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Abstract: Understanding the thermodynamic phase transition of black holes can provide deep insights into the fun-
damental properties of black hole gravity and help to establish quantum gravity. In this work, we investigate the
phase transition and its dynamics for the charged EPYM AdS black hole. Through reconstructing Maxwell's equal-
area law, we find there exists a high-/low-potential black hole (HPBH/LPBL) phase transition, not only the pure
large/small black hole phase transition. The Gibbs free energy landscape (G ) is treated as a function of the black
hole horizon, which is the order parameter of the phase transition due to thermal fluctuation. From the viewpoint of
G, the stable HPBH/LPBL states correspond to two wells of G, which have the same depth. The unstable interme-
diate-potential black hole state corresponds to the local maximum of G . Then we focus on the probability evolu-
tion governed by the Fokker —Planck equation. Through solving the Fokker —Planck equation with different
reflection/absorption boundary conditions and initial conditions, the dynamics of switching between the coexistent
HPBH and LPBL phases is probed within the first passage time. Furthermore, the effect of temperature on the dy-
namic properties of the phase transition is also investigated.
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I. INTRODUCTION

In 1983, the Hawking—Page (HP) phase transition of
an AdS spacetime was proposed by Hawking and Page,
which describes the evolution of spacetime in different
phases [1]. Namely, with increasing temperature the dom-
inant configuration starts from the pure thermal radiation
phase, then transitions to the coexistent phase with an
AdS black hole and thermal radiation, and finally to a
stable black hole. Witten explained it as a confinement/
deconfinement phase transition in gauge theory in Ref.
[2]. It could also be understood as a solid/liquid phase

transition [3] by regarding the cosmological constant as

A (n—-1)(n-2)

pressure¢ P=——=————

) T 16712

able is the thermodynamic volume. Subsequently the

phase transition in the extended AdS/dS phase space has
been widely considered [4—42].

The phase transition of an ordinary thermodynamic

system is a result of the competition between micro-com-

, whose conjugate vari-

ponents. Since black holes have similar thermal behavior
to an ordinary thermodynamic system, the microstructure
of black hole becomes a hot issue. The authors in Ref.
[30] investigated the AdS black hole microstructure by
the Ruppeiner scalar curvature following the Ruppeiner
geometry [43]. The number density of the speculative
black hole molecules was introduced to examine its phase
transition and microstructure. This way of indicating dif-
ferent kinds of interaction between black hole molecules
by the different values of the Ruppeiner scalar curvature
was quickly generalized to other black holes [44—49].
With the development of theories of phase transitions
and microstructure for various AdS black holes, people
attempt to probe the dynamic process of black hole phase
transitions. Recently from the viewpoint of the Gibbs free
energy landscape (GL), the authors in Ref. [50] probed
the dynamics of switching between the coexistent black
hole phases by solving the Fokker—Planck equation with
different reflection/aborption boundary conditions and
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initial conditions, and calculating the mean first passage
time. In this approach, the phase transition is due to the
thermal fluctuation and Gp is regarded a function of
black hole horizon and which is the order parameter of
phase transition. Subsequently, this method was applied
to the HP phase transition in Einstein gravity [51] and in
massive gravity [52], and the large/small black hole phase
transition in Gauss—Bonnet gravity [53, 54], in Einstein
gravity [55] minimally coupled to nonlinear electro-
dynamics [56], and in dilaton gravity [57].

The linear charged black holes in AdS spacetime [58,
59] with a second-order phase transition show a scaling
symmetry: at the critical point the state parameters scale
with respect to charge g, i.e., S ~ ¢, P~q 2, T ~q~' [60,
61]. It is natural to guess whether a scaling symmetry ex-
ists in non-linear charged AdS black holes. As a general-
ization of the charged AdS FEinstein —-Maxwell black
holes, it is interesting to explore new non-linear charged
systems. Due to the infinite self-energy of point-like
charges in Maxwell's theory [62—66], Born and Infeld
proposed a generalization when the field is strong, bring-
ing in non-linearities [67, 68]. An interesting non-linear
generalization of charged black holes involves a
Yang—Mills field exponentially coupled to Einstein grav-
ity, which possesses conformal invariance and makes it
easy to construct the analogues of the four-dimensional
Reissner—Nordstrom black hole solutions in higher di-
mensions. Additionally several features of the Einstein-
power—Yang—Mills (EPYM) gravity in extended thermo-
dynamics have recently been studied [40, 69, 70].

Inspired by these studies, we will probe the beha-
viour of the Gibbs free energy landscape for charged AdS
black holes and explore the dynamic process of the high-
/low-potential black hole phase transition in four-dimen-
sional EPYM gravity. This work is organized as follows.
In Sec. II, we briefly review the thermodynamic quantit-
ies and high-/low-potential black hole (HPBH/LPBL)
phase transition of the charged EPYM AdS black hole by
Maxwell's equal-area law. In Sec. III, we present the be-
haviour of the Gibbs free energy landscape at the phase
transition point and explore the probability evolution by
solving the Fokker—Planck equation with different reflec-
tion/aborption boundary conditions and initial conditions.
Then we probe the dynamics of switching between the
coexistent high-/low-potential black hole states by calcu-
lating the mean first passage time. Furthermore, we also
investigate the effect of temperature on the dynamic
properties of the phase transition. A brief summary is giv-
en in Sec. IV.

II. THERMODYNAMIC AND PHASE TRANS-
ITION FOR NON-LINEAR CHARGED ADS
BLACK HOLES

In this section, we will give a brief review of the ther-

modynamics and phase transitions of the non-linear
charged AdS black hole.

A. Thermodynamics
The action for four-dimensional Einstein-

power—Yang—Mills (EPYM) gravity with a cosmological
constant A is given by [70-73]

I= % f d*xVE(R-2A = [Tr(F FO™)1) (1)
with the Yang—Mills (YM) field

1
(@) _ (@) (@) (@) pbgc
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where Tr(F@ F@O)y =33 FOF@w R is the scalar
curvature, y is a positive real parameter, CEZ;(C) represents
the structure constants of three-parameter Lie group G, ¢
is the coupling constant, and Af,”) are the SO(3) gauge
group YM potentials.

For this system, the black hole solution of the corres-
ponding field equation with the negative cosmological
constant A is [74]:

ds? = —f(r)de? + £~ dr? +r2dQ3, 3)
Y
oM A (24?)
=l- =P 4
f0 F 3 TGy @

where dQ% is the metric on unit 2-sphere with volume 4r,
and ¢q is the YM charge. Note that this solution is valid
for the condition where the non-linear YM charge para-
meter y # 0.75 and the power YM term holds the weak
energy condition (WEC) for v >0 [71]. In the extended
phase space, A was interpreted as the thermodynamic

A .
pressure P =——. The black hole event horizon locates

T
at f(r.) =0. The parameter M represents the ADM mass
of the black hole and reads [10]

[SﬂP(%)

A2 )

32
H=M(S,q,P)=

N =

T 8y—-6 b )

In our set up, this parameter is associated with the en-
thalpy of the system. The black hole temperature, en-
tropy, and volume are given by [70]
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The YM potential ¥ is given by [64]
oM ry 22 @)

- g 4y-3
The above thermodynamic quantities satisfy the first law
dM = TdS +W¥dg* + VdP. )

The equation of state P(V,T) for the canonical ensemble
(fixed YM charge q) can be obtained from the expression
of temperature as

4\
P=|—
()

T 1 (4n\"P (26)) [ax\
A i o G
2 87r(3V) T (3v) ©)

B. Equal-area law

From Eq. (9), we know the state equation of the
EPYM black hole with fixed YM charge corresponds to
the one of an ordinary thermodynamic system and can be
written as f(T,P,V)=0. Furthermore, the number of
particles in the system is unchanged. Through Maxwell's
equal-area law, we can construct the phase transition of
the EPYM black hole in P-V, T—-S, and ¢* -, re-
spectively. For the same parameters, the phase transition
points in P—V, T -5, and ¢g*” —¥ should be the same. In
the following we will present the phase diagram in 7 - S
and label the phase transition point with T and Py.

For the EPYM black hole with a given YM charge ¢
and pressure Py < P, the entropy values at the boundary
of the two-phase coexistence area are S| and S, respect-
ively. The corresponding temperature is Ty, which is less
than the critical temperature T, and is determined by the
horizon radius r,. Therefore, from the Maxwell's equal-

area law To(S,—-S1) = fs *TdS and Eq. (6), we have

_ 1 + 87TPO}"2 (1
n(l+x) 3(1+x)

<2q2)7 r;*47 (1 _x3—47)
T 23-4y) (1-x2) (10)

27Ty X+ xz)

. r o .
with x = —. In addition, from the state equation we have
rn

Y
Ty = 1+ 8xP, rz—@ (11)
0= 4rry 02 2’,(247*2) ’
2\Y
! ., (27)
TO—H[I'FSHPOI'l—W . (12)
From Eq. (10), we have
2\Y
1- 2q
0= ——2 +8aPors(1-x)+ % (1-x471),
rnx 2r, -l
(13)
2\Y
1+ 2q
87Ty = —— +87Pora(1 +x) - % (1 +x47—1).
rax 2r27_ xHr-1
(14)

Considering Egs. (10), (13), and (14), we find the larger
horizon has the following form:

dy-2 (24%) [B =4+ (1-2) + 8y (1 - x*7)]
c 22723~ dy)(1 - x)°
=(2¢?) fx ).

(15)

Since the above state parameters must be positive, the
non-linear YM charge parameter satisfies the condition

1 i .
5 <7 For the critical point (x = 1), the state parameters are

r?v—2 = (zqz)yf(l,y), f(1,y) =y(@dy-1), (16)
= 1 2y—-1

T.= 7 (2g2) WD pliar-0(1 ) 4y =1 (17

P, 2y-1 )

" 16my (2 D Uy

Substituting Eq. (15) into Eq. (13), we have the follow-
ing expression:

X

1% 8P, (2612)7/(27*”

IO xy)
1—x¥-!

iy ) (19)

For a given parameter y and pressure Py, we can obtain
the value of x from the above equation. Then from Eq.
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(15), we know that for a given pressure Py (Py < P.), i.e.,
for a fixed value of x, the phase transition condition reads

2)
’/217—2 B f(x’)’)

(20)

Therefore, the phase transition of the EPYM black hole
with a given temperature Py (Pp < P.) is determined by
the ratio between the YM charge (24%)” and rg"_z, not
only the value of the horizon. Note that we call this ratio
the YM electric potential with the horizon radius r;.
Therefore, the phase transition of this thermodynamic
system is the high-/low-potential black hole
(HPBH/LPBL) phase transition. The plot of the phase
transition in the T-S diagram with fixed pressure
Py =0.85955P, is shown in Fig. 1. The effects of the non-
linear parameter y and YM charge ¢ on phase transition
were exhibited in our last work [40]
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Fig. 1. (color online) Phase transition in the T-S diagram
with parameters ¢=0.85, y=0.8. The corresponding phase
transition point is Ty = 0.0402 and Py = 0.85955P,..

III. DYNAMIC PROPERTIES OF THERMODY-
NAMIC PHASE TRANSITION

As well as the equal-area law, the Gibbs free energy
is an important thermodynamic quantity for investigating
the phase transition. It exhibits swallow-tail behavior at a
first-order phase transition point. While it is continuous,
it is not smooth at a second-order phase transition. These
two methods are thermodynamically equivalent. There-
fore, we do not present the swallow-tail behavior in this
section.

Recently, authors in Ref. [50] proposed that the Gibbs
free energy landscape should also correspond to the
thermal dynamic phase transition of a black hole. In this
section, we will investigate the thermal dynamic phase
transition of the EPYM AdS black hole from the view of

the Gibbs free energy landscape.

A. Gibbs free energy landscape

For the EPYM charged AdS black hole with non-lin-
ear charge, we proposed the existence of the
HPBH/LPHB phase transitions in Ref. [40], not only the
large/small black holes transition. In the following we
present the thermal dynamic phase transition at the phase
transition point (7 =0.0402 and Py =0.85955P.) with
the parameters ¢ = 0.85, y =0.8.

The Gibbs free energy landscape of the charged
EPYM AdS black hole reads

GL=M-TgS, Q1)

where Tg is a temperature parameter and equals Ty,
which is not the Hawking temperature. The picture of the
Gibbs free energy landscape at the phase transition point
of Py =0.85955P, and T = Ty = 0.0402 is shown in Fig. 2.
From this picture, we can see that, at the phase transition
point, the Gibbs free energy landscape displays double-
well behavior. Namely there are two local minima (loc-
ated at r;, =1.4577, r, =3.0904) which correspond to the
stable high-/low-potential black hole states with positive
heat capacity. The local maximum located at r,, = 2.2107
represents the unstable intermediate-potential black hole
state with negative heat capacity, and acts as a barrier
between the stable HPBH and LPBH states. Furthermore,
the depths of two local minima are the same. This indic-
ates that the HPBH/LPBH phase transition will occur at
the same depth for the two wells from the view of Gibbs
free energy landscape. At this point, we expect that the
reentrant phase transition or triple point will maybe cor-
respond to more wells of the Gibbs free energy land-
scape.

B. Fokker-Planck equation and probabilistic evolution
As shown in the previous section, we find that the

2.060 ——
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35 40
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ry
Fig. 2. (color online) The plot of G, at the phase transition

point (7p=0.0402 and Py =0.85955P.) with parameters
q=0.85v=08.
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HPBH/LPBH phase transition of the charged EPYM AdS
black hole emerges when the double wells of Gy, have the
same depth. Next we will investigate the dynamic pro-
cess of the HPBH/LPBH phase transition for the charged
EPYM AdS black hole.

Recently, authors proposed that the stochastic dynam-
ic process of black hole phase transition can be studied by
the associated probabilistic Fokker —Planck equation on
the Gibbs free energy landscape [50], which is an equa-
tion of motion governing the distribution function of fluc-
turating macroscopic variables. For a black hole thermo-
dynamic system, the horizon r, is the order parameter
and can be regarded as a stochastic fluctuating variable
during the phase transition. Based on this, we will exhib-
it the dynamical process of the HPBH/LPBH phase trans-
ition in the canonical ensemble under thermal fluctu-
ations. Note that the canonical ensemble consists of a
series of black holes with arbitrary horizons. The probab-
ility distribution of these black hole states p(z,r,) satis-
fies the Fokker—Planck equation on the Gibbs free en-
ergy landscape:

opt.re) _ 0 (e—ﬁcm)ﬁ

ory ory

o o [z, r+)]), (22)
where B=1/kTg, D=kTg/¢ is the diffusion coefficient
with & being the Boltzman constant and ¢ being the dis-
sipation coefficient. Without loss of generality, we set
k=¢=1. In order to solve the above equation, two types
of boundary (r, = ry) condition should be imposed. One
is the reflection boundary condition, which preserves the
normalization of the probability distribution. The other is
the absorption boundary condition.

In this system the location of the left boundary should
be smaller than r,, and the right boundary is larger than
r;. Since the temperature of the charged EPYM AdS
black hole with pressure Py =0.85955P. and parameters
g =0.85, y=0.8 should be not negative, there exists a

gt

v

XN

ik, a0
:

(a)ri =m

Fig. 3.

minimum value ryi, = 0.695808. We can regard rp, as
the left boundary r,, and set the right boundary ry as 6.
The reflection boundary condition means the probability
current vanishes at the left and right boundaries:

, _ 0
Jtro) = =Tpe™ @M = (3T p(t, 1) = 0. (23)

+

The absorption condition means the probability distribu-
tion function vanishes at the boundary: p(z,ry) =0. The
adoption of this boundary condition is determined by
considering the physical problem.

The initial condition is chosen as a Gaussian wave
packet located at r;:

1 —(r.—r 2 uz
POy = eI (24)

Here a is a constant which determines the initial width of
the Gaussian wave packet, and its value does not influ-
ence the final result. Since we mainly consider the
thermal dynamic phase transition between HPBH/LPBH
states, r; can be set to ry or r;. This means this thermal
system is initially in the high- or low-potential black hole
state.

The time evolution of the probability distribution is
shown in Fig. 3. At r =0 the Gaussian wave packets loc-
ate at LPBH (Fig. 3(a)) and HPBH (Fig. 3(b)) with
Tp =Ty and a=0.1, respectively. They both decrease
with increasing time ¢ until tending to a certain constant.
However, at the same time the peaks of p(z,r) at r=r,
(Fig. 3(a)) and r = r; (Fig. 3(b)) are increasing from zero
to the same constant. This indicates that the black hole
system in the LPBH phase tends to the HPBH phase as
shown Fig. 3(a), while in the HPBH phase tends to the
low phase as shown Fig. 3(b). Finally the system reaches
a LPBH/HPBH coexistence stationary state after a short
time. In order to further clarify the dynamical process of

lO;ﬁCI
(b)ri =Ts

(color online) Probability distribution p(z,r,) at the phase transition point (7 = 0.0402 and Py = 0.85955P.) of the EPYM AdS

black holes with different initial conditions, with parameters ¢ = 0.85, y = 0.8.
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the HPBH/LPBH phase transition, we show the probabil-
ity distributions of p(z,7;) and p(t,rs) in Fig. 4. The prob-
ability distribution of the initial LPBH (or HPBH) is at its
maximum, whereas the corresponding HPBH (or LPBH)
state is at zero. With increasing time, both approach to
the same value. This is consistent with what was shown
in G —r,, i.e., the LPBH and HPBH states have the same
depth in the double well of the Gibbs free energy land-
scape.

C. First passage time

In general, an important quantity in the dynamical
process of the HPBH/LPBH phase transition is the first
passage time, which is defined as the mean value of the
first passage time that a stable HPBH or LPBH scape to
the unstable intermediate-potential black hole state (i.e.,
from the one well to the barrier of Gibbs free energy
landscape).

Suppose there is a perfect absorber in the stable
HPBH or LPBH state. If the system makes the first pas-
sage under thermal fluctuation, then the system will leave
this state. We can define Z to be the summed probability
of the dynamical process within the first passage time as

szmp(t,r+)dr+,
Fmin

or X= —f p(t,rodry, (25
mi T
where rm, Fmin, b are the intermediate, minimum, and
right boundary of charged EPYM AdS black hole hori-
zons. After a long time, the probability of the stable
HPBH or LPBH state still in this system becomes zero,
1.e., Z(t, 1) liseo= 0 or X(1,r) li»0o= 0. As claimed, the first
passage time is a random variable because the dynamical
process of phase transition is caused by thermal fluctu-
ation. Hence, we denote the distribution of the first pas-
sage time by F,, which reads

Low — potential BH (ry = rp)

High — potential BH (ry = ry)

0.0%

L Il L L L L Il L L L L Il L L L L J t
200 300 400 500

(@)r; =

0 100

Fig. 4.

dx
Fp=—g (26)

It is obviously that F,dr indicates the probability of the
system passing through the intermediate-potential black
hole state for the first passage in the time interval
(¢, t+dt). Considering Egs. (22) and (25), the distribu-
tion of the first passage time F, becomes [52]

ap(t’h—) Fp :Dap(t3r+)

F,=-D , or .
p or |, or |,

27

Here the absorbing and reflecting boundary conditions of
the Fokker—Planck equation are imposed at ry, and the
other limit (7, Or 7). Note that the normalisation of the
probability distribution is not preserved.

By solving the Fokker—Planck Eq. (22) with different
phase transition temperatures (7 =0.0402 and Ty =
0.038) and substituting these into Egs. (25) and (26), nu-
merical results are obtained, as displayed in Figs. 5 and 6
for different initial conditions. It is clear that in Fig. 5, no
matter what kind of initial condition has been considered,
% decays very quickly. Furthermore, the increase of tem-
perature makes the probability of X drop faster. An im-
portant point is that the probability is not conserved.
From the corresponding probability distribution picture in
Fig. 6, the behavior of F, is similar for both initial condi-
tions. A single peak emerges near r =0 in the curve of F),
with fixed temperature. This can be understood as a large
number of first passage events occurring in a short inter-
val of time, and then the probability distribution decays
exponentially with time. The effect of temperature at
phase transition points on F), is consistent with that of X
and Gp. That means that the higher the temperature, the
faster the probability decreases, the easier the phase trans-
ition occurs, and the lower the depth of the barrier. Con-
versely, the lower the temperature, the slower the probab-

(t,ry)
1.0¢
i
0 8= Low — potential BH (ry = 1)
’ i ------ High — potential BH (ry = ry)
\
0.61
\
\
\
0.4r \\
0.2+
0.0““““““““““““‘t
0 100 200 300 400 500
b)ri =rs

(color online) Probability distributions p(r) at the phase transition point (7 = 0.0402 and Py = 0.85955P.) of the EPYM AdS

black holes with different initial conditions, with parameters ¢ = 0.85, y = 0.8.
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Fig. 5. (color online) = for different temperatures: T = 0.0402 (thin blue lines) and Ty = 0.038 (dashed thick red lines) for the charged
EPYM AdS black holes with different initial conditions, with parameters g = 0.85, y = 0.8.
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Fig. 6. (color online) Time evolution of the distribution of first passage time F, for different temperatures: Ty = 0.0402 (thin blue
lines) and T, = 0.038 (dashed thick red lines) for the charged EPYM AdS black holes with different initial conditions, with parameters

q=0.85,y=0.8.

ility decreases, the harder the phase transition, and the
higher the depth of the barrier.

IV. DISCUSSIONS AND CONCLUSIONS

Since the precise statistical description of the corres-
ponding thermodynamic states of black holes is still un-
clear, the investigation of the thermodynamic phase trans-
ition of black holes becomes an issue of concern. In this
manuscript, we investigated the dynamical property of
the HPBH/LPBH phase transition for the four-dimension-
al charged Einstein-power —Yang —Mills (EPYM) AdS
black hole from the view point of the Gibbs free energy
landscape.

Firstly we reviewed the thermodynamic properties of
the charged EPYM AdS black hole. From the phase
transition condition (20), we suggested that the phase
transition is between HPBH and LPBH states, not only
the pure transition between a small/large black hole. The
HPBH/LPBH phase transition in the 7-S diagram can

be constructed using Maxwell's equal-area law when
Py < P.. Since the results are the same no matter whether
derived from Maxwell's equal-area law or the Gibbs free
energy, the swallow-tail behavior of G was not presented
in this manuscript.

At the phase point we have given, we found there is a
double-well in the Gibbs free energy landscape (G ). The
two local minima of G correspond to the stable HPBH
and LPBH states. The local maximum stands for the un-
stable intermediate-potential black hole state and acts as a
barrier between the stable HPBH and LPBH states. Fur-
thermore, the depths of the two wells are the same. This
indicates that the HPBH/LPBH phase transition will oc-
cur when the two wells have the same depth from the
point view of G . Next we studied the dynamical process
of the HPBH/LPBH phase transition governed by the
Fokker—Planck equation. By imposing reflection bound-
ary conditions on the minimum black hole horizon and a
larger value than the LPBH, and considering a Gaussian
wave packet in the HPBH or LPBH state as the initial
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condition, we obtained the numerical result of the Fok-
ker—Planck equation: the initial Gaussian wave packet at
the HPBH or LPBH state decreases with increasing time,
however at the same time the other peak of p(z,r,) at the
LPBH or HPBH state increases from zero to the same
constant. That indicates that with increasing time the sys-
tem will leave the initial state towards another state, until
it becomes a two-state coexistent state, which is consist-
ent with the fact that the depths of two wells in G
(standing for the LPBH and HPBH states) have the same
value.

Finally we considered the first passage time. By im-
posing the absorption boundary condition on the interme-
diate-potential black hole state and considering a Gaussi-
an wave packet at the HPBH or LPBH state as the initial
condition, we obtained another numerical result of the
Fokker—Planck equation: no matter what kind initial con-
dition had been considered, £ decays very quickly, and it

drops faster with increasing temperature. The behavior of
F,, is similar for both initial conditions. A single peak ex-
ists near =0 in F,. This can be understood as a large
number of first passage events occurring in a short inter-
val of time, and then the probability distribution decays
exponentially with time. From the effect of temperature at
phase transition points on F,, X, and Gr, we found that
the higher the temperature, the faster the probability de-
creases, the easier the phase transition occurs, and the
lower the depth of the barrier. Conversely, the lower the
temperature, the slower the probability decreases, the
harder the phase transition, and the higher the depth of
the barrier.
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