)' " [A(=0)'2 £ Bt+ C(=1y2 £ DI + -],
(17)

where A, B,C,D are several constant coefficients. The "+"
sign corresponds to the case of approaching the Davies
point from the left-hand side, and the "-" sign corres-
ponds to approaching the point from the other side.

Owing to <0, the DYF —¢ curves all turn up on the
left hand-side of the # = 0 axis. We can also express DY F
as a function of p. In this case, D¢F can occur on both
sides of the p = 0 axis.

Substituting concrete values of a into Eq. (17) and
considering the 1 — 0~ limit, we can obtain

0, a<3/2,
lim D*F(H) ={ +0.291, a=3/2, (18)
=0 +o0, a>3/2.

Observing the behaviors of DYF(r) displayed in Fig. 2
reveals that when « <3/2, DYF(r) is continuous at the
Davies point; when « =3/2, DYF(t) has a finite jump;
and when « > 3/2, D?F(r) is divergent. According to the
generalized classification, a 3/2-order phase transition
occurs at this Davies point.

Next, we analyze the phase structure of the RN-AdS
black hole at the right Davies point. The procedure here is
also similar. In this case, the Davies point occurs at

NN

Vo

\/g(l—IZQ2+ V1-3602)

T.= > e =

r(1+4/1 —36Q2)3/2

(19)

With the dimensionless quantities, the equation of
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Fig. 2.

state is reduced to

1.380p* +(2.573 - 2.9481)p> + (1.099 — 8.8441)p”
—8.844p1 —2.9481 = 0. (20)

It should be noted that the right Davies point of the
RN-AdS black hole corresponds to the minimal value of
temperature; thus, we have ¢ > 0 at all times.

Similarly, we solve Eq. (20) to obtain p=p(f) in
series form and substitute the values into the free energy.
Finally, we can derive the free energy in the following
form:

F =0.117-0.233r-0.5107"> = 0.519¢
-0.397°2 + O(), 1)

F =0.117-0.233t+0.510/> = 0.5197
+0.397°2 + O(). (22)

Except for the values of the coefficients and >0,
these free energies have forms similar to those near the
left Davies point. Therefore, their fractional derivatives
are also analogous. However, they are not shown here. In
Fig. 3, we directly depict the behaviors of the fractional
derivatives of free energy as functions of ¢ or p. The
t — 0* limit values of the fractional derivatives are as fol-
lows:

0, a<3/2,
lim DYF(r) =1 0678, a=3/2, (23)
=0 +00, a>3/2.

In summary, although the temperatures exhibit differ-
ent behaviors at the left and right Davies points, the phase
structures at the two points are similar. However, the
phase transitions at these points both belong to the order
of 3/2 rather than the second-order as previously as-
sumed. Based on our knowledge, in usual thermodynam-
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(color online) Behaviors of D¥F(r) near the left Davies point for the RN-AdS black hole. The left panel depicts the D¥F —¢

curves. The black arrows indicate the direction of increasing r,. The right panel displays the D*F —p curves.
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(color online) Behaviors of DYF(t) near the right Davies point for the RN-AdS black hole. The left panel depicts the D¥F(r) - ¢

curves. The black arrows indicate the direction of increasing r,. The right panel displays the D F(r)-p curves.

ic systems, temperatures are generally monotonic and are
not analogous to the first type of Davies point.

IV. PHASE TRANSITIONS AT THE SECOND
TYPE OF DAVIES POINT

Next, we consider the second type of Davies point,
namely the critical point, where

dT/dr, =0, d*T/dr; =0. (24)
The critical point lies at

.- 2L @5

C=L 9 C:L7
re=L/V6, Q.=L/6 )

We also use the dimensionless quantities defined above.
Because the critical point is an infection point, the dimen-
sionless temperature ¢ can now be greater or smaller than
Zero.

Based on the definition in Eq. (10), we also define
0 = Q.(1+¢q). The equation of state is simplified to

2g+ g + 8t +24tp + 24tp> + (81— 4)p> - 3p* = 0. (26)

This is a quartic equation about p. In principle, we can
analytically solve this equation. However, the exact solu-
tions are too lengthy and unnecessary.

Near the critical point, the free energy has the follow-
ing form:

x1B(sinf+4cosh)!/3
p=p(x,0) = XIE

+

+;—2(3sin9+28cos9)+

X3 (29 sin® 0+ 2368 cos® @+ 1136 sinfcos? @ — 4 sin” fcos 9)

L(—p*—4p> +34*> +8p+6q+8
F= ( ) (27)
24V6(p+1)

For simplicity, we introduce the reduced free energy

_ 24
L
_—p4—4p3+3q2+8p+6q+8

p+1 (28)

Next, two potential methods can be adopted for fur-
ther calculations. The first involves the use of the same
procedure as in the previous section: first, solve the equa-
tion of state to obtain p = p(t,q) and then substitute it into
Eq. (28) to obtain the free energy as a function of (z,¢).
However, here, we choose another method used by Hil-
fer [30]. In the (#,9) plane, the critical point can be ac-
cessed through an infinite number of possible pathways.
We can reparameterize the dimensionlessquantities as
follows:

t = xcosé, q = xsiné, (29)
where § controls the direction of approach to the critical
point, and x — 0 leads to t —» 0 and ¢ — 0.

Correspondingly, in this new coordinate (x,0), we
have the following:

F=F(t,q9) = F(x,0). (30)
In this manner, we can solve Eq. (26) to obtain

x23(12cos 6 —sinb)
4 x223(sinf+4cos@)!/3

+0(x). (31)

384 x21/3(sin@ + 4 cos 6)>/3
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However, it should be noted that this series solution is
valid for sinf+4cos@ # 0, namely g+ 4z # 0. Substituting
Egs. (29) and (31) into Eq. (28), we obtain

3(sin@ + 4 cos §)*3x*/3
21 /3
3(sin@ — 4 cosB)(sin@ + 4 cos §)2/3x3/3
+
22/3
N [85in(26) — 309 cos(26) — 299]x°
32

F(x,0) =8 + (4sinf— 8cosH)x —

+0(x").
(32)

Next, we can calculate the fractional derivatives of
the free energy and consider the x — 0" limit. The results
obtained are as follows:

0, a<4/3,
4223 7(sinf+4 cosH)*/3
lim D°E(x.0)=] 2 » a=4/3,
-0 Y ’ 3\/51"(5)
+00, a>4/3.
(33)

Except for the values of @ satisfying sinf+4cosd =0, the
4/3-order derivative of the free energy is discontinuous,
which is a signature of the 4/3-order phase transition. For
clarity, we can choose a concrete direction to depict the
fractional derivative. We consider § =0 and 8 =z, which
correspond to the t-axis, and thus, g=0. Substituting
these values into Eq. (32), we can obtain

8—8t—12x 213443 _12x22/34/3

-192+0(73), t>0,

Fat) = (34)

8 —8t— 12x 213 (=1)*3 +12x 223 ()13

—1922 + 0(173), t<0.

Owing to the (+£)*? terms, a finite jump can be noted for
a=4/3:

d°F 32v2n . d°F 32V2n
im =—— # lim S T A
o0 dIT3VE0QR/3) 0 it 3V3NER/3)

(35)

According to the generalized classification, the phase
transition at the critical point is of the order of 4/3. The
corresponding result is shown in Fig. 4.

Further, we must deal with the exceptional case

50 -

-
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Fig. 4. (color online) Behaviors of DF(r) near the critical
point for the RN-AdS black hole.

t+4g =0, which selects a special direction in the (¢,q)
plane. The critical point must be approached along this
direction from both sides.

In this case, the equation of state becomes

—3p* +p3(8t—4) +24p°t + 24pt + 161> = 0. (36)
Its series solution is as follows:

2t 402 4708
p)=—————~—

3 8l 729

+ 0. (37)

In this special case, no terms with fractional exponents
are present, which naturally leads to a free energy without
fractional exponents:

g , 328 4
F() = 8 — 241 +32¢ +T+0(r ). (3%)

Clearly, in the r — 0 limit, the arbitrary fractional or-
der derivatives of this free energy are zero, and the integ-
ral order derivatives are constants; thus, the free energy is
always continuous. This exceptional direction is known
as the phase boundary at the critical point, but there ex-
ists a second-order phase transition along this phase
boundary in Ref. [30].

V. DISCUSSIONS AND CONCLUSIONS

Herein, based on the generalized Ehrenfest classifica-
tion of phase transition, we analyze the phase structure of
the RN-AdS black hole at its Davies points. Generally,
two types of Davies points must be observed, correspond-
ing to the extreme and infection points of temperature.
According to the standard Ehrenfest -classification,
second-order phase transitions occur at these points.
However, using fractional derivatives, we determine that
at the first type of Davies point, the phase transition is of
the order of 3/2. At the second type of Davies point, a
4/3-order phase transition is observed, which is the same
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as the result obtained in the extended phase space [31].
Therefore, this generalized classification can indeed of-
fer additional details on the critical behaviors of black
holes.

Notably, RN and Schwarzschild-AdS (SAdS) black
holes can be considered as the A — 0 and Q — 0 limits of
the RN-AdS black hole, respectively. These two black
holes have the first type Davies point. We also study the
fractional phase transitions of these black holes and de-
termine that they are both of the 3/2 order. Indeed, if we
divide the temperature curve of the RN-AdS black hole
into two parts, the left part exhibits a behavior similar to
that of the RN black hole, and the right part exhibits a be-
havior similar to the temperature of SAdS. Therefore, it is
not surprising that they have the same order of phase
transition.

The equations of state were originally thought to de-
termine the order of fractional phase transition. However,
according to Ref. [32], the symmetry of black hole space-
times appears to influence the order of phase transition.
In the present study, we identify that the equations of

state near the first and second types of Davies points are
both quartic equations. To clarify this problem, we must
further consider other black holes. Although a 3/2-order
phase transition is observed at the first type of Davies
point for the RN-AdS black hole, we cannot ascertain
whether the order is the same for other black holes with
the first type of Davies point. Until now, the generalized
Ehrenfest classification has only been used to deal with
phase transitions at the Davies points of black holes.
However, it should also be available for reanalyzing the
original first-order phase transition. The orders of phase
transitions at critical points are related to critical expo-
nents. In a real physical system, these exponents can be
explored in a laboratory. The critical exponents corres-
ponding to the fractional order phase transitions of black
holes should also be examined. These interesting prob-
lems should be considered in future studies.
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