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Abstract: Within the quasi-two-body decay model, we study the localized CP violation and branching fraction of
the four-body decay B® — [K~n*]g yvlntnlys » K nta~n* when the K™n" and 7~ #" pair invariant masses are
0.35 <mg-n+ <2.04GeV and 0 < my—r+ < 1.06 GeV, with the pairs being dominated by the K;;(700)°, K*(892)°,
K*(1410)°, K;(1430) and K*(1680)°, and £,(500), p°(770), w(782) and £;(980) resonances, respectively. When
dealing with the dynamical functions of these resonances, fy(500), p°(770), f0(980) and I_(S(1430) are modeled with
the Bugg model, Gounaris-Sakurai function, Flatté¢ formalism and LASS lineshape, respectively, while the others are
described by the relativistic Breit-Wigner function. Adopting the end point divergence parameters p4 € [0,0.5] and
$a €[0,27], our predicted results are Acp(B® —» K- ntntn™)e[-0.365,0.447] and BB’ — K n*ntn)e
[6.11,185.32]x 1078, based on the hypothetical ¢g structures for the scalar mesons in the QCD factorization ap-
proach. Meanwhile, we calculate the CP violating asymmetries and branching fractions of the two-body decays
B% - SV(VS) and all the individual four-body decays B® — SV(VS) — K- ntn~n*, respectively. Our theoretical
results for the two-body decays B” — K*(892)° f5(980), B” — K;;(1430)° w(782), B® — K*(892)" /(980), B’ —
I_(g(1430)0 ,and B® > I_(S(l430)0w are consistent with the available experimental data, with the remaining predic-
tions await testing in future high precision experiments.
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cays. Specifically, the invariant mass of the K™ n" pair
lies in the range 0.35 < mg- - < 2.04 GeV, which is dom-
inated by the K3(700)°, K*(892)°, K*(1410)°, K;(1430)

I. INTRODUCTION

Four-body decays of heavy mesons are hard to invest-

igate because of their complicated phase spaces and relat-
ively small branching fractions. This leads to much less
research on four-body decays than on two- and three-
body decays [1-11]. We have discussed localized CP vi-
olation and branching fractions of the four-body decays
B —» K~n*n~n* in Ref. [12], focusing on the nr and Kn
invariant masses near the masses of the f;(500) and
K;(700)0 mesons. The more resonance states there are,
the more abundant physical mechanisms are available to
us. We now further expand our research to include more
contributions from different resonances in our study of
CP violation and branching fractions in B? four-body de-
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and K*(1680)° resonances, and that of the 7~z* pair is in
the range O0<m;, <1.06GeV, which includes the
fo(500), p0(770), w(782) and f,(980) resonances. Mean-
while, studying the multibody decays can provide rich in-
formation about their intermediate resonances, especially
about the compositions of scalar mesons, which are still
unclear. The basic structure of the scalar meson is not
well established because it is very difficult to identify ex-
perimentally [13, 14]. In the B — f;(980)K channel, B de-
cay into a scalar meson was first observed and updated in
Ref. [15], and confirmed by BaBar [16]. In Refs. [17, 18],
there are two typical scenarios for scalar mesons based on
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their mass spectra and strong or electromagnetic decays.
In Scenario 1 (S1), the light scalar mesons (such as
Jfo(500), I_<(’;(700)°, f0(980) and a((980) mesons) are re-
garded as the lowest-lying ¢g states, and some others
(their masses near 1.5 GeV, including ao(1450),
K;(1430), fo(1370) and fp(1500) [19-21]) are treated as
the first corresponding excited states. In Scenario 2 (S2),
the heavier nonet mesons are regarded as the ground
states of ¢g, while the lighter nonet mesons are not regu-
lar mesons and might be four-quark states. To further im-
prove our understanding of the QCD mechanism and
quark confinement, it is necessary for us to study the
structural composition of the scalar mesons and related
content.

In 2019, the LHCb collaboration studied the
B® — p(770)°K*(892)° decay within a quasi-two-body de-
cay mode, B — (n*77)(K*7~) [22]. In our work, we adopt
this mechanism to study the four-body decay
B s K ntnnt, ie. B skp— K ntnnt, B = kw—
K- ntnnt, B —» K*(892)°0 — K~ ntnnt, B® — K*(892)°
f5(980) > K- ntn~n*, B’ — B® — K*(1410)°c - K n*n nt,
B® — K*(1410)°£,(980) — K~n*n~n*, B® — K;5(1430)°0 —
K n*rnt, B’—K;(1430)°w - K n*n %, B’ —K*
(1680)°c — K n*nn* and B° — K*(1680)° £,(980) —
K n"n~n*, where the scalar mesons will be treated using
S1 as mentioned above. We can then calculate the local-
ized CP violations and branching fractions of the four-
body decay B° — K~n*nn*. We can also calculate the
CP violations and branching fractions of the two-body
decays B — SV(VS) and all the individual four-body de-
cays B" —» SV(VS) — K n*n . In fact, with the further
development of the LHCb and Belle II experiments, more
and more decay modes involving one or two scalar states
in the B and D meson decays are expected to be meas-
ured with high precision in the future.

The remainder of this paper is organized as follows.
Our theoretical framework is presented in Sect. II. In
Sect. III, we give our numerical results. We summarize
our work in Sect. IV. Appendix A collects the explicit
formulas for all the four-body decay amplitudes. The dy-
namical functions for the corresponding resonances are
summarized in Appendix B. We also consider the f,(500)—
f0(980) mixing in Appendix C. Related theoretical para-
meters are listed in Appendix D.

II. THEORETICAL FRAMEWORK

A. Bdecay in the QCD factorization approach

In the framework of the QCD factorization approach
[4, 23], the effective Hamiltonian matrix elements can be
written as

(MM HeqlB) = D" APMIMLITY +TRIB), (1)

p=u,c

where H.g is the effective weak Hamiltonian, /lg,D ) =
Vb V;D, Vpp and V,p are the CKM matrix elements, and
74 and 7, describe the contributions from non-annihila-
tion and annihilation amplitudes, respectively; they can
be expressed in terms of a and b?.

Generally, a” includes the contributions from naive
factorization, vertex correction, penguin amplitude and
spectator scattering, and can be expressed as follows [4]:

ciz1 Crag
N, 4n

al (M, M) =(cl~ + %)M(M» +

c

472 D
x [Vi(Mz) + MM+ PLOM), (@)

c

where ¢; are the Wilson coefficients, N;(M,) is the lead-
ing-order coefficient, and V;(M,), H;(M;M;) and
Pl.p (M M,) are one-loop vertex corrections, hard spectat-
or interactions with a hard gluon exchange between the
emitted meson and the spectator quark of the B meson,
and penguin contractions, respectively. Cp=(N?—1)/
2N,, with N. =3 [4].

The weak annihilation contributions can be expressed
in terms of b; and b; gw, which are:

Cr Cr
bl N_CZCIAI’ bz—N—gc‘zAl,
Crl . .
28 =N—§ 3 Al +es(A] +A§)+NCC6A§],
2|
Crl . 4
bi =N—1; C4All +C()A12],
2|
2 SEl Al £ AL+ AT) 4 NocsA!
3,EW mic9 1+ 7( 3+ 3)+ cC8 3|
Crl 4 4
bfl),EW _m 7C10All + CgAlz], (3)

where the subscripts 1, 2, 3 of Af;f (n=1,2,3) stand for the
annihilation amplitudes induced from (V-A)V-A),
(V-A)V +A), and (S — P)(S + P) operators, respectively,
and the superscripts i and f refer to gluon emission from
the initial- and final-state quarks, respectively. The expli-
cit expressions for A;,’f can be found in Ref. [24].

In the expressions for the spectator and annihilation
corrections, there are end-point divergences X =

fol dx/(1 - x), which can be parametrized as [17]
Xia = (1+pyae®)n 2L (4)
Ay

with A, being a typical scale of order 500 MeV, ps y an
unknown real parameter and ¢, p the free strong phase in
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the range [0, 27]. sider the two-body cascade decay mode B — [K~nt]g v
[r~n*1ly;s = K- n*n~n*. Within the QCDF framework in
Ref. [4], we can deduce the two-body weak decay amp-
For the four-body decay B° — K~n*n n*, we con- litudes of B® — [K~n*1s/v[n~7* ]y, which are:

B. Four-body decay amplitudes

D 7 . % 3 % * B’ _60
MB° = Rilp) =iGr )’ Aﬁf){[épuaz(Km o)+ Ea/g’EW(KO?p)] fompes ppFy " (m2)

p=u,c
7 1 7g3 r * B
[pr(pK*O 3, EW(p )]fB‘)‘fb‘fK;f‘}’ (5)

* s e * 1 * K
/\/((B0 —K Oa)) =iGp Z ;){[61,,,&2(1(01011)) +2a; (Kolow) + = oz3 EW(KO?w) SfowmMuE), pBF Ka (mz))
p=u,c

1 2 g
+ [EaiEW(wKo?) - af(wKO?)] Feomue,, - ppAE ()

1 _ _
[4 3,5w(@ wKG)) ~ Ebg(WKS?)]fBﬂﬁ:fkgy}, (6)

with K = K;5(700)°, K;5(1430)° corresponding to i = 1, 2, respectively, and

D s . y 7 7 1 2
MEB = K fo) ==iGr . A |6pua(R fop) + 208 R fop) + 508y (R fop
p=u,c

X flymio€io - ppAl (mf )+[\/_a (K% fo))+ V22 (K fi))

B°K°
0

1 _ 1 _ _
p +0 4 +0 _ o
- %a:‘),EW(Ki fO]) - %CIQEW(Ki ij):lffo’,mKﬂ)SI—(:u PBA (mf )

1 7 2 * B’ 0j 1 2l
+ EaZ,EW(fo_,»K,- RECAVS O)]fk;om,z;oek,o ppFy " m) + [$b§<l<,- *foj)
- \f 0 e K3 o) | i e £, + [ 505G = 308 iR f fice ) (7)

I
with K0 = K*(892)°, K*(1410)°, K*(1680)" correspond- respectively, fff,, and f_f’i/ are the decay constants of the fp;
ing to i=1, 2, 3, respectively, and fy; = fo(500), fo(980) mesons coming from the up and strange quark compon-
when j=1,2, respectively. In Egs. (5)-(7), F¥~5(m?) ents, respectively.
and Ag _’V(ms) are the form factors for B° to scalar and In the framework of the two tWO-bOdy decays, the
vector meson transitions, respective]y’ fv, fg , and fB“ are four—body decay can be factorized into three pieces as fol-
the decay constants of the vector, scalar, and B° mesons, lows:

po — ot -t
M(BO N [K_7T+]S [ﬂ_—ﬂ_+]v — K_7T+7'(_7l'+) — <S qu_{EfﬂB ><K T |(]-[SK’7I* |S ><7T T |7-{V7r’7r*|V>, (8)
Ss Sy

and

pOo — o+ -t
M(BO N [K_ﬂ+]V[7T_7T+]S N K_7T+7T_7T+) — <VS |7{eff|B ><K /s |7‘[VK’TI*|V><7T A |7-{S7T’7T*|S>’ (9)
SySs

I
where H.g is the effective weak Hamiltonian, (MM H V) = gy, m, (P, — Pu,) - €y and (M Mo|H|S ) =
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gsmm,> §vm,m, and gsa,um, are the strong coupling con-
stants of the corresponding vector and scalar mesons de-
cays, and sg,v are the reciprocals of the dynamical func-
tions T,y for the corresponding resonances. The specific
kindsand expressions of T'y,y are givenin the fifth column of
Table 1 and Appendix C, respectively.

Table 1. Masses, widths and decay models of the intermedi-
ate resonances [25].
Resonance Mass/MeV Width/MeV Jr Model
o 475+75 550+ 150 o+ BUGG
P 77526 £0.25 149.1+0.8 1- GS
w 782.65+0.12 8.49+0.08 1~ RBW
£0(980) 990 +20 65+45 0* FLATTE
% 824+30 478 +50 o+ RBW
K*(892)° 895.5+0.20 473+0.5 1~ RBW
K*(1410)° 1421+9 236+18 1~ RBW
K;(1430)° 1425 £50 270+ 80 o+ LASS
K*(1680)° 1718 +18 322+110 1~ RBW

When considering the contributions from the B° —
[K-nt)s[n 7ty > K ntnnt and B - [K~ 7t y[n nt]s —
K~ n"n~n* channels as listed in Eqgs. (8) and (9), the total
decay amplitude of the B® — K~n*n*n~ decay can be
written as (As for the relative strong phase § between
these two interference amplitudes, we set § = 0 as in Refs.
(5,30, 31])

M=MB’ - [K 7 |s[r 7"y » K 7n°n r")
+MB’ - [Knlylnntls » K ntnat).  (10)

C. Kinematics of the four-body decay and
localized CP violation

One can use the five variables s, sgz, ¢, 0, and O
to describe the kinematics of the four-body decay
B — K~ (py)r* (p2)n™(p3)n*(ps) [26-29], where s, and
skn are the invariant mass squared of the nzr system and
Kn system, respectively, ¢ is the angle between the nx
and Kr planes, and 6, (or 6k) is the angle of the n* (or
K™) in the nw (or Kn) center-of-mass system with re-
spect to the i (or Kn) line of flight in the B° rest frame.
Their specific physical ranges can be found in detail in
Refs. [12, 26-29].

For presentation and calculation, it is more conveni-
ent to replace the individual momenta py, p2, p3, ps with
the following kinematic variables:

0= p1—p2,
N = p3—pa. (11)

P=p+p>,
L= p3+p4,

Using the above formula, we can get:

P’ =sgr, Q> =2(px+PP)—Skn»  L* = Sur,
1
P-L =§(m%ﬁ — Skn—Sux),  P-N = Xcosby,

L-Q =0(skx)X cosb, (12)

where

Csin) = 1= (0 +12) s (13)

With the decay amplitude, one can get the decay rate of
the four-body decay [32],

1
T = ————— ()X (Spms 5k2) ) IMPAQ,  (14)
4(47r)6m%0 szms

where 0 (syz) = V1 —4m2/ s, and Q represents the phase
space with dQ = ds;,dsg,dcosb,dcosbgde.

The differential CP asymmetry parameter and the loc-
alized integrated CP asymmetry take the following forms:

IMP = IMP?
S N B 15
Ry VERRyvE: (15)
and
o JAQUMP-IMP)
cp = = (16)
[ dQUMP + M)
respectively.

III. NUMERICAL RESULTS

When dealing with the scalar mesons, we adopt Scen-
ario 1 in Ref. [17], in which those with masses below or
near 1 GeV (o, fp(980), k) and near 1.5 GeV (K;;(1430))
are suggested as the lowest-lying ¢g states and the first
excited state, respectively. For the decay constants of the
fo; mesons, we consider the f;(500) — f,(980) mixing with
the mixing angle |¢,,| = 17° (see Appendix A for details).
For the decay constants and Gegenbauer moments of the
K*(1410)° and the K*(1680)° mesons, we assume they
have the same central values as that of K*(892)° and as-
sign their uncertainties to be +0.1 [33]. With the QCDF
approach, we have obtained the amplitudes of the two-
body decays B’ — SV and B° — VS, which are listed in
Egs. (5)-(7). Generally, the end-point divergence para-
meter p, is constrained in the range [0,1] and ¢, is
treated as a free strong phase. The experimental data for
B two-body decays can provide important information to
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restrict the ranges of these two parameters. In fact, com-
pared with the B — PV/VP/PP decays, there is much less
experimental data for the B— VS/PS and B— SV/SP
decays, so the values of ps and ¢, for these decays are
not well-determined. Therefore, we adopt p4 x < 0.5 and
0<¢ap <2m, as in Refs. [17, 24]. With more experi-
mental data, both of these could be defined in small re-
gions in the future.

Substituting Egs. (5)-(7) into Eq. (15), we obtain the
CP-violating asymmetries of the two-body decays
B - SV and B° — VS with the parameters given in
Table 1 and Appendix F, which are listed in Table 2.
From Table 2, one can see our theoretical results for the
CP asymmetries of B°— K*(892)°/,(980) and B° —
I_((’)‘ (1430)°w are consistent with the data from the BaBar
collaboration. However, the predicted central values of
the CP asymmetries of B°— K;(1430)°% and B°—

Table 2.

K;(1430)°w are larger than those in Ref. [18]. The main
difference between our work and Ref. [18] is the struc-
ture of the f(g(l430)° meson, which is explored in S1 in
our work and S2 in Ref. [18]. Furthermore, we predict the
CP asymmetries of some other decay channels. We find
the signs of the CP asymmetries are negative in B° — &p,
B — K*(1410)°£,(980) and B° — K*(1680)°£,(980) de-
cays, with the first of these being one order of magnitude
larger than the other two. For the positive values of the
CP asymmetries in our work, those for the B® — kw and
B® — K*(892)°c decays are also one order of magnitude
larger than the others. We have also calculated the
branching fractions of the two-body decays B® — SV and
B° — VS which are listed in Table 3. Our results are con-
sistent with the available experimental data for the
B — K*(892)" £,(980), B > K;(1430)° and
B - K3(1430)°w decays. Meanwhile, we find the mag-

Direct CP violations (in units of 1072) of the two-body decays B° — [K~n*]s,v[n* 7" ly;s . The experimental branching frac-

tions are taken from Ref. [34]. The theoretical errors come from the uncertainties of the form factors, decay constants, Gegenbauer mo-

ments and divergence parameters.

Decay mode BaBar PDG [25] [18] This work
kP - - - —10.66+3.14
Rw - - - 17.43+6.53
K*(892)° & - - - 25.57+10.42
K*(892)° f5(980) T+10+2 7+10 - 9.31+1.04
K*(1410)° & - - - 0.43+0.13
K*(1410)° £5(980) - - - -2.01+0.19
k(1430 - - 0.54+043+0.00+3.76 6.03+0.97
R3(14300 7:9+2 - 0.030370 01050 -9.53+3.88
K*(1680)° & - - - 3.03+0.77
K*(1680)° £0(980) - - - —-2.76£0.20
Table 3. Branching fractions (in units of 107°) of the two-body decays B® — [K~n*]s,v[x* 7" 1y;s . We have used B(fp(980) — n*n~) =

0.5 to obtain the experimental branching fractions for £ (980)V. The theoretical errors come from the uncertainties of the form factors,

decay constants, Gegenbauer moments and divergence parameters.

Decay mode BaBar Belle LHCb [24] PDG [25] QCDF [18] pQCD [35, 36] This work
P - - - - - - 1.35+0.47

Rw - - - - - - 3.87+1.65
K*(892)° & - - - - - - 0.11+0.04
K*(892)° £5(980) 11.4+1.4 <44 - 7.8+42 9.1 4459503 11.2~13.7 9.48+2.88
K*(1410)° & - - - - - - 2541+9.13
K*(1410)° £5(980) - - - - - - 14.39+4.22
K;(1430)° 27441243 - 10075403045 27.0£60 41702 4.8 56003 8.13+2.03
K5(1430)°, 6411370270 - - 160+34  93703NT 935N 5.021.06
K*(1680)° - - - - - - 27.64+8.59
K*(1680)° £(980) - - - - - - 21.76 £8.33
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nitudes of the branching fractions are of order 10 for
B - K*(892)°£,(980), B°— K*(1410)°c and B°—
K*(1410)°£,(980), but of order 10° for B —kp,
B° > w, B®— K;(1430)°% and B° — K;(1430)°w. We
note that the predicted branching fraction of
BY — K*(892)° o is the smallest, of the order of 10~7.

For different intermediate resonance states, we use
different models to deal with their dynamical functions.
These are listed in detail in Table 1 and Appendix D; o,
p%(770), £5(980) and 1?3(1430) are modeled with the Bugg
model [37], Gounaris-Sakurai function [38], Flatté form-
alism [39] and LASS lineshape [40-42], respectively,
while the others are described by the relativistic Breit-
Wigner function [43]. Inserting Eqgs. (A1)-(A3) into Egs.
(16) and (14), we can directly obtain the CP asymmet-
ries and branching fractions of all the individual four-
body decay channels B°— [K~nt]svlntnlys —
K- n*n*n~ by integrating the phase space of Eq. (14),
both of which are summarized in Table 4. From this ta-
ble, we can conclude that the ranges of these CP asym-
metries and branching fractions are about [-7.03,
24.33]1x 1072 and [0.11,27.3]x 107°, respectively. Consid-
ering the contributions from all the four-body decays lis-
ted in Table 4, we can obtain the localized integrated CP
asymmetries and branching fractions of the B’ —
K-n*n*n~ decay by integrating the phase space. Our res-
ults are in the ranges Acp(B® — K ntntn™) =[-0.365,
04471 and BB’ >K r'ntn)=[6.11,18532]x1078
when the invariant masses of K~z* and n~n* are in the
ranges 0.35 < mg-,- <2.04GeV and 0 < my, < 1.06 GeV,
where the Kz channel is dominated by the «, K*(892)°,
K*(1410)°, K;(1430) and K*(1680)° resonances, the nn
channel is dominated by the o, p°(770), w(782) and
f0(980) resonances, and the ranges of p4 and ¢, are taken

Table 4.
ing fractions (in units of 107°) of the four-body decays

Direct CP violations (in units of 1072) and branch-
B — [K~n*]svin*n"lys — K- n*n*n~. The theoretical errors
come from the uncertainties of the form factors, decay con-
stants, Gegenbauer moments and divergence parameters.

Decay mode CP asymmetries Branching fractions

ko (= K ntntn) -10.03£5.01 1.46+0.51

Rw (- K ntatn) 18.34+5.17 4.10+0.63
K*892)0 ¢ (— K- ntn*n) 24.33+9.01 0.11+0.05
K*(892)° f5(980) (= K~ n*n*n™)  —3.85+1.01 9.22+4.15
K*(1410)° 0 (= K~ ntatn) 0.41+0.53 21.18+6.32
K*(1410)° £(980)(— K~ n*ta*tn™)  —2.38+0.49 16.01 £4.04
K3(1430)°p (- K n*nta) -7.03+2.47 2.03+0.41
1'(5(1430)0w (» K ntntn) 10.39+3.42 2.55+0.87
K*(1680)° 0 (— K-n*ntn™) 8.05+3.01 27.30+7.05
K*(1680)° fo(980) (= K~ n*n*n™)  —5.03+0.62 19.89 +4.01

as [0,0.5] and [0,2n], respectively. Both of them are ex-
pected to be tested experimentally in the near future.

IV. SUMMARY

In this work, we have revisited the four-body decay
B’ — K~n*n~n* in the framework of the two two-body
decays. We have considered more contributions from dif-
ferent resonances. We have also updated the model when
dealing with the dynamical function for the p resonance.
The most important thing is that we have added the relev-
ant calculations to further test the rationality of the two-
quark model for scalar mesons in the two-body decay of
the B® meson. In this analysis, we first calculated the dir-
ect CP-violating asymmetries and branching fractions of
the two-body decays B® — [K~n*]s,v[n*n"]y;s within the
QCDF approach, as listed in Table 2 and Table 3, re-
spectively. From these two tables, we can see that our
theoretical results are consistent with the available experi-
mental data for the CP asymmetries of the B® —
K*(892)° f(980) and B® — K;(1430)°w decays and the
branching fractions of the B — K*(892)°£y(980),
B - K3(1430)° and B° — K;;(1430)°w decays. Because
of different structures of the I_((*;(1430)0 meson, our pre-
dicted central values for the CP asymmetries are larger
than those given in Ref. [18] for the B° — K;(1430)°p and
B’ — K;(1430)°w decays. It is found that the signs of the
CP asymmetries are negative for the B —kp, B’ —
K*(1410)°£,(980) and B® — K*(1680)°£,(980) decays and
are positive for other decays. The magnitudes of the
branching fractions for the two-body decays considered,
B = [K nt*]svln*nlys, are of orders 1077 ~ 1075,
Then, under the assumption of the quasi-two-body decay
mode, we regard the B —» K~n*n~n* decay as happen-
ing through B® — [K~n*]s,v[n*n lys — K n*n n* and
calculate the direct CP asymmetries and branching frac-
tions of all the individual four-body decay channels B® —
[K~n*lsvln*n"lyys = K n*n*n~. Their ranges are about
[-7.03,24.33]x 1072 and [0.11,27.3]x 107°, respectively.
Finally, considering the contributions from all these de-
cay channels, we obtain the localized integrated CP
asymmetries and the branching fraction of
BY > K ntnnt  when 0.35 <mg-p <2.04GeV  and
0 <myn <1.06GeV, which are dominated by the
K3(700)°, K*(892)°, K*(1410)°, K;;(1430) and K*(1680)°,
and £,(500), p°(770) , w(782) and f;(980) resonances, re-
spectively. The predicted results are Acp(B® —
K ntntn ) =[-0.365,0.447] and BB° -» K ntntn") =
[6.11,185.32]x107%. In our analysis, the errors come
from the uncertainties of the form factors, decay con-
stants, Gegenbauer moments and divergence parameters.
These theoretical predictions await testing in future high-
precision experiments. If our predictions are confirmed,
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the viewpoint that scalars have a g composition may be
supported. However, to exclude other possible structures,
more investigations will be needed due to uncertainties

from both theory and experiments.
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APPENDIX A: FOUR-BODY DECAY
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Considering the related weak and strong decays, one
can obtain the four-body decay amplitudes of the
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lows:
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APPENDIX B: DYNAMICAL FUNCTIONS FOR
THE CORRESPONDING RESONANCES

B.1. BUGG MODEL

We adopt the Bugg model [37] to parameterize the o
resonance:

S — S .
Tr(Max) = 1/[M2—s,m—g%(sm)ﬁg’;—s’*zwm)—erm(sm)],
YA
(B1)

. 1
where  z(szr) = jl(smr)_jl(Mz) with J1(San) = =|2+p1X
T

4
1- .
ln( ol )]: Fiot(8$77) = Zri(srm) with:

i=1

L+p1

MT\(Szz) g](smr) pl(sm'r)

MT5($rz) =0~681 (Sm)(Smr/MZ)eXp(—CY|Sm - 4m%{|)p2(smr),
MT3(87r) =0.287(S72)(Srn /M )eXp(—=@lsr — 4 )3 (Sxr),
MT4(57z) :Mg4p47r(s7m)/p47r(M2),

(B2)

and:

83 (Sun) =M(by + by5)expl—(szr — M*)/Al,
Pan(Ser) =1.0/[1 +exp(7.082 —2.8455,,)]. (B3)

In the above two formulas, the relevant parameters
are specifically fixed as M =0.953 GeV, g4, =0.011 GeV,
spa=0.14m2, A=2426GeV?, b;=1302GeV?, and
b* =0.340 in Ref. [37]. The phase-space factor paramet-
ers py, p and p3 have the following forms:

m2
1-4—L, (B4)

S7l'7T

Pi(Szn) =

with m = my, my = mg and m3 = m,,.

B.2. GOUNARIS-SAKURAI FUNCTION

In the framework of the Gounaris-Sakurai model,
which includes an analytic dispersive term, the propagat-
or of the p°(770) resonance can be expressed as [38]

Tr(y) = 1+ DI'y/myg (BS)
i m% = San + [ (Maz) = imol'(Mzz) ’

where mg and Iy are the the mass and decay width of the
0°(770) meson, respectively, and f(m,,) is given by

2

dh
f(mﬂﬂ) FO 3 [‘1 [h(mﬂﬂ) h(m())] + (m() mnﬂ)q() 2
9 dmz,

b
my

(B6)

where ¢ is the value of ¢ = |g] when the mass of the nx
pair satisfies Mg = Mp0(770) with:

2 2
hmee) = = L 10g (P22, (B7)
o My
dh _ B ~
= h(mo)|(8g3) ™" - @md)™" | + @m3) "
dmlm’ my
(BS)

In Eq. (BS5), the concrete form of the constant parameter
Dis

2 2

m;mo

3 +2
D=="jog(TLI0) O 0 (o)
L 2my 2nq0  nq,

B.3. FLATTE MODEL

In Refs. [39, 44], when studying the f5(980) reson-
ance, we can use the Flatté model to deal with it, which
has the following form:

1

TR(My) = -
T m%—s,m—lmR(g,mpm+g1<KF12(KpKK)

(B10)

where myp is the mass of the f,(980) meson, and g, (or gk )
is the coupling constant of the f,(980) resonance decay to
a ntx~ (or K*K™) pair. Within the Lorentz-invariant
phase space, the phase-space p factors are given by:

4m?
Jl - 7T0 '
S7T7T
2
\/l ~ dmy,
Snn

Compared to the normal Flatté function, a form factor
Fyg =exp(—ak?) in Eq. (B10) is introduced above the
KK threshold and serves to reduce the pxx factor as sy,
increases, where & is the momentum of each kaon in the
KK rest frame, and a=(2.0+0.25)GeV~> [44]. This
parametrization slightly decreases the f,(980) width
above the KK threshold. The parameter « is fixed to be
2.0 GeV~2, which is not very sensitive to the fit.

4m K,

PKK— (B11)

Prr = \/
sﬂﬂ'

B.4. LASS MODEL
Generally, the LASS model can describe the low
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mass of the K*n~ resonance. It has been used widely in
theories and experiments [40-42], and has been written as

Mg
T 1) = e o
(i) gl cotdp —ilgl
. molo s
+ eZlég 0] | _}I , (B 12)
m(z) - siﬂ —impl 4 "
MgKn |q0|

where mg and Iy are the mass and width of the K;(1430)
state, respectively, |qo| is the value of |§] when
Mix = MK:(1430), |g] is the momentum vector of the reson-
ance decay product measured in the resonance rest frame,

1 .
and cotég has two terms, cotdp= =rl|ql, with

1
—+
algl 2
a=(3.1£1.00GeV™" and r=(7.0£2.3)GeV~' being the
scattering length and effective range [42], respectively.

B.5. RELATIVISTIC BREIT-WIGNER
We adopt the relativistic Breit-Wigner function to de-
scribe the distributions of the K;(700)°, K*(892)°,
K*(1410)° and K*(1680)° resonances [43],

1 _
Tr(mgzr) = - (R=kK*), (B13)
MIQQ — SKn —1MRFK,,
with
2J+1 M
Tk = FS(pK”) ( R )F,%, (B14)
PR e

where Mg and I'§ are the mass and width, respectively,
mg, 1S the invariant mass of the Kr pair, pg,(pg) is the
momentum of either daughter in the Kr (or R) rest frame,
and Fy is the Blatt-Weisskopf centrifugal barrier factor
[45], which is listed in Table B1 and depends on a single
parameter R,, which can be taken as R, = 1.5 GeV~! [46].

Table B1.
form factors.

Summary of the Blatt-Weisskopf penetration

Spin Fr
0 1

V1+(Rrpr)?
V1+(Rrpap)?

1

APPENDIX C: f,(500) - f,(980) MIXING

Analogous to the 7—7" mixing, using a 2 X2 rotation
matrix, the f5(500)— fp(980) mixing can be parameter-
ized as

( f0(980) ):( COS Y Sin‘pm )( fs ) (Cl)

fo(500) —sing, COS@y fq
it +dd . ..
where f;=s5 and f, = %, and ¢, is the mixing

angle, which has been summarized in Refs. [18, 47].
However, based on the measurement by the LHCDb collab-
oration, the range of ¢,, is |¢,| < 31° [48]. In our calcula-
tion, we adopt |p,,| = 17° [18].

APPENDIX D: THEORETICAL INPUT
PARAMETERS

The predictions obtained in the QCDF approach de-
pend on many input parameters. The values of the
Wolfenstein parameters are taken from Ref. [49]:
p=0.117£0.021, 7=0.353+£0.013.

For the masses used in the BY decays, we use the fol-
lowing values, except for those listed in Table 1 (in GeV)
[49]:

m, =myg =0.0035, m;=0.119, my =42,
my =0.14, mg- =0.494, mp =5.28, (D1)

while for the widths we shall use (in units of GeV) [49]:

[ =0.149, Tyonr =0.00013, T'yrr=0.3,

F‘ﬁ)(gso)_)ﬂﬂ = 033, Ff(‘(ggz)o_ﬂ(ﬂ = 00487,
r[‘(,(1410)04,Kﬂ = 0015, rk*(1680)04,[<ﬂ = 010,

rkg(1430)_>]<7( =0.251. (D2)

The Wilson coefficients used in our calculations are taken
from Refs. [50-53]:

c1=-03125, ¢ =1.1502, c¢3=0.0174,

¢4 =-0.0373, ¢5=0.0104, cg=—0.0459,
c7=-1.050x107%, ¢5=3.839%x107*,

c9=—-0.0101, ¢10=1.959x1073. (D3)

The following relevant decay constants (in GeV) are used
[17, 54, 55]:

fe =031, fp=021£0.02 fr =0.156+0.007,
f5=-021+0093, f“=0.4829+0.076,
f=034£0.02, f,=0216+0.003,

fpl =0.165+0.009, f,=0.187+0.005,
fE=0151£0.009, fz.soap = 0.22+0.005,
f]%i(892)(' = O] 85 + 00] O, ‘f_f(;;(1430)0 = —0300 + 0030

Fios0) = 0-325£0.016,  ff 959 = 0.1013 £0.005.
| (D4)
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As for the form factors, we use [17, 33, 55, 56]:

FE=K(0)=035+004, FE~7(0)=045+0.15, FF'~*0)=0320.1,

AFSK®2(0) 2037440034, FF77(0)=025+003, F
AT K407 ) — 026 40.0275,  AF=K U5 (0) = 0.2154+0.0281  AF~7(0) = 0.303+0.029,

B'—K;(1430)°

. (0)=0.21,

(D5)

The values of the Gegenbauer moments at i = 1 GeV are taken from [17, 54, 55]:

=0

1

. 05=0152007, o}, =0, of, =014£006, ay=0, ay=015+007, oy =0,

¢, =0.14:0.06,

oKV 2003002, X ® =004£0.03, oF ¥ =0.11£0.09, of ¥ =0.10+0.08,

B!, =-0.4220.074,

1,1

BY, =-0.58+0.23,

B, =-0.35=0.061,

L

B}, =-043+0.18,

BY 1 o50)= ~0.92£0.08, BY ;50 = ~0.74£0.064, B} ;g0 = —1£0.05, B3 ; 50 = —0.80.04,

Biz=-092+0.11,

B3z =0.15+0.09,

B]’[_(6(1430)0 =0.58+0.07,

B3J’(5(]430)o =-1.20+0.08.
(D6)
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