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Abstract: In this study, we explore the concept of cosmological inflation within the framework of the f(7,7 )the-
ory of gravity, where fis a general function of the torsion scalar 7 and the trace 7 of the energy-momentum tensor.

It is assumed that the conditions of slow-roll inflation are applicable in f(7,7") gravity. To determine different ob-

servables related to inflation, such as the tensor-to-scalar ratio r, scalar spectral index ng, spectral index ay, and

tensor spectral index 7;, the Hubble slow-roll parameters are utilized for a particular model of f(7,7"). Lastly, an as-

sessment is carried out to determine the feasibility of the models by conducting a numerical analysis of the paramet-

ers. The findings indicate that it is feasible to achieve compatibility with the observational measurements of slow-roll

parameters by utilizing different values of the free parameters.
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I. INTRODUCTION

Recent observations have provided clear evidence
that our universe is expanding at an accelerating rate and
is primarily composed of dark matter and dark energy
[1-5]. To account for these phenomena, alternative theor-
ies of gravity are being explored that do not rely on un-
known energy sources. Modified gravity models, includ-
ing f(R), f(G), f(R,G), and f(R,T) [6—10], are able to ex-
plain the accelerating expansion of the Universe. The
f(R) model was the initial modified gravity theory, which
was introduced by Buchdahl in 1970. In this theory, the
curvature scalar R in the standard Einstein-Hilbert action
is replaced by an arbitrary function of f(R). Modified
gravitational theories typically involve expanding upon
the Einstein-Hilbert action in general relativity (GR),
which is based on the curvature description of gravity.
However, an intriguing alternative arises when we ex-
tend the action of the equivalent formulation of GR that
incorporates torsion. Einstein also constructed the "tele-
parallel equivalent of general relativity" (TEGR), in
which the gravitational field is described by the torsion
tensor and not by the curvature one [11, 12]. In this ap-
proach, the Lagrangian of the modified gravity theory is
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derived from contractions of the torsion tensor, similar to
how the Einstein-Hilbert Lagrangian is derived from con-
tractions of the curvature (Riemann) tensor. Therefore,
rather than beginning with GR, one can initiate the devel-
opment of modified gravity theories using the TEGR. By
extending the torsion scalar T to a general function with-
in the Lagrangian, the f{7) modified gravity theory can be
constructed [13, 14].

A new proposal in modified gravity is to use the
coupling between torsion and the trace of the energy-mo-
mentum tensor, which is known as f(7,7) theory. The
f(T,7) gravity theory was introduced in [15]. This newly
formulated f(7,7") theory represents a novel approach to
modified gravity, distinctly separate from existing con-
structions relying on torsion or curvature. When applied
within a cosmological context, this theory yields in-
triguing observational outcomes. Notably, it allows for a
coherent explanation encompassing the early inflationary
stage, the subsequent matter-dominated expansion that
does not involve acceleration, and the eventual shift into
a late-time accelerating phase. Furthermore, the effective
dark energy sector within this framework can exhibit
characteristics ranging from quintessence or phantom-like
behavior to potentially crossing the phantom-divide dur-
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ing its evolution. Thus, f(7,7) cosmology offers a uni-
fied description of the evolution of the Universe. Re-
cently, the cosmological implications of f(7,7) were
proposed in [16], in which the authors analyzed the cos-
mological behavior of the deceleration, effective equa-
tion of state, and total equation of state parameters.
However, it was found that the deceleration parameter de-
picts the transition from deceleration to acceleration and
the effective dark sector exhibits a quintessence-like evol-
ution. Constraining f(7,7") gravity with gravitational ba-
ryogenesis was studied in [17]. Moreover, Hy tension in
f(T,7) was studied in [18], in which the authors offered
a new way to alleviate Hy tension in torsion based modi-
fied gravity. The consistency of f(7,7") theory with cos-
mological data and the required physical conditions for a
consistent cosmological theory are yet to be confirmed.
However, the coupling of torsion and matter provides ad-
ditional opportunities for describing the properties of dark
energy and identifying the source of the observed acceler-
ation. This theory has been evaluated regarding its recon-
struction and stability [19, 20], acceleration at late times
and during inflationary phases, the growth rate of sub-ho-
rizon modes [21], and also in the context of quark stars
[22].

Two valuable frameworks for characterizing the ini-
tial development of the Universe are the inflationary
scenario [23—25] and bouncing cosmology [26, 27]. In-
flationary cosmology is a widely accepted model that de-
scribes the very early Universe, shortly after the Big
Bang. The earliest inflationary models were developed to
address issues associated with primordial singularity and
emerged organically from the particles and entropy that
existed in the Universe. However, these models were in-
complete modifications of the Big Bang theory because
they assumed the Universe was in a state of thermal equi-
librium and homogeneity on large scales prior to infla-
tion. The chaotic inflation proposal resolved this issue.
The Big Bounce, also known as the Phoenix Universe, is
a cyclic cosmological model that oscillates between the
Big Bang and Big Crunch phases. This theory was widely
accepted until the theory of inflation emerged as a resolu-
tion to the horizon problem, which was prompted by ob-
servations revealing the large-scale structure of the Uni-
verse. The authors of [28] explored the future evolution
of f(R) gravity models, ensuring consistency with local
tests and unifying the history of universe expansion. In
[29], the authors examined the realization of inflation in
the context of unimodular f(T') gravity, which is a modi-
fication of teleparallel gravity. The study concluded that
inflationary unimodular f(7T) gravity is a successful can-
didate for describing the early Universe.

This study examines the generation of a viable infla-
tionary era in f(7,7) gravity, which is torsion matter
coupling gravity. The focus is on evaluating the viability
of each inflationary scenario by assessing inflationary ob-

servational indices such as the tensor-to-scalar ratio (7),
scalar spectral index (ny), running (,) of the spectral in-
dex, and tensor spectral index (nr). The observational in-
dices are assessed using conventional techniques, and we
examine whether the resulting cosmologies comply with
the most recent Planck and BICEP2/Keck Array data [30,
31]. To conduct our research, we examine a well-known
model, f(T,7)=a7T +pT?, where a and S are free para-
meters. This paper is organized as follows. Section II
provides a concise overview of the field equations in
f(T,T) gravity. Section III is dedicated to investigating
the potential for slow-roll inflation using f(7,7") gravity.
Finally, our findings are summarized in the concluding
remarks in Section I'V.

II. BRIEF REVIEW IN £(T,7) GRAVITY

This section provides the basic principles necessary
for rebuilding the theories of gravity, specifically in f(7')
and f(T,7).

To define the torsion-based theory, a new connection
called the Weitzenbdck connection [32] is required. This
connection is expressed as fﬁy =e20,e",: These tetrads
are related to the metric tensor g, at every point x on the
spacetime manifold as

g;tv(x) = e%(x)eli;(x)na}r Q)]

Here, n, =diag(1,—1,-1,-1) is the Minkowski metric
tensor. As a result, the torsion tensor that characterizes
the gravitational field can be written as

T4, =T5,-T5=ef ((Z,e‘ﬁ, —6ve‘jl) . )

The components of the torsion tensor are used to define
both the contortion and superpotential tensors,

1

K =3

(1o -1 =T, ©)

St =~ (KW +shTY - 5,TY). (4)

(SN

Using Egs. (2) and (4), we obtain the torsion scalar
[11,33]

1 1
T =S4T = 5T T+ 5T Ty = T0 T (5)

The action for teleparallel gravity can be defined as
follows:
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5= / dxe[T+ L, ©)

where e represents the determinant of the tetrad field e,
which is equal to the square root of the metric determin-
ant —g, and Lm is the Lagrangian density of matter. Ad-
ditionally, 7 in teleparallel gravity can be extended to
T + f(T), which is known as f(T) gravity. Furthermore,
this can be further generalized to become a function of
both the torsion scalar and the trace of the energy-mo-
mentum tensor 7, resulting in f(7,7") gravity.
The action for f(T,7") gravity is defined as follows:

_ 4 4
S = e d xe[T+f(T,7')]+/d xelL,. (7

L,, = —P, where P is the total pressure.
The field equations for f(7,7) gravity can be ob-
tained by varying the action with respect to the vierbeins.

A+ fr) [ OuleeS 1) — e TH S 7] + e (fj)

va® p a 4
7 1
e + pme
+ (frrd,T + fro0,T) e2S ¥ - fr %p“
em /l
=4nGeJT .

®)

where fr =9f/0T, fro = 0>f/dTAT , and ejlzl(j is the en-
ergy-momentum tensor.

To apply the aforementioned theory in a cosmologic-
al framework and obtain modified Friedmann equations,
we can utilize the flat FRW metric as usual. The FRW
metric is given by

ds2 = dtz — a(t)zéijdxidxj, (9)

where a(r) is the scale factor. Furthermore, (8) gives rise
to the modified Friedmann equations

ST yp ot P
2= T o (F 1202 ) + i (P50,
(10)
H == 47G(py + pm) — H(fr — 12H fr7)
- Heon =30 frr — fr (52" an

Here, the dot represents the first order derivative with re-
spect to ¢, and 7 = p,, —3pm in the above equation is true
for perfect matter fluid.

We compare the modified Friedmann Egs. (10) and
(11) to the GR equations

8nG
H? = T(,Om + Peff) » (12)
H:_47TG(pm+pm +peﬁ'+peﬂ‘)- (13)

We then obtain

1

per = =3 =L+ 12frH> =2 (pu + pu)], (14)

1
Peff =1c = [f + 127 H? = 2 f7-(om + Pu)] + (Om + Pm)
nG

Jr
(1 + %> »
U 1282 e 4 H( P2 ) (0 =302y o
(1s)

Here, ¢, is the speed of light. The conservation equation
involving the effective energy and pressure reads as

Peft + Pm + 3H (O + Pett + P + Petr) = 0. (16)

Hence, in the current model, the conservation of effect-
ive dark energy alone does not hold, and there is an ef-
fective interaction between dark energy and regular mat-
ter, allowing for the potential exchange of energy
between the two components.

III. SLOW-ROLL INFLATION WITH f(T,7)
GRAVITY

Slow-roll conditions are a set of requirements that in-
flationary models in cosmology must satisfy to produce a
period of exponential expansion in the early Universe.
Slow-roll conditions have important implications for the-
ories of gravity in cosmology. In particular, they can be
used to test and constrain alternative theories of gravity,
such as modified gravity models that attempt to explain
the observed accelerated expansion of the Universe
without the need for dark energy. By studying the proper-
ties of cosmic microwave background radiation and the
large-scale structure, cosmologists can place constraints
on the parameters of these theories and rule out those that
violate the slow-roll conditions. The slow-roll conditions
are typically expressed in terms of the potential and kinet-
ic energies of the inflaton field, as well as their derivat-
ives with respect to time. In particular, for a scalar field ¢
with potential energy V(¢), the slow-roll conditions are.

In every inflationary scenario, we must calculate the
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values of various inflation-related observables, such as
the tensor-to-scalar ratio r, scalar spectral index ng, run-
ning of the spectral index «;, and tensor spectral index
nr. The tensor-to-scalar ratio is defined as the ratio of the
amplitude of tensor perturbations (primordial gravitation-
al waves) to the amplitude of scalar perturbations.The
scalar spectral index n; describes how the clumpiness of
stuff varies on various scales just after cosmic inflation. It
is an important parameter describing the nature of prim-
ordial density perturbations. In principle, the calculation
of the above observables requires a detailed and lengthy
perturbation analysis. However, this procedure can be by-
passed by transforming the given scenario to the Einstein
frame, where all the inflation information is encoded in
the (effective) scalar potential V(¢), defining the slow-
roll parameters €, 7, and ¢ in terms of this potential and
its derivatives [34, 35].

=(3) (&) an
0= (5. (18)
e (o) (i) 19

The slow-roll parameter € must be considerably smal-
ler than unity:
) 2
€= 1 <V(¢)) <1,
2\ V(9)

where V’(¢) is the derivative of the potential energy with
respect to ¢.

The second slow-roll parameter # must also be con-
siderably smaller than unity:

_ V'@
V()

<1,

where V" (¢) is the second derivative of the potential en-
ergy with respect to ¢.

In this part, we consider that the conditions for slow-
roll inflation are met within the f(7,7) framework, and
these conditions are stated in relation to the parameter H
as

H
<L (20)
i

<. 21
7T (21)

To discuss the possibility of inflation in a theory of

gravity that includes a coupling between torsion and
trace, let us consider the following Lagrangian as an ex-
ample.

We have a function f(T,7) = T +T> = ap,, +BT* =
ap, +yH*, where o and y = 368 are constants. To simpli-
fy, we use 87G =c=1. This model is a deviation from
GR within the framework of f(7,7). When a =0, the
model behaves as power-law cosmology in f(7) theory

frr 4

[36]. In this case, we obtain fr = =13

and frq =0.
Using these equations along with Egs. (10) and (11),
we can derive the following:

7H2>
3(1-YL
( 2

rt -
18’ fT_aa

Pm = 170,1'12, (22)
"2
H2
3(1+a) (1 - YT)
H=- H>. (23)

(@+2)(1-yH?)

The deceleration parameter, denoted as g, is defined as

H . . . .
9=t " 1. This progression aligns with the recent be-

havior of the Universe, characterized by three distinct
stages: an initial decelerating phase, a subsequent phase
of accelerating expansion, and a late-time acceleration
phase. For our model, the deceleration parameter g is giv-
en as

3(1+a)(1—77HZ)

(@+2)(1-yH?)

g= (24)

Moreover, the effective dark energy density and pres-
sure from Egs. (14) and (13) can be obtained as

3H*(a+yH?)

= , 25
Peft a+2 ( )
3H?*(a+yH?)
= 777 26
Pett = T @+ Dy H - 1) (26)
This gives
1
Weff = m (27)

Applying the slow roll conditions and using the above
equation in Eq. (16), we have
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2Hy +3ki(y« H? —2) =0, (28)

H(t) = ptan(q.1), (29)

H(t) = ptanT7, (30)
where

P ey

q1= V2=, qit=T1. (32)

In the slow roll regime, (27) yields

1
T 1—yxp?stanPqt’

Weff (3 3)

The inflationary model offers a coherent and effect-
ive explanation for the rapid expansion of the Universe
and the resulting cosmological perturbations that cause its
anisotropy. For this, we verify the profile of the decelera-
tion parameter ¢(¢) and find that, at very early evolution,
it presents a rapid expansion and then converges to de
Sitter expansion in late-time evolution. According to the
Planck results, the wvalue ofn, is estimated to be
0.968 +0.006 (with a 68% confidence level), the value of
r is less than 0.11 (with a 95% confidence level), and the
value of «; is estimated to be —0.003 +0.007 (with a 68%
confidence level). These parameters are derived from the
slow-roll parameters [29, 37],

H

€ = g (34)
6= % - i]—l;[, (3%5)
&= (HH-21)"", (36)

and rewritten as
r =~ 16¢, (37)
ng~1-2¢ —2e, (38)
ng ~ —2€16 — 663, (39)

nr ~ —2e. (40)

Now, we can rewrite the slow-roll parameters as fol-
lows:

__M (41)
p 9
_ 2
ns:1+2q1( 1 +cot 7“1)’ (42)

p

2¢3(1-2pq1 +cos2T1)cot? Tyesct T 43)
s = — )
‘ P*(pg1 —cot? T1)

np = — 200 s . (44)
P

We can estimate the number of e-folds as
a g
N=ln-L = / H(pdt. (45)
a; t,

Here, a; =a(t=1;) is the initial value of the scale
factor a at the beginning of inflation ¢;, and a; = a(t = t5)
is its final value at the end of inflation ¢.

N =

P {LS(‘“”)} , (46)

q1 cos(q1t;)
Assuming that the Hubble parameter H(f) can be ex-

panded as a series around 77 =0, we can obtain the
second-order approximation

Hn~ pTi+O0(T7) (47)
and the slow-roll parameters become

1

~ oo 48

€1 7 (48)
1

ey x 2, (49)
pTE
1

e~ —2—. (50)
pT?

Hence, in this scenario, we have

1
rx —16——, 51
p7 ©b
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ng =1, (52)
8
N ——— 53
(oA} p27.12 ( )
1
nrr —2—s;. (54)
pT7

According to the Hubble parameter /(r), the e-folding
number is given by

2_p
N= p‘]l(tf t,‘)' (55)
2

These statements indicate that when the Hubble para-
meter H(f) can be expanded in a series around 7 =0,
which occurs for low values of 77, the inflationary para-
meters have large values when the slow-roll conditions
are satisfied.

To evaluate the feasibility of our model, we provide
the numerical outcomes for the different inflation para-
meters given by (41), (42), and (43) by comparing theory
results with observational data from PLANK 2015 and
BICEP2/KECK-Array [30, 31].

The given graphs (Fig. 1) illustrate how the inflation
parameters of the model f(7,7) change over time
t =0.1s. The first graph shows the tensor-to-scalar ratio »
for a values ranging from 0.0 to 0.2, and the second
graph displays the scalar spectral index ns for a values
between 0.1 to 0.5. The final graph demonstrates the
trend of the running of the spectral index ;. The evalu-
ation of the curves in the parametric diagram suggests
that the tensor-to-scalar ratio (), scalar spectral index
(ns), and running of the spectral index (a,) values are
consistent with the observed data.

IV. CONCLUSION

This study investigates the inflationary scenario in
torsion-trace coupling gravity, which involves a Lag-
rangian density derived from a function called f(7,7"),
which makes use of the torsion T and the trace of the en-
ergy-momentum tensor (7). We find the evolution of the
deceleration parameter, explicitly experiencing a change
from deceleration to acceleration, which is capable of ex-
plaining the late-time Universe. The study focuses on a
universe containing ordinary matter and dark energy, and
a primary differential equation in the Hubble parameter is
derived. Slow-roll conditions are applied for a specific
f(T,7) model, and various measurements related to in-
flationary phenomena are evaluated, including the ratio of
tensor to scalar perturbations (r), the spectral index of
scalar perturbations (ns), the running of the spectral in-

-0.5!

r-10}
-1.5}
-20

3000 ~__ ‘\/‘/0_05
3200 -, |

~< |
3400\07 0.00

Fig. 1.
scalar spectral index (ny), and running spectral index (a,) with

(color online) Profiles of tensor-to-scalar ratio (r),

varying model parameters « and y.

dex (ay), the tensor spectral index nr, and the number of
e-folds parameter. The numerical findings are consistent
with observational data. To date, many studies have been
conducted in the background of the torsion-based modi-
fied theory focusing on the current acceleration scenario
of the Universe and its late-time acceleration [11, 12, 38].
However, in this study, we investigate the early-inflation-
ary scenario and successfully present it. We not only suc-
cessfully present the slow-roll inflationary scenario but
also present a way to constrain the parameters of the
f(T,7) cosmological model. We also constrain the mod-
el parameters for the desirable results and discuss them in
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the final part of Sec. III. We hope this study will shed
light on a new direction for torsion-based modified grav-
ity cosmology.

In the near future, more generalized models may be
studied to place constraints on the parameters, and this
study may also be extended to explore possible cosmolo-
gical scenarios. Upcoming surveys are expected to offer a
more precise depiction of the Universe, leading to a re-
duction in the number of potential candidates that can
provide a more comprehensive explanation for the infla-
tionary period.

Data availability There are no new data associated

with this article.
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