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Hadron resonances as rovibrational states”
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Abstract: A rovibrational model, including anharmonic, centrifugal, and Coriolis corrections, is used to calculate T,
K, N, and X orbital and radial resonances. The four orbital excitations of the = meson correspond to the b(1235),
m,(1670), b3(2030), and m4(2250) resonances. Its first four radial excitations correspond to the m(1300), m(1800),
m(2070), and n(2360) resonances. The orbital excitations of the K meson are interpreted as the K;(1270), K,(1770),
K3(2320), and K4(2500) resonances; its radial excitations correspond to the K(1460) and K(1830) resonances. The N
orbital excitations are identified with the N(1520), N(1680), N(2190), N(2220), and N(2600) resonances. The first
four radial excitations of the N family correspond to the N(1440), N(1880), N(2100), and N(2300) resonances. The
orbital excitations of the X baryon are associated with the X(1670), X(1915), £(2100), and X(2250) resonances,
whereas its radial excitations are identified with the £(1660), £(1770), and X£(1880) resonances. The proposed rovi-
brational model calculations show a good agreement with the corresponding experimental values and allow for the
prediction of hadron resonances, thereby proving to be useful for the interpretation of excited hadron spectra.
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I. INTRODUCTION

The increase in number of meson and baryon reson-
ances that have been added to the Particle Data Group
(PDG) [1] has stimulated research for a better under-
standing of the excited hadron spectrum. The quark mod-
el describes these resonances as radial and orbital excita-
tions; however, the number of observed resonances
awaiting classification has increased. Significant efforts
have been made toward searching for a complete descrip-
tion of the quantum numbers, masses, dimensions, and
other properties of the resonances. Examples of such ef-
forts are the ab initio quantum chromodynamic (QCD)
calculation of the mass spectra of light hadrons [2], lat-
tice QCD calculation of the N and A baryon mass spectra
[3], calculation of the excited states of selected mesons
[4, 5], hypercentral constituent quark model calculation
of the N resonances [6], calculation of Q.. and Qyy, us-
ing the orbital and radial Regge trajectories [7], and re-
lativistic quark model calculation of the properties of
light, light-heavy, and heavy-heavy mesons based on
Regge trajectories [8-10]. In 1966, Pauling noticed that
more than half of the baryon resonances could be de-
scribed as rotational states of a semi-rigid rotor [11]. By
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interpreting the orbital resonances of the A baryon as ex-
cited states of a three-quark spin quartet with a trigonal
planar configuration rotating about an axis that is normal
to the symmetry axis, Pauling’s calculations agreed with-
in the experimental uncertainty. Subsequently, a constitu-
ent quark model calculation, which incorporated the rigid
rotor and the harmonic oscillator, yielded the mass spec-
tra with some experimental correlation; however, the res-
ulting radial quantum numbers were larger than those
predicted using the quark model [12, 13]. The rigid rotor
was also used in the chiral quark-soliton model because
the quantization of the soliton rotation is similar to the
quantization of the spherical rigid rotor [14, 15]. By con-
trast, the harmonic oscillator potential has been widely
used to describe the radial excitations of mesons and ba-
ryons [16, 17], although it becomes less reliable for the
higher radial quantum numbers [18]. However, the anhar-
monic correction and deformed harmonic oscillator can
provide an improved description of the resonances for the
nucleons and A baryon [19-21]. In this paper, we present
a rovibrational model, which incorporates the semi-rigid
rotor as well as the anharmonic and Coriolis corrections
to describe the radial and orbital resonances of the n, K,
N, and X hadrons. The calculated results were found to be
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in good agreement with those of the experimental and
other theoretical studies. This model allows for the classi-
fication as well as prediction of the resonances, being
useful for understanding the excited spectra of these had-
rons. The details of the rovibrational model are described
in the next section.

II. ROVIBRATIONAL MODEL

In case of m and K mesons, the quark and antiquark,
separated by a distance » and having opposite spins, oc-
cupy s orbitals. In N and Z baryons, the three quarks, two
with opposite spins, occupy s orbitals centered on the ver-
tices of a triangle, corresponding to a symmetrical top ob-
late structure. The vibration of the quarks and the rota-
tion of these particles can be described by the stationary
Schrodinger equation with Morse potential, which con-
siders the anharmonic and semi-rigid rotor corrections
[22]. The angular solution, similar to the hydrogen atom,
is the well-known Y]"(0,¢) = 0(6)@(¢) spherical har-
monics. The radial equation is given as follows:

d*R(r) JU+DR(@) -81°m
+ =
dr? r? h?
+2De™*"|R(r),

|E - D— De20—

(M

where R(r) is the radial wave function, J is the orbital
quantum number, m is the mass of the particle, % is the
Planck’s constant, E is the total energy, D+ De 2%~
2De~*"~7) is the Morse potential, 7 is the equilibrium dis-
tance, D and « are parameters characteristic to each
particle. For molecules, the Morse potential allows the es-
cape of the vibrating objects into the continuum, and D
corresponds to the dissociation energy. This does not hap-
pen for confined quarks. The Morse potential will be used
here to describe only the excited spectrum of hadrons and
not to calculate the effective potential of the quarks. Eq.
(1) can be solved numerically; however, an analytical
solution allows to separately identify the contribution of
each term of the rovibrational energy. Using the Pekeris
solution [23], which includes the rovibrational coupling
for states with J > 0, the masses of the resonances M(n,J)
can be calculated as (in MeV)

1 1\
Mn,J)=D +hw(n + 5) —hwxe(n+ E)
+ Brotd (J + 1) = Dy J2(J + 1)?

—ae(n+%)J(J+1), 2)

. . 1
where 7 is the radial quantum number, fiw (n + 5) repres-

2

. o 1\ .
ents the harmonic contribution, hwxg(n + 3 is the anhar-

monic correction, ByoJ (J+ 1) is the rigid rotor contribu-
tion, Do J2(J + 1)? represents the semi-rigid rotor correc-
tion, and the rovibrational coupling is given by

1 C . -
, (n+ E)J (J+1), which is the so-called Coriolis effect.
2

The parameter B, = N 2

with 7 = mr= was previously de-

termined using the experimental mass and radius of the
reference particle. For this reason, in this study, we selec-
ted 7r+, K+, N', and ¥, which have well-defined charge
radii and masses. The charge radius, rg, is taken as the

. T
distance between the quarks. For mesons, r = ?E’ and for

T .
baryons, r = —£ D and the coefficients hw, fiwxe, Dot

and . are obtained by fitting the resonance masses as a
function of the radial and orbital quantum numbers (Eq.
(2)). The particle masses, charge radii, J*, and rovibra-
tional parameters of n+, K+, N+, and ¥ hadrons are listed
in Table 1.

The behavior of the rovibrational parameters is simil-
ar to that of the molecules, although the corrections are
significantly higher for the hadrons. The harmonic contri-
bution is the largest, for both molecules and hadrons, ex-
cept for 7, which has a small mass and a large rotational
energy. In general, the Coriolis effect is smaller than the
vibrational and rotational contributions, except for m and
K, which have small masses and charge radii. Higher B,
values are observed for mesons as compared to the bary-
ons. For J = 0, there is no Coriolis effect. However, for J
> (), which is the case for the majority of the hadrons, this
effect becomes significant.

A comparison of the calculated rovibrational states
with the experimental and other theoretical results is dis-
cussed in the next section.

Table 1. Charge radii, J©, masses, and rovibrational parameters of n,K,N,and T hadrons

Particle rg /fm JP Mpart /MeV D/MeV hiw /MeV fiwx, /IMeV Biot /MeV Dot /MeV a, /[MeV
n 0.659 0 139.57+1.8x10 " 725.58 464.98 22.34 1284.81 3.57 2298.17
K 0.560 0 493.68+1.6x10 575.41 732.50 85.22 503.02 4.70 660.93
N 0.875 112 938.27+6.0x10 ° 1071.16 309.64 4.62 81.30 0.78 32.07
T 0.780 12 1197.45+3.0x10 1361.01 197.76 12.13 80.18 1.28 32.94
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III. RESULTS AND DISCUSSIONS

Table 2 compares the calculated n, K, N, and X orbit-
al resonances with those obtained from the experiments
and other theoretical predictions.

The selected resonances of each family have the same
spin s, isospin /, dimensionality (baryons), and quark fla-
vors. These resonances obey the classification of the
quark model and the criterion of naturality and parity.
The resonances of the 7 and K mesons, both with J=0
and n = 0, have unnatural spin—parity. The N and X bary-
on resonances, with J¥ = 1/2" and n = 0, have natural
spin-parity. Table 2 indicates that the observed and calcu-
lated values are well correlated. They also agree with oth-
er theoretical predictions obtained using Regge trajector-
ies [6, 24-26]. The & orbital excitations are associated
with the resonances b(1235), m,(1670), b5(2030), and
14(2250); the last two are listed as “Further States” in the
PDG. Orbital Regge trajectory calculations lead to this
same grouping [6, 24-28]. The K orbital excitations are
associated with resonances K;(1270), K,(1770),
K3(2320), and K4(2500). Regge trajectories in quadratic
form (m2 =B (¢l + 7n, + cp) Pt ;) using the spinless
Salpeter-type equation [25, 26] classifies K,(1770) as a
1'D, state, suggesting that it is an orbital and excitation of

Table 2.

the K meson. The rovibrational model gives m = 1787
MeV with J =2 and n = 0 for this resonance, which is in
agreement with that classification. The first five N orbital
excitations are (70,17), (56,27), (70,33), (56,4;), and
(70,55) states [1, 29], which are in agreement with the
grouping of the resonances N(1520), N(1680), N(2190),
N(2220), and N(2600) reported in this paper. A constitu-
ent quark model that uses the Regge trajectory classifies
the three resonances N(1520), N(1680), and N(2190) as
1P, 1D, and 1F states, respectively [6, 30]. This classific-
ation also corroborates the results reported here. The X
family, where there is a very good experimental agree-
ment, includes the three well-established resonances
2(1670), £(1915), and X(2100). The quark model classi-
fies only the first two resonances as the (70,17) and
(56,27) states. Here, the resonance X(2100) with J = 7/2°
appears to be the candidate for the (70,37) state, which is
in agreement with Regge phenomenology [31]. Currently,
this baryon has eight resonances without J”. Here, the
%(2250) resonance is identified as the orbital excitation
with m = 2251 MeV and J* =9/2".

Table 3 compares the wn, K, N, and X radial reson-
ances that are calculated using the rovibrational model
with those observed experimentally and predicted by oth-
er theories. Table 3 evidently indicates that the calcu-

Experimental and calculated n, K, N, and Z orbital resonances. Fourth column indicates the resonance status assigned by the

PDG. The states indicated with “e”, “*** > and “****> gre well-established, while those indicated with a blank space, “f.,” “*,” and
“**> are awaiting confirmation. Mesons indicated with “f.”” are listed in the "other states" section of the PDG. The state emphasized in

bold font indicates a resonance without confirmed J°.

Mass
Hadron Resonance JPC/IP Status Ref.
Exp. This work Others

b(1235) 1 1229.543.2 1210 1302 [24]
,(1670) 2 . 1670.6177 1638 1666

" b+(2030) 3" £, 2032412 2068 1972
74(2250) 4 f 2250+15 2240 2242
K,(1270) 1 125327 1247 1272 25, 26]
Ky(1770) 2 . 177348 1787 1758

K K;(2320) 3 2324424 2315 2303
K4(2500) 4 2490420 2492 2498
N(1520) 32 Hhn 151545 1459 1535, 1537, 1542 6, 18, 27]
N(1680) 52" T 1685+5 1736 1660, 1769, 1799

N N(2190) 712 Hhn 2180440 2060 2045, 2150
N(2220) 9/2" T 225050 2365 2183
N(2600) 11/2° woxn 2600750 2566 2687
¥(1670) 32 Hrwn 1675410 1678 1680, 1800 [27, 18]
$(1915) 50 T 1915%7¢ 1916 1901, 2041

2 ¥(2100) 702 * 2146+17 2143
(2250) 9/2" Hk 2250430 2251
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Table 3. Experimental and calculated #, K, N, and X radial resonances. “p.” indicates predicted states.

[T L]

Mass
Hadron Resonance n Status Ref.
Exp. This work Others
n(1300) 1 . 1300+100 1373 1292 [8]
n(1800) 2 . 1810f'1’1 1748 1788
T m(2070) 3 f. 2070+35 2079
m(2360) 4 f. 2360425 2366
m(2610) 5 p. 2607
K(1460) 1 1482.4+3.58 1482 1464 [25, 26]
K K(1830) 2 1874+43 1874 1829
K(2100) 3 p. 2095
N(1440) 1 HHEE 1440+30 1550 1425, 1511 [6, 14, 27]
N(1880) 2 HrE 1880+50 1817 1890
N N(2100) 3 HEE 2100450 2075 2089
N(2300) 4 ** 2300730 2323
N(2560) 5 p. 2563
%(1660) 1 HrE 1660+20 1653 1734 [14]
%(1770) 2 * 1770+£20 1777 1739
2 %(1880) 3 ** 1880+60 1878 1751
%(1950) 4 p. 1954

lated masses are in good agreement with the experiment-
al data. The radial excited states of m are identified as the
resonances w(1300), mw(1800), w(2070), n(2360), and
1(2610). The first two resonances correspond to 2 .S, and
3150 states, as described by the quark model. Regge tra-
jectory groupings also include these two m resonances
[25, 26, 30]. The resonances m(2070) and 7m(2360), ob-
served approximately 20 years ago, are listed in the "Fur-
ther states" section of the PDG. The =« radial family is ex-
pected to contain the resonance with m = 2607 MeV, cor-
responding to the 61SO state. The first K radial excitation
is associated with the resonance K(1460), which is de-
scribed as the ZISO state by the quark model. The 31S0
state, i.e., the second radial excitation, corresponds to the
resonance K(1830) in agreement with the Regge traject-
ory calculations [25, 26]. The 41S0 state with m = 2095
MeV is predicted as the third K radial excitation. The N
radial excitations correspond to the four known reson-
ances, N(1440), N(1880), N(2100), and N(2300). The
modified Regge trajectories that are based on the holo-
graphy inspired stringy hadron (HISH) model corrobor-
ate the classification of N(1880) resonance in the N fam-
ily [30]. Moreover, Klempt and Richard [29] classified
the N(1880) resonance as a state (70,27 ), suggesting that
it corresponds to the N radial excitation second. Shah [6]
associated the N(2100) resonance to the 4 state and pre-
dicted the 55 state with m = 2515 MeV, neglecting the
N(2300) resonance. However, the rovibrational model

satisfactorily accommodates N(2300) after N(2100) res-
onance in the N family as 4S5 and 58S states, respectively.
In addition, it also predicts the 6S state with n =5, J¥ =
1/2°, and m = 2563 MeV. The resonances 3(1660),
2(1770), and Z(1880) are associated with the first three X
radial excitations, in agreement with the relativistic inter-
acting quark-diquark model [27]. In the PDG, the state
(70,07) is associated with the X(1880) resonance, where-
as Klempt and Richard [29] associated this state with the
2(1770) resonance. The present results indicate that
2(1770) and Z(1880) belong to the same X radial family,
with n = 2 and n = 3, respectively. The rovibrational
model also suggests a new radial resonance with J* =
1/2" and m = 1954 MeV.

Linear Regge trajectories have been used for describ-
ing the resonances of mesons and baryons [6, 30];
however, a non-linear behavior of the masses of the orbit-
al and radial resonances have been reported [25, 26, 28,
31, 32]. A study on the concavity of the Regge orbital and
radial meson trajectories have concluded that they can be
concave or convex [25, 26]. Recently, a non-linear Regge
trajectory, expressed as J = ¢ + al((—m)z)l/2 was used to
calculate the spectrum of the N, A, X, and A resonances
[9, 14]. Figure 1 shows the nonlinear behavior of the =,
K, N, and X radial and orbital excitations, as calculated by
the rovibrational model.

Figure 1 shows the curves in good agreement with the
experimental data. The corrections included in this mod-
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Fig. 1.

el, such as those of anharmonicity, centrifugal distortion,
and Coriolis coupling, are crucial for obtaining masses
that are close to the experimental values and follow a
nonlinear behavior. The curves (m, J) and (m, n) indicate
that the mass increases with the orbital number J or the
radial number #, as has been observed, but they also ex-
hibit a maximum in the curves. However, taking into ac-
count that Pekeris' approximate solution neglects higher
order terms, the downward parts of the curves may re-
flect the limit of Eq. (2).

Fitted curves of the &, K, N, and X orbital (m, J) and radial (m, n) resonances calculated by the rovibrational model.

IV. CONCLUSION

The proposed rovibrational model proved to be use-
ful in classifying the &, K, &, and X radial and orbital res-
onances. The four J excited states of the © meson are as-
sociated with the orbital resonances b(1235), m,(1670),
b5(2030), and m4(2250). Its radial excited states corres-
pond to the resonances 7(1300), n(1800), w(2070), and
m(2360). In the K family, the four orbital excitations are
associated with the resonances K;(1270), K,(1770),
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K5(2320), and K4(2500). The first and second radial ex-
citations of K are associated with the resonances K(1460)
and K(1830), respectively. Further, the K meson is expec-
ted to have a resonance with m =2095 MeV, correspond-
ing to the third K radial excitation. The N orbital excited
states are associated with the resonances N(1520),
N(1680), N(2190), N(2220), and N(2600), whereas the
first four N radial excitations are associated with the
N(1440), N(1880), N(2100), and N(2300) resonances.
Moreover, this model predicts the existence of another
resonance state with m = 2563 MeV, n =35, and J* = 1/2".
The X family includes the four orbital resonances

2(1670), £(1915), X(2100), and X(2250). This last reson-
ance is associated with the orbital excitation with J* =
9/2". The first three X radial excitations correspond to the
resonances %(1660), £(1770), and X£(1880). The rovibra-
tional model predicts a new radial resonance with J¥ =
1/2" and m = 1954 MeV.

In conclusion, the rovibrational model is useful for
classifying the hadron resonances, leading to a good
agreement with the experimental observations and pre-
dicting new hadron resonances. The next step is to apply
the model to study other hadrons.
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