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Abstract: We investigate the gravitational wave spectrum originating from the cosmological first-order phase

transition. We compare two models: one is a scalar field model without gravitation, while the other is a scalar field

model with gravitation. Based on the sensitivity curves of the LISA space-based interferometer on the stochastic

gravitational-wave background, we compare the difference between the gravitational wave spectra of the former and

the latter cases obtained from the bubble collision process. In particular, we numerically calculate the speed of the
bubble wall before collision for the two models. We demonstrate that the difference between the amplitudes of these
spectra can clearly distinguish between the two models. We expect that the LISA with Signal to Noise Ratio = 10

could observe the spectrum as the fast first-order phase transition.
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I. INTRODUCTION

It was reported that gravitational waves (GWs) from a
binary system comprising two black holes were directly
detected, in which the dominant portion of the GWs was
emitted just before the collision [1, 2]. We have now
opened a new window toward an unknown area that has
not yet been investigated. Furthermore, we have a new
opportunity to observe the past event of the universe,
which took place in the regime with the strong gravita-
tional field. Recently, GW detection has become a new
challenge [3, 4], especially both in astrophysics and cos-
mology. Some novel topics are garnering more attention,
including the GWs obtained from the pre-inflation era, in-
flation era [5—10], gravitational waves that could origin-
ate from the electroweak phase transition era [11-16],
and others [17-21].

The origins of the stochastic gravitational waves
background (SGWB) have diffrent types of possibility.
The first one is the SGWB induced nonlinearly by
curvature perturbations, which is strongly related to prim-
ordial non-Gaussianity [22]. The second possibility is that

of non-perturbative effects, such as sound speed reson-
ance [23, 24] or heave field resonance [25, 26], which
could significantly enhance cosmological gravitational
waves at a certain frequency band. The cosmological
first-order phase transition was first studied by the scalar
field model in [27, 28]. In addition, the effects of gravity
were considered in [29-39]. The authors studied the nuc-
leation process of a vacuum bubble with O(4) symmetry
in the Euclidean space. Owing to the tunneling, the in-
side is in a lower vacuum energy state (or the broken
phase), the outside is in a higher vacuum energy state (or
the symmetric phase), and the transition region becomes a
bubble wall. After the materialization of the vacuum
bubble, the analytic continuation is conducted from
Lorentzian to Euclidean signatures; eventually, the
bubble expands over spacetime. Immediately after that,
the procedure was applied to inflationary scenarios
[40—43]. In addition, the GW can be affected if multiple
vacua were involved [44, 45].

In previous investigations, the authors obtained the
analytic forms for the nucleation rate of a true vacuum
bubble and its radius. When gravity is considered, the
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nucleation rate increases and the radius decreases, com-
pared to those without gravity when the transition occurs
from the de Sitter space to the flat Minkowski space [29].
As illustrated in [32], the nucleation rate could increase
up to four times, provided it could have the physical
meaning.

The phase transition due to the thermal effect was
studied in [46, 47]. In this study, the Euclidean time be-
comes the inverse of the temperature; except for the time
in which an O(3)-symmetric vacuum bubble is generated,
and it evolves in the Lorentzian spacetime. It appears dif-
ficult to simultaneously obtain the analytic forms that in-
clude both the thermal and gravity effects. Some studies
have been conducted on O(3)-symmetric bubble with
gravitation [48—50]. We note that the nucleation rate of
O(4)-symmetric vacuum bubbles is more dominant than
those with O(3) symmetry [51].

In the thermal history of the Universe with the Stand-
ard Model of particle physics, the electroweak phase
transition was not the first-order but the smooth crossov-
er. However, we expect that the baryon asymmetry in the
Universe could explain why the first-order phase trans-
ition must occur [52— 60]. Typically, when the elec-
troweak phase transition was in the first-order, it was ap-
plied with its temperature, ignoring the influence of grav-
ity. Although we cannot obtain correct analytic forms of
the nucleation rate and the bubble radius with O(4)-sym-
metry at the time of the electroweak phase transition with
the finite temperature when considering the gravity, we
can expect that the gravity effect will trigger more possib-
ilities of the GW detection via space-based laser interfer-
ometry, such as Laser Interferometer Space Antenna
(LISA).

LISA is a space probe that has been proposed to de-
tect and accurately measure the GWs in the sub-Hz re-
gion from astronomical and cosmological sources. The
LISA mission is designed to directly observe the GWs via
laser interferometry. If an energy density more than 107
of the total energy density is converted to the gravitation-
al radiation at the time when that is generated, LISA is
sufficiently sensitive to detect the cosmological stochast-
ic GW background that occurs in the range of energy
from 0.1 TeV to 1000 TeV [3, 11]. We focus on the de-
tection of the GWs by the bubble collision that LISA
could potentially probe, which was generated by the first-
order phase transition (at the electroweak scale) in the
early universe.

In this study, we introduce the model-dependent para-
meters of the GW spectrum and solely compare the para-
meters of the scalar field [19] and those of the gravity
cases. We describe a bubble nucleation rate and its radius
when the gravity effect is strong, and demonstrate the
collision phenomenon of two vacuum bubbles by adopt-
ing double-null formalism in Section II. We compute the
GW spectrum. We compare the GW spectrum from the

two models with the LISA sensitivity in Section III. Fi-
nally, we summarize our results and discuss relevant mat-
ters in Section I'V.

II. MODEL-DEPENDENT PARAMETERS IN
GRAVITATIONAL WAVE SPECTRUM

Generally, when a bubble wall eventually collides
with another bubble wall, the kinetic energy disappears
and converts into GWs and thermal particles. The colli-
sion of vacuum bubbles was considered for the first time
in [61] without gravity, in which the collision of the two
bubbles was studied. When gravity was considered, it
was studied in [62]. In the bubble wall collision process,
the scalar field repeatedly oscillates backward and for-
ward between false and true vacua on the potential, while
reducing the kinetic energy of the expanding bubble wall.
Eventually, as the collision process gradually ends, it will
settle and disappear within a true vacuum; the first-order
phase transition is then completed. By adopting numeric-
al computations, it was investigated in full general re-
lativity [63—66].

The GW spectrum from the bubble collision depends
on four main parameters [12, 13]: the temperature 7.,
bubble wall speed v,,, strength parameter a, and trans-
ition rate f.

T, is the temperature when GWs are produced from
bubble collisions, and the nucleation temperature 7, ~ T.
is adopted for the typical transition without significant re-
heating. We follow this assumption in this study and take
the value T ~ 100 GeV.

The v, parameter represents the bubble wall speed
when bubble walls collide. If the bubble expands at the
mean-field level, the bubble wall can accelerate without
any bound, which implies that the maximum velocity
(vy) of the runaway bubble wall will quickly approach
the speed of light. We will consider the numerical value
of v,.

The strength parameter o is the ratio between the va-
cuum energy density py,c and that of the radiation bath
prq» Where p* = g.7°T}/30. Under the T, parameter, the
g« represents the relativistic degrees of freedom in
plasma. We will assume that @ ~ 1 and g. ~ 106.75 in the
following discussion.

The transition rate of the vacuum bubble, i.e.,

_ dB
Pl

will differ between the scalar field only and that with
gravity cases, where B denotes the Euclidean action,
which will be considered in the next section. In the phase
transition by the thermal effect, the vacuum bubble nucle-
ation rate is not a time-independent constant. Therefore, S

075101-2



Gravitational waves from the vacuum decay with LISA

Chin. Phys. C 46, 075101 (2022)

is non-zero, which is given by the Lorentzian time deriv-
ative of the log function of the decay rate. Because we do
not know the analytic form of the nucleation rate with the
O(3) symmetry when considering both gravitation and
temperature simultaneously, we adopt the difference
between the cases with and without gravitation. We anti-
cipate this difference to be determined by f, even with the
temperature effect.

The ratio of the energy density inside and outside the
bubble also plays an important role in the GW spectrum,
which is given by ks = py/pvac. Because we do not calcu-
late the interaction of the scalar field with plasma in this
work, the energy of the false vacuum can turn into the
true vacuum without loss. Hence, «, will be considered
as 1.

A. Decay of a metastable state and a vacuum bubble
nucleation

We consider the action

S=f \/—_gd“x[i_lvafﬁv(%—v((ﬁ) +S8pa, (1)
M 2k 2

1
where « =87G, m,=— ~244x10'® GeV represents

K
the reduced Planck mass, g = detg,,,, and the second term
on the right-hand side is the boundary term [67, 68]. The
potential V(¢) has two non-degenerate minima defined as

[64]:
“Sa ), a5 o) (5 1)

V(p) = — —|=-0.55||—-1|dg¢, 2

@ S¢r Jo ot \or o ¢ @

where Vi is the false vacuum energy density and ¢; de-
notes the field value of that vacuum state. The free para-
meter S¢(= Vk/2¢;) canbe considered as the field dis-
tance between the true and false vacuum states. For the
electroweak phase transition that occurred at
T ~ 100 GeV, S has a value of about 107'¢. It is easy to
understand that tunneling will be difficult to occur if Sy is
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excessively large. In this study, we introduce new dimen-
sionless scaling variables as ¢=¢/10"%m, and
V=V/(10"®m,)*, and then adopt the conventions
¢ =h=1 for simplicity.

Figure 1 presents the potentials adopted in the numer-
ical computations. The left figure presents ¢¢ = 0.1, and
V¢ corresponds to 0.0001, 0.00005, and 0.00001, respect-
ively. The right figure presents ¢r =0.2 and V; exhibits
the same values.

Now, we describe the vacuum bubble nucleation rate.
The vacuum bubble nucleation rate per unit volume and
unit time is semi-classically represented as

F~Ae B, 3)

where the exponent B is the difference between the Euc-
lidean action of the instanton solution (S g‘) and the back-
ground action itself (S), i.e.,

B=Sp -5} )

The prefactor A originates from the first-order
quantum correction [69—72]. One can further take the
0O(4) symmetry for both the scalar field and the space-
time metric expecting its dominant contribution [51]. The
Euclidean metric is given by

ds® = dp? +p*(n) (d)(2 + sinz)(dﬁg) . (5)

According to [28, 29, 32], the thin-wall approxima-
tion scheme can be assumed to evaluate B. The validity of
the approximation has been examined [73—75]. In this ap-
proximation, the Euclidean action can be divided into
three parts: B = Biy + Byan + Bowt. The configuration of the
outside the wall will not be changed before and after the
bubble formation. Therefore, B, = 0. Hereafter, we only
need to consider contributions from the wall and the in-
side part. The contribution of the wall is

0.00030 — T
— Ve=10.0001, $:=02
V, = 0.00005, §.=02

(00025 o = =
— Ve =0.00001, $:=02

0.00020
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Fig. 1. (color online) Potential with different value of ¢ and V from Eq. (2).
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Byan = zﬂzﬁSSO’ (6)

where the surface tension of the wall, S,, is a constant
and p denotes the radius of the bubble [29]. The contribu-
tion from inside the wall is given by [30, 32]

If the strong gravity effect is considered [32], one
could obtain the relation

3kS 2

Vf_ Vt = 4

®)

in the de Sitter background. The radius of the wall p can
be obtained by extremizing B. The above relation corres-
ponds to 12=xp2(Vi—Vy), where p,(=3S,/(Vi—W))
denotes the bubble radius in the absence of gravity. If we
take V; =0, the radius and the nucleation rate of a vacu-
um bubble can be simplified as

- Po B,
= —, B:—’ 9
=7 7 9
where
277284
= 2o (10)
2V}

is the nucleation rate in the absence of gravity.

For the O(3)-symmetric bubble with gravitation, the
nucleation rate and radius of the bubble are not clear
when using the thin-wall approximation. It should be
noted that a study has been conducted on the bubble with
0(3) x O(2) symmetry [76]. Hereinafter, we adopt the res-
ults obtained from this study. This one provides a distin-
guishable difference in the exponential suppression factor
B between two models, one corresponds to the event
without gravitation, and the other corresponds to the
event with gravitation. The inverse time duration of the
phase transition corresponding to the nucleation rate of an
O(3)-symmetric bubble is given by [12, 77]

dB I
=—-—| ==, 11
dt |z, T (1)

Hence, we obtain the following relation of f at the time
of the bubble collision:

Bs = 4Bs+G (12)

where the subscript "S" denotes the event without gravita-
tion, while "S+G" denotes the event with gravitation. This
result is one of the reasons why the GWs spectrum can be
distinguished between the scalar field only and that with
gravity cases (Section III), although the real value of the
ratio will be smaller than 4 times.

B. Bubble collision

Now, we consider two identical vacuum bubbles with
a preferred axis; then, the geometry is reduced to the
0(2,1) symmetry by the existence of the axis [61, 62, 78,
79]. To describe the bubble collision phenomenon, we
adopt the double-null formalism [64, 80]. We choose the
metric ansatz for the hyperbolic symmetry:

ds? = —a?(u,v)dudv + r*(u,v)dH?, (13)

where 7 denotes a timelike coordinate, dH? =dy’+
sinh? yde?, while u and v correspond to the left- and right-
going null directions, respectively. Note that typical black
hole type solutions correspond to m < 0; hence, we are in-
terested in the case with m < 0. Accordingly, we follow
the procedure with some conventions and equations of
motion used in [64]. The mathematical and numerical de-
tails of the simulations are summarized in Appendix.

In this paper, we briefly describe initial conditions
along initial u = 0 and v = 0 surfaces.

Initial v= 0 surface: we adopt

o U < Ushell »
|6 — B¢| G+ @1 tshen < u < tghen + A,

o Ughell + Au < 1,

S (u,0) =

(14)

where G(u) is a function that pastes from 1 to 0 in a
smooth manner:

Gy =1 —sinZ[W} . (15)
Initial u= 0 surface: We choose
l}f V < Vshell »
SO.v) =1 |6r—¢|GO) =G vanen SV < vepen +Av,  (16)
b Vhell T AV < v,
where
GO = 1—sin2[”(V;ij‘e“)] . (17)

075101-4



Gravitational waves from the vacuum decay with LISA

Chin. Phys. C 46, 075101 (2022)

In order to specify a false vacuum background, we
impose 7(0,0)=rg and S(0,0) = ;. The two parameters
ro and ¢ are free parameters and the value of ¢¢ can be
considered as the field distance from the true to false va-
cuum. As a model parameter, we consider ¢; =0.1 and
0.2 in this work. In addition, we select ryp = 1 in the next
calculation. Regarding the detailed meanings of the
boundary conditions and model parameters, refer to Ap-
pendix and [64].

Figures 2 and 3 present the numerical results of the
bubble collisions. The red-colored region indicates large
vacuum energy while the blue-colored region represents
the region of low potential energy. We can consider them
as false vacuum and true vacuum regions, respectively.
As the wall oscillates, the oscillating field amplitudes de-
crease (upper right), and eventually, the wall disappears
(lower left). As the tension of the shell increases, the ini-
tial expansion of the shell gradually slows down. For the
scalar field with the gravity case, the field oscillation be-
comes faster than that of the scalar field without the grav-
ity case.

We also obtain the velocity of the bubble wall before

collision from Figs. 2 and 3. We approximately con-
sidered the slope of the yellow line and calculated the ve-
locity by

_Av-Au
T AV+AU’

(18)

Vw

The numerical results for v,, in different potentials are
presented in Table 1.

The Figure 4 presents the velocity evolutions of the
bubble wall for the scalar field and that with the gravity
cases. From the same set of potentials (including ¢¢ = 0.2
and V¢ = 0.00005), the scalar-only case has the faster ve-
locity of the bubble wall than that with gravity case be-

Table 1. Velocity of bubble wall before collision in scalar
with gravity field and scalar field with ¢; =0.2.

Value of v,, V¢ =0.00001 V¢ =0.00005 V¢ =0.0001
Scalar field 0.895 0.867 0.620
Scalar with gravity field 0.875 0.761 0.578

Scalar field with ér= 0.2, ro= 1

0.2100

1

—0.1375
006500
ez

0 DA000

V= 0.00001
Fig. 2.
and 0.0001, respectively.

V= 0.00005
(color online) Bubble percolation with spherical symmetry: for ¢ =0.2 and ry =1 at scalar field with V¢ = 0.0.00001,0.00005,

Vi=0.0001

Scalar with gravity field with ¢r= 0.2, ro= 1

02100
LB

—0.1375

V= 0.00001
(color online) Bubble percolation with spherical symmetry:for ¢ =0.2 and ry=1 at scalar with gravity field with
Vr = 0.00001,0.00005, and 0.0001, respectively.

Fig. 3.

Ve=0.00005

V= 0.0001
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1— s sf=0.2, vf=0.00005
0.6 1 $+G 5f=0.2, Vf=0.00005
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r

Fig. 4.
locity. The r is a timelike coordinate. The setting of potential

(color online) Time evolution of the bubble wall ve-

are same in scalar-only and scalar with gravity cases, which
have ¢s = 0.2, ro = 1, and V¢ = 0.00005, respectively.

fore the bubble collision. The abscissa » here is defined
by r = v+u, which could not correspond with real-time in
cosmology. Before the collision, the numerical result of
velocity exhibits v,, = 0.867 at approximately r =75 for
the scalar field case, while v,, equals to 0.761 for the case
with gravity, as illustrated in Table 1. The label "S" in the
figure implies the scalar-only field case, while the adop-
ted "S + G" represents the scalar with gravity case. An-
other information we can confirm from this figure is that
the case of "S +G" exhibits a later collision time than the
scalar-only case, and the frequency of the oscillation is
faster than that in the scalar-only case.

0.3 1 — =
— S ¢f=0.2 Vf=0.00001
S+G ¢f=0.2 Vf=0.00001

021 ———————————

- /’fV\ 0

0.3 1 2
— S #f=0.2 Vf=0.00005

S+G #f=0.2 Vf=0.00005

. | I

0 20 40 60 80 100 120 140
r

(c)
Fig. 5.
field and the "S" is the scalar field only case.

To understand the time evolution for the vacuum state
of the outside of the wall as the scalar field on the poten-
tial, we select one point in the false vacuum and compare
the oscillation of the point in different cases (refer to
Fig. 5). When the two bubbles collide, the potential for
this point will trun to the true vacuum. Then, the poten-
tial will oscillate back to zero. In the same sub-figure of
Fig. 5, the initial potential is also identical for the "S" and
"S +G" cases. The comparative is interesting that the mo-
ment of two bubbles collision in "S +G" will always be
later than the scalar-only case. In addition, the potential in
the "S +G" case will oscillate quicker than that in the
scalar-only case. We can compare the potential by differ-
ent values of ¢ in (a) and (b) (also (¢) and (d)). For (a)
and (c) (also (b) and (d)), we can observe the that the fre-
quency of oscillation will significantly depend on the
parameter V;. The higher value of V; will lead to a faster
oscillation.

III. COMPUTATION OF GRAVITATIONAL
WAVE SPECTRUM

One of the most important assumptions for the GW
spectrum from bubble collision is that GW does not de-
pend on the form of the potential [81]. In this section, we
provide a comprehensive general derivation process for
the GW spectrum.

03 ———~ ~ &
— S f=0.3Vf=0.00001

S5+G@f=0.3 Vf=0.00001

0.2

0.1

0.0 \

03 s —

o
T

— S $f=0.3 Vf=0.00005

-0.1 o v
S+G #f=0.3 Vf=0.00005

0 20 40 60 80 100 120 140
r

(d)

(color online) Time evolution of the potential for one point from the false vacuum. The "S + G" means the scalar with gravity
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A. Formalism of gravitational wave spectrum

First, we allow the background spacetime to be dy-
namical, which implies that we would like to define GWs
as perturbations over some curved and dynamical back-
ground metric g,,. Therefore, one can write g, = g+
hyy with |k, | <1 [82]. The "coarse-grained" form of the
Einstein equations can be given by

1. .

_ B 8nG
R,uv - EgﬂvR = (

— (T + 1) (19)

where the equation determines the dynamics of g,
which is the long-wavelength part of the metric. 7, is the
matter energy-momentum tensor in terms of the long-
wavelength, and the tensor 7,, here does not depend on
the external matter, but on the gravitational field itself.
These two tensor terms are also quadratic in terms of &,
With the gauge invariant energy dens1ty in terms of

the amplitudes 42 and h2 setting as (% = = G(h2 +h2),

we compute the corresponding energy flux straightfor-
ward. Because the energy-momentum tensor can be ex-
pressed by the GWs, the total energy flowing through the
surface of dA is written as

dE a3

+00
— = de(h + 2. 20
A 167rGLO e+ 150 (20)

In the next calculation, we focus on the determina-
tion of the GW spectrum. Based on Eq. (20), the funda-
mental equation for the GW spectrum can be considered
with the angle dQ as

dE 23 T,
ol 16HGLO de (i3 + )

G N e wk\ -, [ wk
:WAij’kl(k)\fo‘ doww Tu(a) T) kl(w,T),

1)

where dw indicates the frequency interval. The energy
spectrum per solid angle is given by [83]

d’E
dwdQ

=260 Aiju (k) Tj (k. 0) T (kow),  (22)
where A;jx in Eq. (22) is the GWSs' projection tensor, and
the full form is expressed as [84]:

i (k) =606 jom — 2k e + 5 ki jherke ~ 501;lm

| =

~ 1 PN
—kkm —Omkik ;. 23
+2 I +2 I j (23)

The instantaneously radiated power is significantly

more useful because the total radiated energy is formally
divergent. In the Fourier space, the stress-energy tensor is

A w):%fdzeiw’z:fs" dQ

X f drPe kDT (i, (24)

where the x, is the position of the bubble in the nucle-
ation, and S, is the un-collided region of the n-th bubble.

In the first-order phase transition, 1/8 denotes the
duration roughly, which will be set as the frequency of
GWs. Accordingly, we can write w ~ 8 for the character-
istic frequency of the radiation. Meanwhile, we also con-
sider the single bubble radius as R in the below function,
and this can determine the scaling of the radiation spec-
trum amplitude:

R,
1
f drr* T (r,0) ~ —x,x]R Kp€ = lexJR Kpawr,  (25)
0

where «, is the efficiency factor introduced previously
and the subscript 1 denotes the quantity in the symmetric
phase [85].

We ignore the e “k(+% term as 1 in Eq. (24) and
consider the length scale as R ~v/B. With the number of
bubble setting as N, we can obtain the approximation of
GW spectrum in the bubble collision time as

% o« NG (R*kse) . (26)

In addition, this equation can be simplified as
Lol

The fraction of energy liberated into the GW radi-
ation per frequency octave is

=K
dw Etot ¢

dE 1 H.,
QGW* =w oW 2 (

2 2
F) (ﬁ) Aw/B.ve), (27)

where Ey,. denotes the total vacuum energy in the sample
volume, which is given as Ey,. ~ NR*e and the A is a di-
mensionless function term, which can be defined as

w % 3Vgﬁ5
A(ﬁ’ ") B 2nV
refer to Ref. [83] for the definition of C;;. The star sub-
script (*) refers to the means at the time of the first order
phase transition happened. The Hubble parameter at the
time of the phase transition is

f dkAijimC;,Cim, in which one can
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2= 81Gpraa 87r3g*Tj<1
90m2,

2= (8)

. A \%4
One can obtain f dkA; j,lmejsz o« NB8 o 3_ﬁ5 can be
%
b

obtained in the quadrupole approximation, if the integra-

tion is performed over a large volume ¥ of the Universe.

After obtaining the spectrum of Qgw. in the moment
of bubble collision, we are going to calculate the corres-
ponding signal in the present Universe. We consider that
the entropy per comoving volume is always the same in
the history of the Universe, and the relationship can be set
as S « R3g(T)T3. At the temperature T, the number of
relativistic degrees of freedom was expressed in g(T.).
Hence, we can obtain

R. _
R _s0x10 14( (29)

100)”3(1Gev)
0 9

8« T,

where g.=106.75 was considered at an electroweak
scale.

The f. parameter denotes the characteristic fre-
quency at the transition, and the characteristic frequency
fo today can be considered as [83]

1071 — Scalar field
- Scalar with gravity field
—— LISA face sensitivity

107° i =
—— Nominal PLS (3yrs SNR =10)
5 1078
g
=
10*10
10712
1075 107 1073 1072 107t
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where / is the current Hubble parameter result. Note that
the quantity Qgwh® is independent of the actual Hubble
expansion rate. Hence, that quantity is often adopted,
rather than Qgw alone.

We can parameterize the spectrum of the GWs (the
energy density spectrum) from bubble collisions by

5 (s

(32)

1/3
Qow(HR? =1.67x107° ( 100) (
8«

where the parameter B/H, controls the GW signal. A
small value of B/H, means the fast first-order phase

0.11v3
transition. A = —bz is obtained from the numerical
0.42+v;
. 3.8(f/fo)*® .
result in [83] and S(f) = ————————— parameterizes
[83] o)) T 2.8/ fo) 8 p
1079 — Scalar field
- Scalar with gravity field
10-6 { — LISA face sensitivity

—— Nominal PLS (3yrs SNR =10)

10°®
N
I3
&
T 10710
10124 7
10*14 4
1075 107 1073 1072 107t
f[Hz]
1074
1077
10710
N
I
a
T 107
107 —— Scalar field
- Scalar with gravity field
10719 —— LISA face sensitivity
=—— Nominal PLS (3yrs SNR =10)
107° 1074 1072 1072 107t
f[Hz]

(color online) Gravitational wave spectrum considered the contribution from bubbles with ¢ = 0.2 and V; = 0.00005. The value

of B,/H. are 50, 100, 800, and 1500, respectively. The broken power law sensitivity curve derived from the noise model we adopt
(green curve) and the corresponding PLS for 7= 3 yr with SNR= 10 (red curve) v5 = 0.867 and v3*¢ = 0.761 in this figure.
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the spectral shape of the GW radiation.

B. Gravitational wave spectrum with LISA

In this study, we solely focus on the contribution of
the scalar field without the sound wave and turbulence.
We compare the GW spectra both from the scalar field
model and that with gravity by the LISA sensitivity. The
bubble collisions will produce a stochastic background of
GWs. The stochastic backgrounds are random GW sig-
nals due to the superposition of many independent uncor-
related sources that cannot be resolved individually [86],
which can be tested by the space-based interferometer
LISA. The sensitivity result of LISA for a stochastic
gravitational-wave background was also presented in
Fig. 6. The redline represents the sensitivity curve de-
rived from the noise model we adopted in LISA. We con-
sider the sensitivity of LISA with several parapmeters
[87, 88]. We used an observation time of 4 years with
75% efficiency, meaning that we set 7' = 3 years. In the
figure, the Signal to Noise Ratio (SNR) was in fact at ap-
proximately 7, which confirms that the choice SNR =~ 10
for the gravitational wave signal is feasible, as depicted
by the purple line and also found in [89].

The comparison of results can be presented in Fig. 6.
In this figure, the B;/H. values are 50, 100, 800, and
1500, respectively. Meanwhile, the corresponding values
for cases with gravity are 12.5, 25, 200, and 375, which
are the same as the relationship in Eq. (12). The larger
value of B;/H. implies the relatively slow first-order
phase transition. In slower first-order phase transitions,
most of the vacuum energy is released into the accelera-
tion of the bubble walls [14]. The value of T, is 100
GeV, and for v,, we adopted the case for ¢; =0.2 and
Vi =0.00005.

These results are easy to read from Fig. 6. First, the
GW spectrum for the scalar with gravity case has a larger
amplitude than that in the scalar-only case at the same
frequency. When gravity is considered, the peak fre-
quency shifts to the upper left. In particular, when
Bs/H. = 1500, the S +G case can be tested by the LISA
observation; however, the scalar-only case exhibits our
range. This suggests that the scalar with the gravity case
will be tested easier than the scalar-only case in the same
original setting, which implies the possibility for distin-
guishing the two cases in the LISA observation. This res-
ult is mainly based on the different contributions from the
[ parameter.

IV. SUMMARY AND DISCUSSIONS

In this study, we investigated the gravitational wave
spectrum originating from the bubble collision and com-
pared the difference of the parameters ¢, f, and v,, in the
scalar-only field and that with gravity field cases. We
compared the evolution of v,, from numerical simulation.

In the same initial distance, the v,, value in the scalar with
gravity case will always be smaller than the scalar-only
case, and v,, will also be reduced with a larger potential
energy difference. The ratio Bs/Bs.c is approximately 4
times in the Minkowski space, and this difference in S
triggered the main differences in the peak and the amp-
litude of the gravitational wave spectrum. In the compar-
ison of gravitational wave spectrum produced from the
two fields in the vacuum-only state, we can observe that
the amplitude in the scalar field case with gravity can ex-
hibit a larger value than that in the scalar-only field case.
With this higher amplitude, we expected that the LISA
with SNR=10 could observe the spectrum as the fast first-
order phase transition. Compared to previous studies that
did not consider the effect of gravitation, our present
study considered the effect of gravitation. At the elec-
troweak phase transition, it may be believed that the ef-
fect was not significant, but we considered the case when
the effect was maximum. Hence, we expect that the grav-
itational wave spectrum will be relatively above, but not
significantly in the line without the gravitational effect.
However, that will be between the line without the gravit-
ational effect and that with the strong one. We would like
to emphasize that we have provided an upper bound in
this paper, even though the gravitational effect was negli-
gible at the electroweak phase transition era.

In one of our previous works, we investigated gravita-
tional waves from cosmic bubble collisions, in which
time-domain gravitational waveforms were directly ob-
tained by integrating the energy-momentum tensors over
the volume of the wave sources [78]. Both the time- and
frequency-domains of the gravitational wave analysis in
the context of the bubble collisions might be interesting
not only theoretical but also from the experimental per-
spective. Based on this work, along with the previous
work, it is believed that they will be in a mutually com-
plementary relationship to investigate the cosmological
gravitational wave spectrum.

It will also be interesting to study bubble collisions
not only in Einstein's gravity but also in various other
models including string-inspired scenarios [90— 92] or
modified gravity models [93—95]. We leave these pos-
sible directions for future research topics.
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APPENDIX: BRIEF REVIEW OF THE DOUBLE-
NULL SIMULATION

The generic review of the double-null simulation is in
Refs. [80, 96]. For convenience, we first define

Varg=S. (A1)

v (A2)

to present all equations as a set of first-order partial dif-
ferential equations. In particular, for examples to study
vacuum bubbles in double-null simulations, refer to Refs.
[97-99].

After a simple derivation, we obtain the Einstein
tensor components

2
Gu = _; (fu —2fh), (A3)
1 2
Gu = ﬁ(ztrf,v—a +4f£g). (A4)
2
G = =~ (8.=284). (A3)
r? S v
GXX = —4¥ (d’u + 7) s (A6)

and the energy-momentum tensor components

1

T = — W2, (A7)
4
aZ

Tiv =5 V(S). (A8)
1

TS =—2%, (A9)
4

r2

T = WZ-r2V(S). (A10)

2na?

Therefore, the Einstein equations are as follows:

fu=2fh—4nGrT},, (A11)
gy =28d—4nGrT},, (A12)
> fg "
fv=8u=—Kk——"—=+4nGrT,,, (A13)
dr r
21Ga? v
hy=d, =-S5, T (Al4)

Here, G is the gravitational constant; if we take G =0,
this corresponds to the scalar-only field case without
gravitational back-reactions. The scalar field equation be-
comes

w
Zu=W, === _7a*V'(8). (A15)
r

By comparing with the static metric, we can determ-
ine a principle to provide the physical boundary condi-
tion. The static metric form is

d 2
ds? = —~N*(rdi? + N%() +r2dH?, (A16)
r

where

2M  8nVi?
N2=—(1+—+ d ’). (A17)

For typical hyperbolically symmetric cases, ¢ is the
space-like parameter and » denotes the time-like paramet-
er. By comparing to the double-null metric, we obtain

4r 1,

N? = (A18)

a?

Hence, one can choose r, >0 and r, > 0. The Mis-
ner-Sharp mass function in the double-null coordinate is

4 ur.,v 8
mu,v) = —= 1= 22 +Lvr2). (A19)

2 a? 3

Note that usual black hole type solutions in
Minkowski vacuum will occur for m <0 limit; hence, in
this study, we are interested in m < 0.

Finally, boundary conditions along initial u =0 and
v = 0 surfaces are assigned as follows.

v =0 surface: we first adopt S(«,0). Then, we know
W(w,0)=S ,(u,0). From this, h(u,0) is given by Eq.
(A11), as f, =0 along the in-going null surface. Then,
using h(u,0), we obtain a(u,0). In addition, we further ob-
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tain d from Eq. (A14), g from Eq. (A13), and Z from Eq.
(A15).

u =0 surface: we first adopt S(0,v). Then, we obtain
d(0,v) from Eq. (A12), as g,(0,v) =0. By integrating d
along v, we have a(0,v). In addition, we further obtain 4

from Eq. (A14), f from Eq. (A13), and ¥ from Eq. (A15).

We used the 2nd-order Runge-Kutta method. The

consistency and the convergence checks were analyzed in
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