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Abstract: The prospect of using gravitational wave detections via the quasinormal modes (QNMs) to test modified

gravity theories is exciting area of current research. Gravitational waves (GWs) emitted by a perturbed black hole

(BH) will decay as a superposition of their QNMs of oscillations at the ringdown phase. In this work, we investigate
the QNMs of the Einstein-Euler-Heisenberg (EEH) BH for both axial and polar gravitational perturbations. We ob-
tain master equations with the tetrad formalism, and the quasinormal frequencies of the EEH BH are calculated in
the 6th order Wentzel-Kramers-Brillouin approximation. It is interesting to note that the QNMs of the EEH BH
would differ from those of the Reissner-Nordstrom BH under the EH parameter, which indicates the EH parameter

would affect the gravitational perturbations for the EEH BH.
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I. INTRODUCTION

One of the most important events of the 2010s was
the direct detection of gravitational waves (GWs), which
succeeded in verifying the existence of black holes (BHs)
[1, 2]. The BH perturbation theory can describe GWs
emitted at the ringdown phase of a coalescence, which
are characterized as quasinormal modes (QNMs). The
gravitational perturbations of a BH can reflect the nature
of the BH itself, and the ringdown phase of GWs is very
important for astronomical observations related to com-
pact celestial bodies. Shortly after the first detection of
GWs, GWs emitted by the coalescence of two neutron
stars were detected by the Ligo-Virgo collaboration [3].
In the meantime, the source emitted accompanying elec-
tromagnetic (EM) signals. This exceptional scientific
achievement inaugurated a new era of physical observa-
tion. Therefore, the ringdown phase of GWs from the co-
alescence of compact binary celestial bodies (binary BHs,
binary neutron stars and BH-neutron stars) plays a very
important role in exploring corresponding sources.

Recent observations show the presence of magnetic
fields near BHs [4]. In strong magnetic fields, quantum
electrodynamics (QED) predicts photon splitting and pair
conversion [5]. In fact, because of EM self-interactions in
intense EM fields, the vacuum has the nature of a materi-
al medium and then the EM wave changes direction (i.e.,
birefringence [6—8]) and magnitude of velocity. By using

the method of waveguides, one is able to detect QED va-
cuum nonlinearities [9]. Moreover, the method with in-
tense laser pulses has been proposed to detect vacuum po-
larization effects [10—12].

The Euler-Heisenberg (EH) theory was derived from
QED to one loop [13, 14], which treats the vacuum as a
medium, and processes of nonlinear light interaction are
predicted. In this theory, the EH Lagrangian is

F 7
.EEH(F,G)=—2+’%(F2+ZG2), (D

where F=F"F,,, G=-*F*MF,. F, and *F, =
€nporF7P[2+/—g are the electromagnetic tensor and its
dual, respectively. In the limit of the weak field, the EH
parameter p = 2o /45m? is related to the electron mass m,
and the fine structure constant a [14, 15]. Therefore, the
EH parameter 4 can be on the order of a/E?, where E.
represents the critical electric field. In the limit of =0,
Leu(F,G) = Lyaxwen(F) = —F/4, the EH theory goes back
to linear EM Maxwell theory. Coupling the EH theory
with Einstein gravity, a static spherically symmetric
(SSS) charged solution can be obtained, i.e., the Einstein-
Euler-Heisenberg (EEH) BH.

It is noteworthy that there has been an increasing in-
terest in using QNMs to test modified gravity theories in
recent years [16—28]. In particular, the QNMs in the Ein-
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stein-power-Maxwell electrodynamics theory have been
investigated, for instance [25, 28]. For the EH theory,
Breton and Lopez have studied the eikonal QNMs of the
EEH BH [15]. However, in modified gravity theories, the
eikonal approximation may be violated for gravitational
perturbations of BHs, such as EiBI charged BHs [29]. In
order to determine the potentials in the eikonal limit and
further investigate the effects of the EH theory, we will
study the QNMs of both the axial and the polar gravita-
tional perturbations. The analysis of the stability of a
Schwarzschild singularity ushered the BH perturbation
theory [30]. Subsequently, polar gravitational perturba-
tions were studied by Zerilli [31-33]. Chandrasekhar then
systematically summarized the BH perturbation theory in
his monograph [34]. In fact, a perturbed BH is con-
sidered as a dissipative system with a discrete spectrum
of complex quasinormal frequencies. In this case, quas-
inormal frequencies are associated with the spacetime
properties of the BH but not the initial disturbances.
Thus, the spacetime properties of BHs are accurately re-
flected by the QNMs. In this paper, the master equations
of both the axial and the polar gravitational perturbations
are derived. For the accuracy of quasinormal frequencies,
the 6th order WKB method is used [35-38], and the quas-
inormal frequencies are shown to be dependent on the EH
parameter u.

The remainder of this paper is organized as follows.
In Sec. II, the formulation of the EH theory and its SSS
solution are briefly reviewed. In Sec. III, the master equa-
tions governing both the axial and the polar gravitational
perturbations of the EEH BH are derived. In Sec. 1V, the
QNMs and the late-time tails are studied. The conclusion
is given in Sec. V.

II. THE EEH BH SOLUTION

In this section, we rewind briefly to review how to
obtain the EEH BH. Nonlinear electrodynamics (NLED)
with the Lagrangian Lgy(F,G) are coupled with Einstein
gravity as follows:

1 R
S= 4 f d4xx/_—g[— — Len(F.G)). @)
T 4

There are two possible frameworks for EH-NLED [39].
In the P framework, the tensor P, is defined by

P,uv = _(LFF/lV+ *F,uv-[:G)9 (3)
where Lx = dLgu(F,G)/dX. Then

LT
PIIV = (1 _/JF)F;N - vaZ,uG- (4)

In the case of the P framework, there are two invariants s
and ¢,

1 1
s= =g PP, 1= =Py P, 5)

where *P* = €, P7P |2 1/=3.
The Hamiltonian H(s,?) is defined as follows:

1
7‘{(.5', 1= —EPHVFHV — Leu(F,G). (6)

Neglecting the higher order terms of the EH parameter g,
the Hamiltonian (s, ) takes the form [40]

H(s,t)=s— 4,u(s +7f 2) @)

In the P framework of EH-NLED, the gravitational and
EM field equations are

Gy +Agyy =811y, VP =0, (8)

where

_ 2 S K[y 2 22
(1 —ps)PoPg+ 3 e ( 2(3s gt )) 9)

Because the EEH BH, like the Reissner-Nordstrom
(RN) solution, represents an SSS spacetime, we can write
the metric as follows:

§* = —f(r)de’ + f(r)"'dr? + 1 (d6? +sin’ 6dg?),  (10)

where f(r) =1-2m(r)/r was first derived in [41] and then
studied in [15, 42]. We would like to emphasize that Eq.
(10) represents an electric (or magnetic) charged BH. For
simplicity, we have only studied the electric case. In the
P framework, the antisymmetric tensor Py, is given by
Qe
7 (0

0 0 ¢1
Puy = = (6460 —606)). (11)

where Q. denotes the electric charge of the EEH BH. The
EM invariants are given by s =2r*/Q? and t = 0. It can be
seen that Py; and Py (i.e., P, and P,,) are the non-van-
ishing components of the EM field tensor. The metric
function f(r) is then given by

oM Q7 pot
SO =l o = 0

(12)
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where M denotes the mass of the EEH BH. The horizon
ry can be obtained by the following equation:

_HOE
20

S —2r + 0%t 0, (13)

where Eq. (13) has been written in terms of the dimen-
sionless parameters r > r/M, Q. > Q./M and u > u/M>.
It is noteworthy that the electric charge Q. <5/2V6 and
the EH parameter u < 50/81 have been found by Breton
and Lopez [15]. In the limit of =0, the RN solution is
recovered from the EEH solution.

1. THE METRIC PERTURBATIONS OF THE
EEH SOLUTION

We will derive two types of gravitational perturba-
tions of the EEH BH following conventions in
Chandrasekhar's monograph [29, 34]. As with the RN
solution, by linearizing about the EEH BH solution, one
can analyze the perturbation in the metric functions of
this solution. In the perturbed background, the metric of
the EEH BH takes the form

ds? =e¥ (dxo)2 e (dxz)2 —e2 (dx3 )2

—e¥ (d(p — wdx? — grdx? — g3dx° )2 , (14)

where x=1, x'=¢, ¥>=r, and x*=6. In addition,
e =e 2 = f(r), e =r, and e = rsind. w, ¢, and g3 are
the first order small quantities in the perturbation. In the
perturbed background, v =v+48v, up = o + 6z, p3 = s+
ous,, and ¥ =y + 8y, where 6v, dus, duz, and 6y denote
the non-vanishing increments of v, uy, u3, and . In the
tetrad formalism of Eq. (14), we have [34]

e’ we™ 0 0
0 eV 0 0
el(la) - 0 qze_ﬂz e 0 ’
0 gze™ 0 e
e’ 0 0 0
Voo _a¥ v v
(@) _| w€ € q»€ qsc
%= 0 0 - o0 | (15)
0 0 0 —efts

where (a) represents the tetrad index. The properties of
the tetrad basis are given below,

@y _ @ @y _ o
€1 €(p) = Oy €u ) = Oy

(@) _ (a)(b) v
€ = 8wl S0

)

b
8uv = U(a)(b)e;(la)eg/ ) = e(a)pesza)- (16)

In the case of the tetrad formalism, 7)) is generally giv-
en by

Naw = 1P = diag(-1,1,1,1). (17)

A. Linearized EM field equations of the EEH BH

For the gravitational perturbations of EEH BH, it is
similar to the treatment of the RN perturbation. Note that
to be consistent with Chandrasekhar [34], we choose
x> =r in Sec. III instead of x' =r in Sec. II. Then, Py,
and Py (i.e., P, and P,,) are the non-vanishing compon-
ents of the EM field tensor in the unperturbed back-
ground. In the perturbed background of Eq. (14), the
tensor P, and the metric functions could be dependent
on the coordinates #,r, and 6. Then the Bianchi identity
and the conservation equation of the EM field (i.e.,
ViePsy; =0 and V, P* = 0) take the forms

(ew+H2P12),3 + (ewmpﬂ) , =0
R

(evaOl)g + (ewﬂhpw),o =0,

(" Pop) o+ (7 P1p) 5 + (" P13) 5
= e/ Py Qo + e/ Po3 Qo3 — € P23 003, (18)

and
Yt Y+t =
(e P02) 5 + (e P03) 3 0,
- (e‘//+VP23) ,+ <e¢+llzp03) 0= 0,
(elﬁ+VP23) X + (e¢+ﬂ3P02) 0 =0,
(€72 Po2) 3 = (€7 Po3) o + (¢ Pa3)
=e"" P10 +e" P03 — e/ P30, (19)

where Qap =qa—qpa, Qa0 =qa0—wa(A,B=2,3). Egs.
(18) and (19) correspond to what Chandrasekhar de-
scribed as axial and polar quantities, respectively. To lin-
earize Eqs. (18) and (19) in the perturbed background, the
non-vanishing component Py, (= Pyg) is decomposed in-
to Pgy + Py, . It is noteworthy that the tensor components
P, (uv #02 or 20) and the metric functions (i.e., ®, ¢»,
q3, 0v, 6ua, 6us, and &) are directly seen as the linear
order perturbation quantities, which vanish in the unper-
turbed background [29, 34]. Egs. (18) and (19) can then
be written as

(re"Po; sinf) , +re”" P120sin6 = 0,
re” (Por sin9)’9 + r2P13,0 sinf =0,
re”"Poio +(re"Pia) , + Pi3g = =Qe (w2 = q20)5in0, (20
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and

VC_VP(B,() = (VCVP23)J,
v

: o
— (P23 8in6) g — =5 (8 +63) o + 6Po20 = 0,
rsiné r

5P02 — gze (5V+ (5;12) + (reVP30) r + re_VP23,0 =0.
r .0 ’

21)

B. Perturbations in the Ricci tensor

Based on Eq. (8), we set the perturbed components of
the Ricci tensor to be

OO (—uSP)PuyayPovyin)

1
SR ») = 5MaeOR =201
+ (1 = uP)SP ) Py
+ (1 = uP) PSPy

+ Ny (0P = 3uPSP)). (22)

From Eq. (22), we find that

(1Q2—20r*)5P0,

SRop = —0Ry) = = ,
(3103 —20.1*)6P0s
OR11 =06R33 = : ,

P12Q. (n0? - 2r%)

01

ré ’
2 A4
P33 Q. (02 —2r%)
ORp3 = - : ,
2 A4
Po1 Qe (u0Q2 -2r%)
ORp =~ : ,
2 ~4
Py3 0 (IJQe =2r )
ORy3 = — : ,
Ry = 6Ry3 = 0. (23)

C. Axial perturbations
The non-vanishing values of w, ¢, and g3 denote the
axial perturbations of the EEH BH, by substituting 6R}»
and 6R;3 from Eq. (23) into the Ricci tensor components,
we can obtain

(rze2"Q23 sin® 0) 7t P Q2.0 sin® 6

2P1 Oe (/ng - 2r4)e" sin?6
=— (24)

73

and

(rzez"QB sin® 9) ) r2e_2"Qo3,0 sin®6 = 0. (25)

Egs. (24) and (25) must be considered alongside Eq.
(20), which can be reduced to a single equation for Py,
by eliminating P;, and P;3 as follows

V([ B
[ezv(re"B),] +e—(,—’9) sinf
“lhr p \sin@ p)
—re" By = Qe (w20~ ¢200)sin6, (26)

where B = Py, sinf.
In Egs. (24) and (25), by the introduction of the sub-
stitution as follows:

O(r,0,1) = r*e* Qr3sin’ 0
= A(q23—q32)sin° 6, 27)

 can be eliminated. Additionally, by assuming that grav-
itational perturbations have a time-dependence €'’ (o is a
real constant), we can obtain a single equation

25in36?(/12Q§—2;’4)e"Qe a( B )

3 06 \sin’ 0
4 2
=r4£ éﬁ_Q +Qr0' +sin39£ ! B—Q .
ar\Aar )t A 30\sin'6 0] (28)

Similarly, by eliminating (w2 -g20), from Eq. (24) by
using Eq. (26), we can also obtain a single equation:

[e2v(reVB) ] +i Bo sin@
w75 sing)

2¢" Q2 (n@2 —2r*
+0’re "B+ : ( ° )B =-0. _Q.’G .
r! r4sinf (29)

For Egs. (28) and (29), the variables » and 6 in Egs.
(28) and (29) can be separated through the Gegenbauer
function:

0(1,6) = Q(1C;. % (0),

372
B(r)dC, -172
B(r6) = —2 122 _ 3 (), 30
(,0) Sind  do (NC,,, @ (30)

where dC)/ df = —2sin6vC*1. As a result, Eqs. (28) and
(29) yield radial equations:
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2,02 _n4) v
d(Ado L 2BN2(uQ2-2r)e Q.
Adr(r4 dr) ,u*r4Q+a' 0= r! ’
(31
and
2v \ 2 e’ 2 =V 4Qg \
[e (re B)r] —(/,t*+2)—B+ ore”’ ——=¢"|B
Tl r r
2¢" Q2 (n02 - 2+*)
- (32)

r’ ’
where u. and n are related to the multipole number /.

By letting O(r) = ngf) and re”B = —Hif)/Zu*, we find
that Hg_) and Hi_) satisfy a pair of coupled equations as
follows:

A

NH,O) = v+ 22 (21 2) | O
2 _r_5 - +T+(ﬂ*+ )}’ B

2
ZQ“ +3MHS) + (2;1*Qe HO: )H( >}
r
(33)
4 2
A2H,\C )—A{[ 3M+ —= Q + (12 +2)r|H, O
r

+2Qe,u*H§_)+(3M ﬂQe)H( )} (34)

where A* = d?/ dr} +0?, dr/dr, =",
The substitutions can decouple Eqs. (33) and (34):

27 = +qiHO +(~q192)'* H”, (35)
and
Zé_) = —(—6]1612)]/2H§_)+6]1H§_), (36)
where
4uQ2 N 2u0t
6]1:3M— 5r5 + 3M—5? +4Qe r4 *,
(37
4pQe Ay 2p0
62 =3M - == \/(SM— Sﬂs +4Q§,u3— 'l;eﬂf-
(38)

Furthermore, Egs. (33) and (34) can be written as

Vii
Vai

Via
Vo

(cf:%wz) Z; }=[ H Z; } (39)

where V;; is given in the pair of coupled equations in Eqgs.
(33) and (34). In fact, Zif) and Z;f) satisfy the one-dimen-
sional wave equation as follows:

AZZ( ) _ V( )Z( )

A ;
= (,uf+2)r—qj(1+l%)],

(40)

v =

1

(41)

where

q1+q>=6M— 8,uQ2/5r5

and
0192 = 240z (102 /7" -2)

It can be observed that in the limit of x=0 and
Q. =0, the equation governing Zg_) , Zé_) reduces to the
pure EM perturbations and the pure axial gravitational
(Regge-Wheeler) perturbations of a Schwarzschild BH,
respectively.

In Fig. 1, as the multipole number / increases, the
height of the potential increases. In addition, one can see
that as the value of x increases, the height of the potential
V;) increases slightly, while Vf) shows the opposite
trend.

D. POLAR PERTURBATIONS

The non-vanishing increments of v, u;, us, and
(i.e., 6v, Sua, 6us, and &) denote polar perturbations of
the EEH solution. By linearizing expressions for Ry, Ro3,
Ry, R11, and G, about the EEH BH Eq. (14), we can ob-
tain the following equations

1 2
6y +6p3) , + (; - V,r) 6y +6p3) — Oz = 0, (42)
(6 + 6u2) g + (64 — duz) coth) o
Pye¥ (,UQE, - 274Qe)
= 3 ) (43)
,
(O +06V) 19 + (0% — 6u3) - cOLO
+(v,— ;)61/9—(1/ + 1)6/129
Poze™ (103 -2r*Q.)
= : (44)

7
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Leodo | ~
0.05 35
0.00° 4 5 6 7 8
r r
(a)Vy{ ™) with M =1,Q. = 0.9, 1 = 0.6. (b)VL™) with M =1,Q. = 0.9,1 = 2.
i = 0.4 _ 0.3970
=3 . 0.3965 /\
— =4 AN 0.3960/\
03 | AN 0.3955,
/ AN 0.3950
- | 2.122.142.162.182.202.222.24
=02 | h
|
|
0.1
\‘
|
005 3 4 5 6 7 8
r r
(V) with M =1,Q. = 0.9, = 2.

(V) with M =1,Q. = 0.9, 4 = 0.6.
Fig. 1. (color online) Behavior of the EEH BH effective potential Vl.(‘> under axial gravitational perturbations: (a), (c) different values

of / (from bottom to top: [ =2,3,4), (b) different values of u (from bottom to top: p=0,0.2,0.4,0.6), (d) different values of u (from bot-

tom to top: x =0.6,0.4,0.2,0).
2.2y

2 1 1 v,
e”(—&gﬁ(— +v,,)((5¢/+6,u3)r—2(—2 +2—’)6/12) 0Py = Boax(r) Py,
r r ’ r r 20,
I o
+ =5 (80 +6v) 0+ (200 + 6v = 5113) 4 COLO + 20013) Pos = - 2r o BosPus
I e
8P (21 Qe — n Q3> . re”
0 (20 “Qe), (45) Py = —io5 =B (r)Pie. (47)
e

_ e—2v ((Sl,b+ 6'[13)’0’0 = ;
and As aresult, according to Egs. (47),

a4, (1 _V,,)} [2T -+ 1)V] - %L =0, (4®)

1 1 1)
e”(2 (— + v,r) oY -2 (— + 2v,,) o2 4 Y .
r r r dr \r
1 1
+ = (6 + 0V +0u3 — 612) . 1) + — (6 0,0 + Y g cotd 02
r r " (T—V+L)=(1—'u e)323, (49)
+20u3 + (O + 6v—dus + 5/12)79 cotf)—e V(()‘d/’(),o 2rt
P02 (2r* Q. —310?)
_ . . (46) 1 ! e
r (T-V+N),—|--v,|N- —+V, L=|1- B,
’ ro r 274
(50)

Egs. (42)—(46) must be considered alongside Eq. (21) ob-
tained from the linearization of EM field equations.
The variables » and 6 in Egs. (21) and (42)—(46) can ) | 2 (1
SN+ (v )RT =K1+ DV = = (; +2v,,)L

be separated by substitutions:
I(+1 2
U+ D) avy 20 avp 2407 104 1)V

72 2

2
=(1 —”;‘f:)Boz, (51

ov = N(r)P(0),0u2 = L(r)P(0),
Ouz = [T(r)P1+V(r)Pioe],
&Y =[T(r)P;+V(r)Pgcotd],
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1 2
BOS = = (r2323) = Bz3,r + _B23, (52)
’ r
Fe® By = 2Q22T - I(l+ DV -1+ 1)* By, (53)
and
N+L
(rzez"Bo3) o+ r’e” Boy = 07 r’e  By3 + 20 2 (34)

where X =nV = (I-1)({+2)V/2. In addition, Egs. (49) and
(53) are algebraic.
We find Eq. (49) can be rewritten as

2

2T—l(l+1)V=—2( “Qj ) (55)
2r

With Eq. (55), Eq. (48) can be rewritten as

2
(L+X— B3+ #Qe 323)
.

2

1 2 1
(Lo Weex-Brn+ %p,)-tn 56
ro 2r4 r

Similarly, by combining Egs. (49), (50), and (52)

1 1
N,-L, :(— —v,r)N—i-(— +v,r)L
r

2r - 3/1Q2

2
B, +(1 %)303. (57)

Additionally, by separating variables in Eq. (46) by sub-
stituting Eq. (47), we can obtain the equation

-2v

1
Vo + 2(- + v,,) vV, + e—z(N+ D+c*e™®v=0 (58)
r r

We may note that Egs. (51), (56), and (57) are three
first order linear equations of three functions N, L, and X.
These equations can be rewritten as

2
N,=aN+bL+cX—cBy +c'u—Qe,

59
2r4 (59)
1 1
L,,=(a——+v,,)N+(b———v,,)L
r 7
2 3
+c(X - 323)——Bz3+ /JQCBB, (60)

X,r:—(a—1+v,,)N—(b+l—2v,r)L
r r

1 2
_(C+_—v’r)(X—Bz3)+Bo3—lu—QeB03, (61)
r

2r4
where
+1
a="""e, (62)
r
1 —2v -4y
h=—--" +v, +rv +olre
r r
Q Y ﬂe_ZVQ4
r3e ’ = 63)
1 —2v
c=——+ ¢ +rv2 +otre™
r r
e—2V 4
?36 72v :u r7 Q (64)

According to the method by Chandrasekhar and
Xanthopoulos, Egs. (52)—(54) and (59)—(61) can be re-
duced to two independent second order equations with
functions HS” and H'" as follows

uB23 02

2
H§+>=£X—:;(L+X— = +Bz3), (65)

and

1 2
HY = o [rzBB + 2% (£X—H§+))], (66)

€,

where @ = nr+3M +uQ?*/5r° —20Q?%/r. Moreover, the pair
of equations reads below:

A2HSD = [UH(+)+W( (” 0 +3M) HY
+(z_“796)w§+>>1, (67)
A*H =%[UH(+) + W(+2QeuH,"”
(3M “Qe) HO)L (68)
where

2nA
U= Qnr+3MW + (@ —nr— M) 222,
w

A 1
W= —Qnr+3M)+—(nr+M). (69)
rw w

085107-7



Zhi Luo, Jin Li

Chin. Phys. C 46, 085107 (2022)

As with axial perturbations, for polar perturbations
Egs. (67) and (68) can be decoupled by

Z§+) = +611H§+) +(=q1g2)"* HSY,

2" = ~(-qi)' H” + @i Hy, (70)

where ¢; and ¢, are defined in Egs. (37) and (38). Fi-
nally, one-dimensional wave equations read

NZP =vIZ (i=1,2), (71)
where

Vi’ = % U+%(q1 —qz)W],

V= &lu-Sa@-aw]. )

It can be observed that in the limit of x=0 and
Q. =0, the equation governing Z",Z{" reduces to the
pure EM perturbations and the pure polar gravitational
(Zerlli) perturbations of a Schwarzschild BH, respect-
ively.

In Fig. 2, as the multipole number / increases, the
height of the potential increases. In addition, one can see

08 /\ — =3
=4

(a)ViT) with with M =1,Q. = 0.9, 4 = 0.6.

— =2
— =3
=4

() V") with with M =1,Q, = 0.9, = 0.5.
(color online) The behavior of the EEH BH effective potential Vlf” under polar gravitational perturbations: (a), (c) different
values of / (from bottom to top: I =2,3,4), (b) different values of i (from bottom to top: x =0,0.2,0.4,0.6), (d) different values of u (from

Fig. 2.

bottom to top: u =0.6,0.4,0.2,0).

that as the value of u increases, the height of the potential
V{" increases slightly, while V{*' shows the opposite
trend.

As indicated to the left of Fig. 3, we show the poten-
tial barriers Véi) surrounding the EEH BH: the solid blue
curves and the red dashed curves are appropriate for both
the axial perturbations and the polar perturbations, re-
spectively. The potential barriers for the polar perturba-
tions differ very little from those of the axial perturba-
tions. The potential barriers Vfi) surrounding the EEH
BH are shown in the right of Fig. 3: solid blue curves and
red dashed curves are appropriate for both the axial and
the polar perturbations, respectively. In the scale of the
figure, we cannot distinguish the potential barriers for the
axial perturbations from those for the polar perturbations.

IV. Quasinormal frequencies: the 6th order
WKB method

To calculate the quasinormal frequencies of both the
axial and the polar gravitational perturbations, there are
many methods, such as semi-analytic methods [17, 19]
and numerical approaches [43, 44]. In this study, the 6th
order WKB method was used to obtain the quasinormal
frequencies. This method was first suggested in [35] and
up to the 3rd order beyond the eikonal approximation
[36]. Konoplya and Zhidenko used the 6th order WKB

0.20
0.1832

/"\0.1831

/ 01830 — T~

018 018200 N
. o

6"'1!'3?27,”40 242 244 246 248

<0.10

[ k0
005 [ | 02
| 4=0.4
p=0.6
000 3 4 5 6 7 8

r

(b)VAT) with with M = 1,Q. = 0.9,1 = 2.

0.4 7~
0.3970
/ \0.3965 —
/ 0.3960, N
3l 0.3955
0.3950
. 0.3945
[ . 0.3940

215 220 225 230

x02 |

|
|
f — =0

0.1 f =02
| _ p=0.4
| =06

0.0 2 3 4 5 6 7 8

r

(V) with with M = 1,Q. = 0.9,] = 2.
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(a)ViE) with M =1, =06, =2.

Fig. 3.

B)VE) with M =1, = 0.6,1 = 2.

(color online) The relation between the polar effective potential Vl.”) and the axial effective potential VI.(’) of the EEH BH.

Curves are labelled by values of Q. =0,0.9,0.95 and 1 to which they belong.

method to solve the scattering problem [16, 37]. Re-
cently, the 13th order WKB method was proposed in
[38]. Specifically, the quasinormal frequencies can be
calculated as follows [35-37]

1
—ZAizn-i-z, (73)

where A; are constant coefficients derived from higher
order WKB corrections, and V,, and V;, represent the
maximum of the potential and its second derivative, re-
spectively. In this paper, we will focus on the fundament-
al QNMs with the overtone number n = 0.

A. Fundamental QNMs

Table 1 lists the quasinormal frequencies of both the
axial and the polar gravitational perturbations in the EEH
BH spacetime. The sign of the real (imaginary) parts of
the quasinormal frequencies is positive (negative). The
real parts of quasinormal frequencies describe the oscilla-
tion of gravitational perturbations, while the imaginary
parts of those frequencies describe the decay of amp-
litudes. We mainly focus on the impact of the EH para-
meter u while [ =2,3,4. The results illustrate 4 would in-
crease the real parts of the quasinormal frequencies Re(w)
for Vét) but decrease them for V}i). Meanwhile, the EH
parameter 4 would increase the imaginary parts of the
quasinormal frequencies Im(w) for V{*' and V" but de-
crease them for V;f). The behavior of the axial gravita-
tional QNMs is different from that of the polar gravita-
tional QNMs for varying EH parameter . Another inter-
esting fact is that the axial sector and the polar section
(i.e, Vi and ViV, vi7 and V() share very close spec-
tra in Table 1. In other words, the isopectrality remains
unbroken in the gravitational perturbations of the EEH
BH. In fact, the isopectrality applies to the Schwarz-
schild, RN and Kerr BH [30, 31, 34]. However, for the
modified gravity theories, the isospectrality is generally

broken [45—53]. From this point of view, the isospectral-
ity of the EEH BH is interesting.

Furthermore, we calculate the quasinormal frequency
ratio of the EEH BH and the RN BH to highlight the ef-
fect of the EH parameter x. In Fig. 4, the solid curves rep-
resent the real quasinormal frequency ratio of the EEH
BH and the RN BH, while the dashed curves represent
the imaginary quasinormal frequency ratio. We set
M =1,1=2 for the effective potential Vl.(i) in this figure.
The ratios are calculated for the EH parameter u. Differ-
ent curves correspond to different values of
0.=0,0.3,04,0.5. Fig. 4 also shows that the charge Q.
increases the influence of the EH parameter .

B. Eikonal QNMs
According to Cardoso et al. [54], in the eikonal limit,
the real and imaginary parts of the QNMs of an SSS flat
spacetime are given as follows:

w=QJ1-i(n+1/2)|A.|, (74)
where
12
Q.= Je s (75)
¥e
and

INETRT 6

Ao = A
V2 \ feldr )

Q. and A, are the angular velocity and the Lyapunov
exponent of the unstable circular null geodesics (i.e., the
light ring), respectively. r,. is the radius of the circular
null geodesic, and it satisfies 2f. = r.f!. r. is the tortoise
coordinate and defined by dr/dr. = f(r). However, there
is a counter-example in [55] that Eq. (74) is invalid in the
Einstein-Lovelock theory. In this paper, we shall use the
same method in [55] to check that Eq. (74) is not viol-
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Table 1. V* with M=1, 0. =05.

Axial

Polar

“)
VZ

“)
Vl

)
V2

v

0.1
0.2
0.3
0.4
0.5

0.1
0.2
0.3
0.4
0.5

0.1
0.2
0.3
0.4
0.5

0.381624 - 0.0895441 i
0.381625 - 0.0895437 i
0.381627 - 0.0895433 i
0.381628 - 0.0895430 i
0.381630 - 0.0895425 i
0.381632 - 0.0895420 i
0.612651 - 0.0932423 i
0.612653 - 0.0932421 i
0.612655 - 0.0932420 i
0.612656 - 0.0932419 i
0.612658 - 0.0932417 i
0.612660 - 0.0932416 i
0.828575 - 0.0947359 i
0.828577 - 0.0947359 i
0.828579 - 0.0947358 i
0.828581 - 0.0947358 i
0.828583 - 0.0947357 i
0.828585 - 0.0947357 i

0.493673 - 0.0972002 i
0.493670 - 0.0972016 i
0.493665 - 0.0972032 i
0.493662 - 0.0972048 i
0.493657 - 0.0972064 i
0.493654 - 0.0972078 i
0.705399 - 0.0976511 i
0.705395 - 0.0976525 i
0.705391 - 0.0976539 i
0.705387 - 0.0976553 i
0.705383 - 0.0976567 i
0.705379 - 0.0976581 i
0.913104 - 0.0977910 i
0.913099 - 0.0977923 i
0.913095 - 0.0977935 i
0.913090 - 0.0977948 i
0.913086 - 0.0977960 i
0.913082 - 0.0977973 i

0.381692 - 0.0896098 i
0.381694 - 0.0896102 i
0.381696 - 0.0896106 i
0.381698 - 0.0896110 i
0.381699 - 0.0896114 i
0.381701 - 0.0896117 i
0.612651 - 0.0932428 i
0.612653 - 0.0932427 i
0.612655 - 0.0932426 i
0.612658 - 0.0932425 i
0.612660 - 0.0932425 i
0.612662 - 0.0932424 i
0.828575 - 0.0947359 i
0.828577 - 0.0947359 i
0.828580 - 0.0947358 i
0.828582 - 0.0947358 i
0.828584 - 0.0947358 i
0.828586 - 0.0947357 i

0.493673 - 0.0972000 i
0.493670 - 0.0972011 i
0.493667 - 0.0972022 i
0.493664 - 0.0972033 i
0.493661 - 0.0972044 i
0.493658 - 0.0972055 i
0.705399 - 0.0976511 i
0.705396 - 0.0976522 i
0.705392 - 0.0976534 i
0.705389 - 0.0976545 i
0.705385 - 0.0976556 i
0.705381 - 0.0976568 i
0.913104 - 0.0977910 i
0.913099 - 0.0977921 i
0.913095 - 0.0977932 i
0.913091 - 0.0977943 i
0.913087 - 0.0977954 i
0.913083 - 0.0977965 i
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ated in the gravitational perturbations of the EEH BH.

On the one hand, in order to obtain concise analytical
expressions of Q. and A, it is necessary to expand r. in
terms of u as follows:

re=rep+rep+0 (,u2) : (77)
The equation 2, = r.f] reads
1075 =30M7° +200%7* —2u0Q* = 0 (78)

Substituting Eq. (77) into Eq. (78), one can find the fol-

lowing:
1
ro =5 (3M+ Jom? —8Q§),

160 (3M + \OMZ—8Q2) "
' 5(9M2 ~802 +3M \OM? —8QZ)

Te (79)

It is interesting from Eq. (79) that r. is actually the radi-
us regy of the circular null geodesic of the RN BH. One
can then also expand Q. and A, (given by Eq. (75) into
Eq. (76)) in terms of a as follows:

_ VMVCO_Q%_ Qg

Q. = p+0(?),  (80)

2 4075,V Mreo - O

and
) \/71+ Var (17Q% + )
T H
2r§0 80 \/Erzo (4Q% - 3Mrc0)2 (Mrco - Qg)

+0(i?), (81)
where parameters «; and a, are given as follows:

a; =27M* =33M> Q2 + 80

+9OM® \J9M? —802 ~TMQZ \/9M? ~8Q2,
@y =08 (57M2 — 4002 + 19M A[9OM? - 8Q§). (82)

It is clear from Eqs. (80) and (81) that the quasinormal
frequencies are related to the first order terms of the EH
parameter u. In the case of p =0, the quasinormal fre-
quencies can go to back to the case of the RN BH.

On the other hand, in the eikonal limit, for the effect-
ive potential Vl.(t) of master Eqgs. (40) and (71), one can

find that

Ve
lim —— =1, (33)

>0 Veikonal

where
12
Veikonal = f(r)_2 (34)
r

Therefore, in the eikonal limit, the effective potential Vi(i)
can be rewritten as follows:

Ve = zz(g +0(%)) (85)

According to Schutz and Will [35] (see also [55]), the
WKB formula can be applied for finding QNMs as fol-
lows:

Qo (ro)

V207 (r0)

where QBZ) =d?Qy/dr? and ry is the extremum of Qp. In
the eikonal limit, one can find that

=i(n+1/2), (86)

lZ
Qo =’ = f(1) 5. (87)
It is easy to find that
2f (ro) = rof’ (ro), (88)

It is clear that if Eq. (88) does coincide with Eq. (74),
then ry must coincide with r.. Moreover, the WKB for-
mula is given as follows:

L ffe0 e [ (d_zw)
wonm =1 7 i N Foo\az 7= ) (89)

One can find that Eq. (89) does coincide with Eq. (74). In
the eikonal limit, Eq. (74) is not violated in the gravita-
tional perturbations of the EEH BH.

In addition, the quasinormal frequencies cannot go to
back to the case of the RN BH when [ — . In other
words, in the eikonal approximation, the EEH BH and the
RN BH can be distinguished through the QNMs. This is
consistent with the case in which the Schwarzschild BH
and the RN BH have different QNMs in the eikonal limit
[56].
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C. Dynamic evolution of both axial and polar gravita-
tional perturbations

In EEH BH spacetime, we study the dynamic evolu-
tion of gravitational perturbations and late-time tails
through the finite difference method [57-60]. In light-
cone coordinates where u=t—r, and v=r+r,, we re-
write master Egs. (40) and (71) as follows:

Y 1

By imposing appropriate boundary conditions on u = u
and v = vy, Eq. (90) can be calculated by directly integrat-
ing numerically.

Figure 5 shows the dynamic evolution of both the axi-
al and the polar gravitational perturbations for different
multipole numbers [ =2,3,4, which shows that no in-
stability occurs. The period of oscillation of the gravita-
tional field and the descent speed of the peak decrease
and increase with higher multipole number /, respect-
ively. This result shows the consistency with the analysis
of the 6th order WKB method. In the scale of Fig. 6, the
dynamic evolution profiles of Vl.(i) for 41 =0,0.2,0.4,0.6
have close resemblances so we cannot distinguish them.
In other words, the effect of the EH parameter u on the

Log(®)

0 500 1000 1500 2000
t

. (—
(a)The potential V, )

Log(®)

0 500 1000 1500 2000
t

(¢)The potential Vl(_) .
Fig. 5.

periods of oscillation and the descent speed of the peak is
not obvious.

V. CONCLUSIONS

We briefly review the EEH BH. The investigation of
the QNMs has shown that the EH parameter y affects the
gravitational perturbations of the EEH BH. In the limit of
#=0 and Q. =0, the equation governing Z(_),Z;Jr) re-
duces to the pure axial (Regge-Wheeler) and the pure po-
lar gravitational (Zerilli) perturbations of a Schwarz-
schild BH, respectively, while the equation governing
Z9,Z{") reduces to pure EM perturbations. The EH para-
meter u enhances the imaginary part Re(w) for Vét), but
for Vl(i), the trends reveal the opposite. The EH paramet-
er u increases the real part Im(w) for Vf") and V;r), while
for Vé_) , the opposite is the case. In the gravitational per-
turbations of the EEH BH, the isopectrality remains un-
broken. In our future work, the isospectrality in the modi-
fied gravity theories will be discussed in detail. Addition-
ally, the charge Q. increases the impact of the EH para-
meter u. In the eikonal limit, the eikonal quasinormal fre-
quencies correspond to the properties of the null circular
orbit around the EEH BH, and the quasinormal frequen-
cies are related to the EH parameter . Finally, we study

Log(®)

0 500 1000 1500 2000
t

: +)
(b)The potential V2( .

Log(®)

0 500 1000 1500 2000
t

: +
(d)The potential V1( )

(color online) Dynamical evolution of fundamental QNMs of both axial and polar gravitational perturbations in the EEH BH
spacetime with M = 1, Q. = 0.5, = 0.6 and multipole numbers [ =2,3,4.
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Fig. 6.

0 500 1000
t

(a)The potential Vz(_) .

1500 2000

0 500

1000
t

(c)The potential V1(_) .
(color online) Dynamical evolution of fundamental QNMs of both axial and polar gravitational perturbations in the EEH BH
spacetime with M =1, Q. = 0.5,/ =2 and EH parameter x = 0,0.2,0.4,0.6.

1500 2000

the dynamic evolution of both the axial and the polar
gravitational perturbations. This shows that the period of
the oscillation in the gravitational field decreases with
higher multipole number /. In addition, the perturbation
with /=2 decays thw slowest. In Fig. 6, the dynamic

0 500 1000 1500
t

- +
(b)The potential V2( ).

2000

T —

0 500

1000
t

(d)The potential V1(+) .

1500 2000

evolution profiles are very similar, so it is difficult to dis-

tinguish them. In fact, the conclusion is consistent with

the case in which their effective potentials are almost

identical.
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