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Abstract: We apply the recently proposed RMF (BCS)* ansatz to study the charge radii of the potassium isotopic

chain up to “K. It is shown that the experimental data can be reproduced rather well, qualitatively similar to the Fay-
ans nuclear density functional theory, but with a slightly better description of the odd—even staggerings (OES). Non-

etheless, both methods fail for *K and to a lesser extent for

%K Tt is shown that if these nuclei are deformed with a

B20 ~ —0.2, then one can obtain results consistent with experiments for both charge radii and spin-parities. We argue

that beyond-mean-field studies are needed to properly describe the charge radii of these three nuclei, particularly for

50

K.
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I. INTRODUCTION

Charge radii are fundamental quantities that describe
atomic nuclei. A rule of thumb is that they scale with
either masses as A!/3 [1, 2] or charges as Z'/? [3, 4]. With
the rapid development of novel detectors and analysis
techniques, charge radii of many atomic nuclei far away
from the fS-stability line have been measured with high
precision, such as calcium [5, 6], cadmium [7], tin [8],
mercury [9], copper [10], and potassium isotopes [11,
12]. However, for certain nuclei, large discrepancies are
observed between experimental measurements and theor-
etical predictions. For instance, a parabolic-like shape and
strong odd—even staggering (OES) effects have long been
known to exist in the calcium isotopes between “’Ca and

“Ca [13]. Such peculiar features persist toward the neut-
ron-deficient region [6]. Beyond N =29, the charge radii
increase rapidly and the radius of *’Ca is significantly lar-
ger than that of “Ca [5]. This is unexpected because
N =32 was believed to be a magic number in the calci-
um isotopes [14, 15].

In comparison with the charge radii of calcium iso-

topes the amplitude of the parabolic-like shape between
¥K and YK is smaller due to the last unpaired proton [13,
16—19]. Meanwhile, the rapid increase of charge radii is
also found across the N =28 shell closure [20]. The neut-
ron-rich shell closure at N =32 in the potassium isotopic
chain was investigated in Refs. [15, 21], and shows relat-
ively enhanced stability. Recently, the collinear reson-
ance ionization spectroscopy (CRIS) technique has been
employed to measure the charge radii of potassium iso-
topes [11], and the precision measurement of charge radii
beyond N =32 has been performed for the first time be-
low Z <20 for potassium isotopes [12]. No sudden in-
crease of the charge radius of K was observed.

All of these results challenge our understanding of the
evolution of nuclear charge radii of exotic isotopes with
large neutron or proton excesses. To address these chal-
lenges, many novel approaches have been proposed. In
Ref. [22], a statistical method is introduced to study nuc-
lear charge radii by combining sophisticated nuclear
models with the naive Bayesian probability (NBP) classi-
fier. This method predicts a rapid increase of charge radii
beyond N =28. In Ref. [23], a feed-forward neural net-
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work model which relates charge radii to the symmetry
energy is explored. The strong increase in the charge radii
beyond N =28 is well reproduced by the Fayans energy
density functional (EDF) model [12, 24]. However, this
method overestimates the OES effect of the charge radii
of the potassium isotopic chain. In addition, the deviation
between experiment and theory becomes larger toward
the neutron-deficient region [12]. In Ref. [25], we pro-
posed an empirical ansatz based on the relativistic mean
field (RMF) theory, which adds a correction term in-
duced by the difference of pairing interactions for pro-
tons and neutrons calculated self-consistently in the
RMF. This modified approach can remarkably reproduce
the OES effects of charge radii of calcium isotopes and
nine other even-Z isotopic chains, especially the strong
increase of charge radii across the N =28 shell closure
along the calcium isotopic chain. In this work, we would
like to extend the ansatz of Ref. [25] to study the root
mean square (rms) charge radii of odd-proton potassium
isotopes.

This work is organized as follows. In Sec. Il, the the-
oretical framework is briefly introduced. The results and
corresponding discussions are presented in Sec. III. In the
last section, we present the conclusions.

II. THEORETICAL FRAMEWORK

In the past three decades, relativistic mean field
(RMF) theories have achieved remarkable successes in
describing properties of finite nuclei around and far away
from the p-stability line [26—37], not only for ground
states but also for excited states [38—44]. In this work, we
adopt the meson-exchange version of RMF. The nonlin-
ear Lagrangian density, where nucleons are described as
Dirac particles and interact via the exchange of ¢, w and p
mesons, has the following form:
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Where M is the nucleon mass and m,, m,,, and m, are the
masses of the o, w, and p mesons; A, is the photon field
and F*” is the electromagnetic tensor; and g, gw, &, and
% /4r are the coupling constants for the o, w, p mesons,
and photon, respectively. For the mean-field parameters,
we choose the NL3 parameter set [45]. The Dirac equa-
tion for the nucleons and the Klein—Gordon-type equa-

tions with sources for the mesons and the photon are
solved by the expansion method with the axially symmet-
ric harmonic oscillator basis [46, 47]. We use 12 shells
for expanding the fermion fields and 20 shells for the
meson fields.

In the conventional RMF (BCS) model, the mean
square charge radius is calculated in the following way
(in units of fm’ ) [46, 47]:

f rzpp(r)d3r
f pp(r)d3r

where the first term represents the charge distribution of
point-like protons and the second term is from the finite
size of protons [46]. To account for the experimentally-
observed odd—even staggerings of charge radii, Ref. [25]
proposed a modified formula:

fr2p,,(r)d3r u
Y 4064 fmEt ——AD M (3)
[ osnar VA

The last term on the right hand is the correction term that
can be associated to Cooper pair condensations [48]. The
quantity 4 is the mass number and ay = 0.834 is a normal-
ization constant obtained by fitting to the experimental
charge radii. The quantity AD =|D, —D,| represents the
difference of Cooper pair condensations for neutrons and
protons. It is calculated self-consistently by solving the
state-dependent BCS equations with a ¢ force [47, 49].
One should note that although the correction is intro-
duced as an empirical approximation of neutron—proton
pairing correlations, it is calculated using the outputs of
the microscopic RMF (BCS) approach. For the conveni-
ence of discussion, the results obtained by Eq. (2) are
labeled as RMF (BCS), and RMF (BCS)* represents the
calculated results though the modified charge radius for-
mula Eq. (3). More discussions can be found in Ref. [25].

(RD) = +0.64 fm?, 2)

@y
Ry =

III. RESULTS AND DISCUSSIONS

A. Charge radii of potassium isotopes

In the RMF (BCS)* approach, the strength of the
pairing interaction is determined by fitting to the
odd—even staggerings of binding energies. For this pur-

pose, the following three-point formula is employed [1,
2]

Ap = %[B(N_ 1,Z)-2B(N,Z)+ BN+ 1,2)],  (4)
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where B(N,Z) is the binding energy for a nucleus of neut-
ron number N and proton number Z. In this study, the
pairing strength is fixed at 350 MeV fm’ and the pairing
space is chosen to include all the single particle levels
within 24 MeV above and below the Fermi surface. To
study nuclei with an odd number of nucleons, a blocking
approximation is adopted. At each step of the self-con-
sistent iteration in solving the RMF equations, the last
single particle level occupied by the odd nucleon is
blocked [50]. One should note that in certain cases, e.g.,
where the single particle levels around the Fermi surface
are dense or configuration mixing is particularly relevant,
such a procedure may not yield accurate results.

In Ref. [12], the charge radius of the exotic “K iso-
tope beyond the N =32 shell closure was measured. Sim-
ilar to the calcium isotopes, a parabolic-like shape is also
found for the potassium isotopes between ¥K and K
[13]. However, the OES effects are much reduced. In Fig.
1, we compare the charge radii of potassium isotopes cal-
culated in the RMF (BCS) method with and without the
correction term. It is clear that the RMF (BCS) approach
cannot describe the charge radii of potassium isotopes,
particularly the strong increase of charge radii beyond
N =29 and the OES behaviors. On the other hand, the
new RMF (BCS)* ansatz can reproduce the parabolic-like
shape between ~ K and VK. In addition, the OES effects
are also reproduced but slightly overestimated. Com-
pared with the more sophisticated Fayans EDF model, the
RMF (BCS)* results are in better agreement with data
[12]. Furthermore, we calculated quantitatively the stand-
ard root mean square (rms) deviation between Rexy. and
Rineo. along the potassium isotopic chain. For the Fayans
model, the standard rms deviation is 0.0214 fm. By con-
trast, the rms deviation falls to 0.0150 fm with the RMF
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Fig. 1. (color online) Charge radii of potassium isotopes ob-
tained in the RMF (BCS) method and RMF (BCS)* ansatz.
The experimental data are taken from Refs. [12, 13] and the
yellow band indicates the systematic error. The Fayans EDF
results [12] are also shown for comparison

(BCS)* approach. In particular, toward the neutron-defi-
cient side, a large deviation can be found between experi-
mental data and those of the Fayans EDF model, while
the RMF (BCS)* approach yields results in better agree-
ment with experiment. Beyond the N =28 shell closure,
both the RMF (BCS)* approach and Fayans EDF model
can reproduce the fast i increase. However both underes-
timate the charge radii of YK and “K, particularly the
former.

B. Double odd—even staggering effects

Similar to binding energies, one can also define a
three-point formula to extract OES for charge radii [24]

A, = %[R(N_ 1,Z)-2R(N,Z)+RIN+1,2)],  (5)

where R(N,Z) is the rms charge radius. It should be noted
that the OES effects on charge radii, i.e., that nuclear
charge radii of odd-neutron isotopes are smaller than the
average of their even-neutron neighbours, have been ob-
served throughout the nuclear chart [12]. Various pos-
sible explanations have been proposed, such as the block-
ing of ground state quadrupole vibrations by the odd
neutron [51], core polarizations by valence neutrons [52,
53], a clusters [54], three- or four-body residual interac-
tions [55, 56], special deformation effects [57, 58], neut-
ron pairing energies [59], pairing correlation [24], etc.
Therefore, it is worthwhile checking whether this empir-
ical ansatz can provide a reasonable description of the
OES of charge radii of the odd-Z (= 19) potassium iso-
topes.

In Fig. 2, the OES of binding energies (upper panel)
and charge radii (lower panel) are compared with the ex-
perimental data. The RMF (BCS) and RMF (BCS)*
methods can reproduce the OES of binding energies
rather well. For the potassium isotopic chain, the general
trend of the OES of charge radii calculated by Eq. (5) is
reproduced as well. However, the RMF (BCS)* method
overestimates the OES of charge radii, especially in the
neutron-rich region, as can be inferred already from Fig.
1. For K, the OES behaviors are reversed due to the
slightly overestimated charge radii of ¥R For VK, the
modified formula cannot reproduce the local variation of
the OES in charge radii. Meanwhile the general oscilla-
tion trend in experimental OES of charge radii is
weakened at the N =28 shell closure, reversing the OES
behavior. Actually, this phenomenon is also naturally ob-
served at neutron magic numbers N = 50, 82, 126 [13]. In
this work, the blocking approximation is employed to
tackle the simultaneously unpaired proton and neutron.
The overestimation of OES in nuclear charge radii may
be corrected by tackling the last unpaired nucleons.

As one can see from Fig. 1, the charge radii of K
and K are underestimated, pamcularly, in both the RMF
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Fig. 2. (color online) Odd—even staggerings of binding ener-
gies (a) and charge radii (b) of potassium isotopes. The exper-
imental data for binding energies are taken from Ref. [60],

while those of charge radii are from Refs. [12, 13].

(BCS)* approach and the Fayans density functional the-
ory. Such a deviation may be due to the blocking effect of
unpaired nucleons, as mentioned above. Along the isotop-
ic chain, the added neutrons are mainly located in the out-
er edge of the nucleus for neutron-rich isotopes. As
stressed in Ref. [61], the neutron—proton (np) pairing cor-
relation can cause protons to move closer to the added
neutrons and increase the nuclear charge radius. Espe-
cially for the unpaired neutron and proton, the np-pairs
could play a larger role. As a result, in the following, we
will study the blocking treatment of the last unpaired pro-
ton/neutron.

C. Blocking effects on charge radii

In Figs. 3 and 4, the potential energy surfaces and
root mean square (rms) charge radii of *K (a), K (b)
and 7K (c) as a function of the quadrupole deformation
parameter B¢ are plotted, with different assignments of
single particle orbits occupied by the last unpaired proton
(7) and neutron (v). The occupied orbits are given by the
combinations of spherical (s, p,d, f) and Nilsson quantum
numbers [N,n;,m;] in the square brackets, where N is the
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Fig. 3. (color online) Potential energy surfaces of K (a),

K (b) and K (c) as functions of the quadrupole deforma-
tion parameter B, for different combinations of single particle
orbits occupied by the last unpaired nucleons. 7 and v denote
the last unpaired proton and neutron, where the combinations
of spherical (s,p.d,f) and Nilsson quantum numbers in the
square brackets are employed to denote the occupied orbits.

main quantum number and n; is the projection of N on
the z-axis, and my is the component of the orbital angular
momentum [46]. Below, for the convenience of discus-
sion, we use an expression such as (1ds;2,2p3) to de-
note the occupied orbitals of the last unpaired proton (the
first term in the bracket) and neutron (the last term in the
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Fig. 4. (color online) Same as Fig. 3 but for root mean

square (rms) charge radii.

bracket).

In principle, the occupation of singe particle levels is
determined self-consistently so that the largest binding
energy is obtained. In such a way, the last unpaired pro-
ton is found to occupy the 1ds, orbital. The last un-
paired neutron in *K and K is found to occupy the 2p3)»
orbital, while that in K occupies the 1 fs,2 orbital. These
configurations yield the largest binding energy. On the
other hand, the potential energy surfaces are relatively
soft. This implies that beyond-mean-field studies, which
take into account configuration mixing, might be needed
to correctly describe these nuclei.

For K the configuration (1ds/,1f5,2) indicates a

spherical ground state, but the corresponding charge radi-
us is found to be much smaller than the experimental ra-
dius. If the (1d3 2, 1f7/2) configuration is chosen, the bind-
ing energy of *K is smaller by 2 MeV and the charge ra-
dius is increased to 3.487 fm (see Fig. 4). On the other
hand, the configuration of (1f7,2,2p3/2) leads to a smaller
binding energy (in comparison with the (1ds;2,2p3,2) con-
figuration) and a charge radius of 3.481 fm, which agrees
with the experimental result. Therefore, for N =29, we
conclude that either the last unpaired nucleons prefer to
occupy the (1f7,2,2p3/2) states instead of the self-consist-
ent (1ds;2,2p3/2) configuration, or the nucleus is de-
formed with B,y ~ —0.2. Both scenarios cannot be real-
ized in the present self—cons1stent calculation. Similar
conclusmns can be drawn for K.

For K, from the energy point of view, the most
favored configuration is (1ds2,1f52). As one can see
from Fig. 3 (c), the differences between the four configur-
ations are relatively small. Both (lds;2,2p32) and
(1f72,1f5/2) can yield results in reasonable agreement
with data.

In Fig. 4, one can find that the quadrupole deforma—
tion has an influence on rms charge radii of *K (a )

(b) and “K (c). Close to spherical shape, the rms charge
radii are gradually reduced under various occupations.
Toward larger deformation, especially around B,y = —0.2,
comparable values are obtained. Combining the potentlal
energy surfaces and the rms charge radii of *K, K and
7K, the occupations of 1f7,, levels with the last unpaired
proton seem to give plausible values of the charge radii.

In Fig. 5, the single particle levels occupied by the
last unpaired proton and neutron beyond N=28 Jare as-
signed by hand as explained above. For * K and “’K, the
(1f72,2p3,2) configurations are used. For’ K the config-
uration (1f7,2,1f5/2) is used. Now, the theoretical results
are in much better agreement with data for both the rapid

I I I I I I
—~ 356 - —e—Exp. —
£
= —--0--Fy(Ar,HFB)
E, -0 RMF(BCS)*
B 352 |- -
e
(]
2
[ Rt
S 348 .
£ A
- .. K (Z=19)
® 344} o -
| | | | | |

27 28 29 30 31 32 33 34
Neutron Number (A-Z)
Fig. 5. (color online) Same as Fig. 1, but with different treat-
ments of the blocking approximation for the last unpaired pro-
ton and neutron beyond N = 28.
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increase of charge radii and the OES effects. It should be
noted that this does not simply imply that the last un-
paired proton and neutron really occupy these orbitals. It
can also be viewed as a convenient way to choose the de-
formation of the nuclei studied. Next we check whether
further experimental information, such as spin and parity,
can help determine which single-particle configurations
are preferred.

D. Spin and parity of potassium isotopes

For odd—odd nuclei, the spin and parity are determ-
ined by the coupling of last unpaired nucleons, but for
odd—even nuclei, the spin and parity are determined by
the last unpaired nucleon [1, 2]. In Table 1, we show the
last occupied proton and neutron orbitals of potassium
isotopes and the resulting possible spin-parity assign-
ments (fifth column). The deformation parameters S, are
also shown (seventh column) in comparison with the
FRDM results (last column) [62]. The combinations of
Jz» namely the maximum eigenvalue of the projection of
angular momentum j on the z-axis, and Nilsson quantum

36-52

Table 1. Spin and parity of

numbers [N,n;,m;] are employed to label the orbits occu-
pied by the last unpaired nucleons. Compared to the ex-
perimental assignments shown in the sixth column, it is
clear that the self-consistent theoretical spin-parity as-
signments are reasonable. On the other hand, if we chose
the configurations fixed by hand as explained above, the
theoretical spin-parity assignments (denoted by blue) do
not seem to agree with data. As a result, only if 8032k
are deformed with B,y ~ —0.2, one could reconcile the ex-
perimental measurements and theoretical results for their
charge radii.

In Fig. 6, we show the evolution of single particle
(s.p.) levels of last unpaired Zproton (left panel) and neut-
ron (right panel) for WO It is clear that around
B ~ —0.2, the manually fixed s.p. levels and the self-
consistently determined ones come closer to each other.

For the self-consistent calculation, if the deformation
parameter is restricted to around By ~ —0.20, the charge
radii Ry, of “***K are 3.4882 fm, 3.5210 fm and 3.5463
fm, respectively, consistent with the data. This suggests
that it is quite likely that the mismatch between the self-

K (the fifth column) in comparison with the experimental values (the sixth column) [12]. The self-

consistently determined single particle levels of last unpaired nucleons are listed in the third (proton) and fourth (neutron) columns by

the maximum eigenvalue of the projection of angular momentum j on the z-axis and the Nilsson quantum numbers [N,n;,m;]. The

. 48,50,52
manually chosen configurations for

K are noted by blue color. The quadrupole deformation parameters B,y are shown in the sev-

enth column, in comparison with the FRDM results [62]. The numbers in red highlight the consistency with the experimental assign-

ments.

A N proton neutron J”" (this work) I (Exp.) Bao (this work) B20(FRDM)
36 17 3/2+[220] 3/2*[202] o+, 1+,2", 3* 2+ -0.12 -0.03
37 18 3/2+[220] 3/2*[202] 1/2+,32 3/2* -0.14 -0.06
38 19 3/2*[220] 3/2*[220] 0+, 1+, 2%,3 3+ -0.08 -0.04
39 20 3/2*[211] 3/2*[211] 1/2+,32 3/2* -0.03 -0.03
40 21 3/2*[220] 7/27[303] 27,37,4,5 4= -0.08 -0.05
41 22 3/2*[220] 7/27[303] 1/2+,32 3/2* -0.07 -0.03
42 23 3/2*[220] 7/27[312] 2,37,47,5 2" -0.09 -0.05
43 24 3/2*[220] 7/27[312] 1/2+,32 3/2* -0.09 -0.05
44 25 3/2*[220] 7/271321] 2,37,47,5 2" -0.10 -0.06
45 26 3/2+[220] 7/27[321] 1/2+,32 3/2* -0.08 -0.05
46 27 3/2*[220] 7/27[310] 2,37,47,5 2" -0.08 -0.06
47 28 3/2+[220] 7/27[310] 12',32" 1/2* -0.00 —0.04
48 29 3/2*[220] 3/27[301] 0°,1,27,3" 1- -0.08 -0.05
48 29 7/2 [303] 3/2'[301] 2',3',4",5" -0.20

49 30 3/27[220] 3/27[301] 12", 3/2% 1/2+ -0.09 -0.05
50 31 3/2+[220] 3/27[301] 0,17,27,3" 0" -0.12 -0.05
50% 31 7/27[303] 3/27[301] 273,45 -0.22

51 32 3/2+[220] 3/27[301] 1/2+,3/2 3/2* —0.11 —0.08
52 33 3/27[220] 5/27[310] 17,2,37,4" 2- —0.10 —0.14
50% 33 7/27[303] 5/27[303] 1,27,3,4,5,6 ~0.23
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48,50,52

ently determined ones.

consistently determined charge radii and the experiment-
al data is due to the deformation effect, which needs to be
studied in more detail in the future.

IV. SUMMARY AND OUTLOOK

In the present work, we applied the newly proposed
RMF (BCS)* ansatz to study the charge radii of the po-
tassium isotopic chain. The parabolic-like shape between
N =20 and N =28 can be reproduced very well [13],
with the odd —even staggerings reproduced as well but
slightly overestimated. Beyond N =28,the rapid in-
crease of charge radii is also reproduced but now the pre-
dicted OES effects are much larger, in contradiction with
the experimental data, but in agreement with the Fayans
density functional theory.

By carefully studying the impact of different occupa-

B20

(color online) Evolution of single particle levels of last unpaired proton (left panel) and neutron (right panel) plotted for
K isotopes. The red-solid lines represent the manually fixed single particle levels and the black-solid lines show the self-consist-

tion of single particle levels by the unpaired proton and
neutron, we found that the overestimated OES effects can
be reduced if the last unpaired proton occupies the 1f7,,
orbital, instead of the self- con51stentlydeterm1ned Ld3),
orbit. The resulting quadrupole deformation of 7K is
found to be By = —0.2. A further study of the experiment-
al spin-parity assignments for these nuclei revealed that,
however, the occupation of the 1f;, is not very likely.
On the other hand, if these nuclei are deformed instead of
spherical, the experimental charge radii data can be repro-
duced. Judging from the rather soft potential energy sur-
faces, such an explanation is reasonable and should be
checked by beyond-mean-field studies. As a result, we
conclude that the latest state-of-the-art experimental
measurements of charge radii indeed could help put more
constraints on theoretical models.
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