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Role of neutrino form factors in the energy loss rates of the
pair annihilation process
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Abstract: The stellar energy loss rates due to the production of neutrino pairs ete™ — (W,Z,y) — vV, are calcu-

lated using the minimal extension of the Standard Model with the electromagnetic properties of the Dirac neutrinos,

which takes the contributions of the neutrino charge radius, anapole moment, and dipole moments into account. We

show that the contribution of the electron neutrino's dipole moment is small compared with that of the charge radius.

The obtained results are also compared with the results obtained using the Standard Model.
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I. INTRODUCTION

Neutrinos are among the most fascinating and enig-
matic particles in nature. They are also the second most
abundant particles after photons in the visible universe.
Unlike photons, the interactions of neutrinos are ex-
tremely weak. Neutrinos are the lightest of all known
particles; they also do not interact with normal matter.
When they are produced in stellar interiors, they can eas-
ily absorb energy that would otherwise take much longer
to be transported to the surface by radiation or convec-
tion. The resulting energy sink in the center of the star
can dictate the star's rate of nuclear burning, structure and
evolution, and ultimately how its life ends. Any process
that produces neutrinos in stellar interiors acts as a sink of
stellar energy, as the mean free path of neutrinos is much
longer than the scale of the stellar radius. Neutrinos are
very important in high energy physics, astrophysics, and
cosmology [1-4]. Gamov and Pontecorvo were the first
to indicate the important role played by neutrinos in the
evolution of stars. Therefore, the neutrino emissions pro-
cess may affect the properties of matter at high temperat-
ures and also affect stellar evolution. The properties of
neutrinos have been increasingly researched over the last
sixty years. The possible electromagnetic properties of
massive neutrinos include a charged radius, an anapole
moment, a dipole magnetic, and an electric moment
[5—12]. Research on neutrino mass, whether they are Dir-
ac or Majorana particles, oscillations, and form factors
and especially on the magnetic moment is of great signi-

ficance for the choice of the theory of elementary
particles and for clarifying phenomena such a supernova
dynamics, stellar evaluation, and the production of sun
neutrinos. The energy loss due to neutrino pair produc-
tion is huge, and it is an important process in a wide
range of astrophysical problems, such as in the red giant
stages of stellar evolution, neutron stars, supernova col-
lapse, and for the cooling of white dwarfs [13—17]. While
the three thermal neutrino processes, namely plasmon de-
cay (¥plasmon = Ve +Ve), photo neutrino production
(e"+y—>e +v.+7,), and pair annihilation
(e-+et > v,+V,) are dominant, the bremstrahlung
(e+Z—>e +Z+v,+Vv,) and recombination processes
ontinuum > €hound T Ve T Ve) Play a smaller role in astro-
physics and cosmology. The energy loss rates of these
processes have already been calculated at various temper-
ature values and matter densities in different models
[18-29].

The most general expression for the effective vertex
of the interaction vvy is given by [5, 29-31]

T, =ey, F1(g») + (ie/2m,)7 g F2(q%)
+(e/2my)ouaq ys F3(q%)

dq
+e(7y—q—2" ¥sq"Fa(q®) (D
for the diagonal cases, where ¢! isthe photon mo-

mentum and Fj534(¢°) are the electromagnetic form
factors of the neutrino. Note that in the derivations of the
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decomposition in Eq. (1), the demands based on the
Lorentz invariance and the electromagnetic gauge invari-
ance are taken into account. The charge radius, magnetic
moment, electric dipole moment, and anapole moment
are defined as [8]

dF(4?
<P2>= 6—1(2 )

m
d > _er(qz = 0) = My,
q ny

¢°=0

e
Fi3(¢*=0)=d,,

3 Fy@*=0)=a. )
n,

A Dirac neutrino has a charge, a magnetic moment,
an electric dipole moment (which is absent in the CP in-
variant theory), and an anapole moment. However, a Ma-
jorana neutrino has only a diagonal anapole moment, as
its antiparticle is equal to itself (imposing the restriction
of the C-, -P, -T-properties). In addition, Majorana neutri-
nos can have as many transition moments as Dirac neutri-
nos.

There have been studies on the energy loss in the an-
nihilation processes in the frame of SM and the exten-
sion of SM [11, 12, 25, 26]. In Sec. II of this study, we
calculate the cross sections and energy loss rate of a pair
annihilation process in the extended SM, which includes
the neutrino electromagnetic form factor (especially the
charge radius and anapole moment) effects on the neut-
rino cross section and takes into account the yvv vertex
for the Dirac neutrinos [7-10, 29, 30]. To the best of our
knowledge this has not been previously studied. In Sec.
III, we present and discuss the numerical results.

II. CALCULATION

The lowest order diagrams for the process e (pi)+
et (p2) = v.(q1) +ve(q) are given in Fig. 1. The matrix
element of the process due to SM (Figs. 1 (a), (b)) in the
low energy limit are given by making a Fierz transforma-
tion, as follows:

et (py)

et (p2 7(g2)

: Z

W bemseemsane
e (p1) v(a1) "

L™
(a) (b)
Fig. 1.

iG
MM = %u@])yﬁ(l ~ys)(@)W(p2)Y (Cy ~ Cays)u(py),
3)

where Cy =1/2+2sin’6y and C,=1/2 for v,, and
Cy =-1/2+2sin?0y and C4=-1/2 for v, and v, be-
cause electron neutrinos interact with both W and Z bo-
sons, but muon and tau neutrinos interact only with Z bo-
sons (see the case in Fig. 1(b)).

The matrix element due to electromagnetic interac-
tions ( Fig. 1(c)) is given by [32]

MY = M@ +M('“), 4)

with

& h

4ra_
MO = = Sata -7

2
)[% <7 >]v(qz)v<pz)y”u(p1),

2
M® = —i%ﬁ(qna/“qa (1] V(@) 72y upy),

where « = e*/4n, <r, >=<r* > +6ysa, and u = u, +iysd,.
The effect of s is simply a multiplication of the above-
mentioned formulas for the ultra-relativistic neutrino by a
factor of —1 .

The total matrix element of the process is as follows:

M, = MW L M@ 4 AW, (5)

There is no interference between the helicity-conserving
(MM and MQ) and helicity-flipping (M®*) amp-
litudes. Combining the helicity-conserving amplitudes
and using ¢,J*(¢q) = 0, we find

The lowest order Feynman diagrams for the process e +e~ — v, + .. The symbols in the parantheses are the momenta of the

particles. The black disc in (c) represents the interaction arising from the effective neutrino interaction beyond the SM.
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MOM 4 pf© =%ﬁ(qmﬁ<1 g2
XY (C}, = Cays)u(py), (6)

where C}, = Cy +(V2ra/3Gp) <12 >.

When evaluating the cross section, we even con-
sidered the neutrino mass; however, we ignored it in the
calculations due to its negligible contribution. Then, we
obtained the following absolute total matrix element
squared

M2 =MD+ MOP 4 MO

G_é T (pr+p2)?
+(Cy+Ca)(p1-q)(p2- q2)
+(Cy = CaY(p2-q)(P1 - 2)
+mX(Cy* = Ca®) g1 - q2) }.- (7

=G12:{ Y (2 d2)(6]1 “q2)(q2-p1)

Squaring M,, summing and averaging over the spins,
and integrating over the final momenta by using Lenard's
formula

d3q1 d3q2 4 1
— 5 _ _ V= —1(2 v uy 2 , 8
f2W1 2, (q—q1 -9, 45 572+, ()

we have
1 1 f d3q1 d3q2
oV = (54
(271')2 4E1E2 2W1 2W2
2
487TE1E2

+(Cy2 4 CaD) [ 2(p1 - p2) +3m(p1 - p2) + i

(Pr+p2—q1-2) ) IMP
s

{8“—’;@3 +d2)2m+ py - p)
GF

+12(C}* - Ca% [mﬁ(pl “P2) +mﬁ] }
©)

where E, and E, are the energies of the electron and
positron, and vV is the electron-positron relative velocity.

The rate of the energy loss per cubic centimeter per
second Q arising from the pair process depends not only
on the cross-section (o) but also on the available densit-
ies of electrons and positrons. It is given by

_ 4 &’pi
(2 f expl(E1 —pe)/ksT]+ 1

v d3P2
expl(Ez + ) /kpT]+ 1

(E1 + Ex)vo, (10)

where o is the process cross-section and

1
expl(E12 Fue)/ksT]+1

is the Fermi-Dirac distribution function for electrons/
positrons, ., is the electron chemical potential, T is the
stellar temperature and kg is the Boltzmann constant. We
will assume that the star consists of a completely ionized
gas in thermal equilibrium at a temperature 7 with a dens-
ity p.

Now, according to [17], if we define A= (kgT)/m,
and v =y, /(kgT) where m, is the electron mass, then we
will get the function

0o 2n+1,,2 -2

(x*=a77)
G*(A, =13+2"f AP 1
n (L) e xexp(xiv)+1 (1

The energy loss rate for all values of 1 and v in Eq. (10)
can be written in terms of the integrals given in Eq. (11) as

_%{ 12na

1875 | GZm?
+GEGT |+ 2C) +CaD[S(GEGT, ), + GGy )
+7(GyG ), +GyGip) = (GIGEy ), + GG )
+8(G1 Gy + GTGy )| +36(C1% = Ca?)

(,U% + dg)[z(Gngl/z + GEth/z) + GEGT/z

x|G5GT, )0+ GGty ), +GoGi +GgG;/2]}. 1)

Unfortunately, these integrals cannot be calculated
analytically for any values of 4 and v. We evaluated them
for special ranges of the temperatures and densities. In or-
der to compare the results with previously obtained ones
in the SM for electron-positron pair annihilation, we eval-
uated Q in various regions of A and v, and also calculated

. R Q-QM
the ratio GW = QT
In region I (p<10°gr/cm?, 3x103<T <3x10° K);

A< 1, v < 1/ (nonrelativistic and nondegenerate case)

2

G an
Q = _F 6T3e—2mu/T 2 +d2 + C/2 , 13
1 7.[4 me Glz:mg (:uv v) ( )

and in region II (10* <p<10°gr/cm?, T <3 x 108 K);
A< 1, 1/A<v <2/ (nonrelativistic and mildly degener-
ate case)
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SM ~ ASM 2 o
Q[ QII CV

Similarly, in region III (107 gr/cm® < p, 6x 10’ K < T);
A< 1, 1 < Ay (relativistic and nondegenerate case),

VIRG2 7 \32
Q= g et (5 NA)(J) e |cy+cil.
(15)

in region IV (107 gr/cm’® <p); 1 < A, v< 1 (relativistic
and nondegenerate case)

HGIGE o1, 2
Qv = —5 (1) [cy+ 3. (16)
and in region V (103 gr/cm?® < p, 10'° K < T (at the low-
est), 10" gr/em® <p, 10" <T <10 K (atthe extend-
able)); 1 < 4, 1 < v (relativistic and degenerate case)

2

2G
Qy = 573F(T)4y3 (:#NA)e—ﬂ«/T lcv+c].  an
e

and again one can get

QH(L:L’_?S) 1.8x10%

1.6x10%
14 x10%]
12107
1.x 107
8. x 102
6.x10°2]
4.x1022]
2.x10°>]

1
2
<125 (10-#2em?)

&

(a) pv =0
Fig. 3.
moment (u, ) for the case p = 1.1x10° gr/cm?.

2
2
Cy+ Vana <r2>| +C3
5@111 _ (SQIV _ (5@\/ _ 3GF 1
SM ~ ASM  ASM 2 2 -
Qy @ & Cy+C;

Notice that the typical approximation for these regions
(II-V) only considers the terms for the dominant
powers, so there is no dependence on the y, and d, of the
neutrino.

III. NUMERICAL RESULTS AND DISCUSSION

As the magnetic moment contribution has been
already studied by many researchers ([25, 26] and refer-
ences therein), for the purpose of originality, we will try
to obtain the effects of the form factors numerically from
the proposed analytical expressions, especially the effect
of the charge radius (or anapole moment) of the Dirac
neutrino on the energy loss rates through the physical
process of pair-annihilation e* +e¢™— v, +7,.

As is known, this process is one of the main mechan-

erg

a( )

cm’ s

3.0x 107 |

2.5%10% |

2.0x10% |

1.5%10% |

1.0x10% |

5.0%x10% |

1 1 I I I 1 T(109K)
1.5 2.0 2.5 3.0 3.5 4.0

Fig. 2. (color online) Energy loss rate (Qr) as a function of

temperature (7) for the case u,=1.58x10""%uz and
<r2>=1.5x10"2cm?.

(b) <7r2>=0

(color online) The energy loss rate (Qr) as a function of v =p,/(kgT) and the charge radius (<2 >), and v and the magnetic
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Qur(535)
24 x 10

2.2 x 1022~
2.% 1022
1.8 x 1022

1.6 %1022

1.4 x 1022

2
<rz>(10-%2¢m2) 1 1, (1072 )

(a)
(color online) The energy loss rate (Qn) as a function of the magnetic moment (u,) and charge radius (< r2 >) for the case
T=3x108K and p = 1.1 x 10° gr/cm?.

Fig. 4.

isms of neutrino pair production relevant for neutrino lu-
minosity. We obtained the approximated formula for en-
ergy loss (Q) and the correction contribution in comparis-
on with those of the SM. We investigated both the degen-
erate and non-degenerate Fermi gas for the case d, =0
using the values of the parameters given in [25, 26,
33-37].

The dependence of Q; as a function of temperature
(7) is visualized in Fig. 2. It is seen that as the temperat-
ure increases, the stellar energy loss rate also increases.

In Fig. 3 the dependence of Qp on the pair of para-
meters of the charge radius with the degeneration para-
meter v (Fig. 3(a) in this case, the magnetic moment is
taken as zero) and the magnetic moment with the degen-
eration parameter v (Fig. 3(b) in this case, the charge ra-
dius is taken as zero) are displayed. As can be seen, Q de-
creases with an increase in v as v is inversely proportion-
al to the temperature 7. In addition, the effect of the
charge radius on the energy loss compared with the mag-
netic moment can be observed more clearly.

We have compared the effect of the change on the or-
der of the magnetic moment from 107! to 10~ on Qy
in Fig. 4. It can be seen that as the magnetic moment be-
comes larger, even the order of the energy loss rate stays
almost at the same level. Again, the effect of the magnet-
ic moment is more pronounced for the large value case
(Fig. 4(b)) and is dominant in the contribution obtained
for the standard model. In the case of the magnetic mo-
ment of the electron neutrino, the best bound is derived
from the globular cluster red giant energy loss
M, <3%10712up [25, 34, 38]. If one takes a magnetic
moment on the order of 10™"*up [39], the effect of the
considered formulation in the numerical calculation will
not be observed effectively. The contribution of the
charge radius still exists in the calculations.

Qu(#s)

i 2
Ho (107 1g)

2
<r2>(107*2em?)1

(b)

Q
(—m
oM

025

020

0.05

[ .. M > (10

L - P
0.5 1.0 L5 2.0 25

Fig.5. (color online) Theratio (6Q/QM)y; = (Q-QM)/@™)
as a function of the charge radius (< 12 >).

Finally, in Fig. 5 we display the behavior of 6Q/Q™
with respect to the charge radius for the cases III, IV, and
V. It has already been stated that the ratio depends only
on the charge radius due to the negligible effect of the di-
pole moment (u, ).

To conclude, in this study, we have calculated the
charge radius and magnetic moment effects numerically
for the electron neutrino. If 7 neutrinos are considered,
when their magnetic moments are 10 times greater then
of the electron neutrino, the effect of the indicated term
becomes dominant, and the contribution of the magnetic
moment becomes greater than the contribution of the
charge radius for this situation. As an extension of this
study, similar calculations can be done for plasmon de-
cay and photo neutrino production.
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