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Abstract: By throwing a test charged particle into a Reissner-Nordstrom (RN) black hole, we test the validity of
the first and second laws of thermodynamics and the weak cosmic censorship conjecture (WCCC) with two types of

boundary conditions: the asymptotically anti-de Sitter (AdS) space and a Dirichlet cavity wall placed in an asymptot-
ically flat space. For the RN-AdS black hole, the second law of thermodynamics is satisfied, and the WCCC is viol-
ated for both extremal and near-extremal black holes. For the RN black hole in a cavity, the entropy can either in-

crease or decrease depending on the change in the charge, and the WCCC is satisfied/violated for the extremal/near-

extremal black hole. Our results indicate that there may be a connection between the black hole thermodynamics and

the boundary condition imposed on the black hole.
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I. INTRODUCTION

Studying the thermodynamic properties of black holes
can have a deep impact upon the understanding of
quantum gravity. Penrose first noticed that a particle can
extract energy from a black hole with an ergosphere [1],
which led to the discovery of the irreducible mass [2-4].
The square of the irreducible mass of a black hole can be
interpreted as the black hole entropy [5, 6]. Later, analog-
ous to the laws of thermodynamics, the four laws of black
hole mechanics were proposed [7]. With the advent of the
AdS/CFT correspondence [8], there has been substantial
interest in studying the thermodynamics and phase struc-
ture of AdS black holes [9-22], where some intriguing
phase behavior, e.g., reentrant phase transitions and
tricritical points, has been found. It is also worth noting
that black holes can become thermally stable in AdS
space because the AdS boundary acts as a reflecting wall.

Along with the development of black hole thermody-
namics, the weak cosmic censorship conjecture (WCCC)
was proposed to hide singularities by event horizons [1].
If the WCCC is valid, the singularities cannot be seen by
observers at the future null infinity. To test the validity of
the WCCC, Wald constructed a gedanken experiment to
destroy an extremal Kerr-Newman black hole by over-
charging or overspinning the black hole via throwing a

test particle into it [23]. Nevertheless, the extremal Kerr-
Newman black hole was shown to be incapable of captur-
ing particles with sufficient charge or angular mo-
mentum to overcharge or overspin the black hole. Later,
near-extremal charged/rotating black holes were found to
be overcharged/overspun by absorbing a particle [24-26],
and hence, the WCCC was violated. However, sub-
sequent studies showed that the WCCC might be still val-
id if the backreaction and self-force effects were con-
sidered [27-32]. As a general proof of the WCCC is still
lacking, its validity has been tested in various black holes
[33-72]. In particular, the thermodynamics and WCCC
have been considered for a Reissner-Nordstrom (RN)-
AdS black hole via charged particle absorption in the nor-
mal and extended phase spaces [46, 73]. In the normal
phase space, in which the cosmological constant is fixed,
the first and second laws of thermodynamics were shown
to be satisfied while the WCCC was violated even for an
extremal RN-AdS black hole.

Instead of the AdS boundary, York showed that pla-
cing Schwarzschild black holes inside a cavity, on the
wall of which the metric is fixed, can make them
thermally stable [74]. The thermodynamics and phase
structure of RN black holes in a cavity were studied in a
grand canonical ensemble [75] and a canonical ensemble
[76, 77]. It was found that the Schwarzschild and RN
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black holes in a cavity have quite similar phase structure
and transition to these of the AdS counterparts. After-
wards, various black brane systems [78-83], a Gauss-
Bonnet black hole [84], hairy black holes [85-88], and
boson stars [89-92] in a cavity were extensively investig-
ated, and it was also shown that the behavior of the grav-
ity systems in a cavity is strikingly similar to that of their
counterparts in AdS gravity. However, we have recently
studied the phase structure of Born-Infeld black holes en-
closed in a cavity [93, 94] and thermodynamic geometry
of RN black holes in a cavity [95] and found their behavi-
or is dissimilar from that of the corresponding AdS black
holes. Note that the thermodynamics and critical behavi-
or of de Sitter black holes in a cavity were investigated in
[96, 97].

Although a considerable amount of work is in pro-
gress on the thermodynamic laws and WCCC for various
black holes of different theories of gravity in spacetimes
with differing asymptotics, little is known about the
second law of thermodynamics and WCCC for a black
hole enclosed in a cavity. As RN-AdS black holes and
RN black holes in a cavity are thermally stable, they
provide appropriate scenarios to explore whether or not
the thermodynamic laws and WCCC are sensitive to the
boundary condition of black holes. To this end, we study
the thermodynamic laws and WCCC for an RN black
hole in a cavity in this paper.

The rest of this paper is organized as follows. In Sec-
tion II, we review the discussion of the thermodynamic
laws and WCCC for an RN-AdS black hole to be self-
contained and introduce the method used in this paper.
The thermodynamic laws and WCCC of an RN black
hole in a cavity are then tested via the absorption of a
charged particle in Section III. We summarize our results
with a brief discussion in Section IV. For simplicity, we
set G =h=c=kp =1 in this paper.

II. RN-ADS BLACK HOLE

In this section, we discuss the first and second laws of
thermodynamics and WCCC for an RN-AdS black hole
by throwing a test particle into the black hole. First, we
consider the motion of a test particle of energy E, charge
g, and mass m in a four-dimensional charged static black
hole with the line element

1 .
=—f(rd+ mdrz +r° (dé?2 +sin’ 9d¢2) , (D

and the electromagnetic potential A,,,
A=A (r) 0y 2)

We also suppose that the outermost horizon of the black
hole is at r=r,, where f(r;)=0. In [58], the Hamilton-
Jacobi equation of the test particle was given by

2 r 2 2
_ [E+qu‘ (r)] [P (r)] + L2 — mz, (3)

+
) f

where L and P"(r) are the particle's angular momentum
and radial momentum, respectively. It was shown in [98,
99] that P"(r.) is finite and proportional to the Hawking
temperature of the black hole. Eqn. (3) gives

E=—-qgA/(r)+ \/f(r) (m2 + I;—j) +[Pr (N3 “4)

where we choose the positive sign in front of the square
root as the energy of the particle is required to be a posit-
ive value [2, 4]. At the horizon r = r,, the above equation
reduces to

E=q0+|P"(r)], (5)

where ® = -A,(r;) is the electric potential of the black
hole. Eqn. (5) relates the energy of the particle to its radi-
al momentum and potential energy just before the particle
enters the horizon.

To check whether a particle can reach or exist near
the black hole horizon, we can rewrite Eqn. (4) as the ra-
dial equation of motion,

2
(g_) [E+gAOF (L) ©
T m?
where we use P"(r) =mdr/dr, and 7 is the affine para-
meter along the worldline. Note that a particle can exist in
the region where (dr/dr)* >0, and dr/dr = 0 corresponds
to a turning point. Specifically, for a particle existing at
the event horizon, Eqn. (6) gives that (dr/dr)? lr=r, 20,
and hence, E > q®. Furthermore, if the particle falls into
the black hole, one has (dr/dr)* > 0 at the event horizon,
which leads to E > ¢g®. In short, for a particle of energy E
and charge ¢ around a black hole of potential ®, E > g®
provides a lower bound Ej,, on E, which ensures that the
particle exists near the event horizon and is absorbed by
the black hole.
For an RN-AdS black hole, the metric function f(r)
and electric potential @ are
2 2
f(rM, Q) = 1—2—M+Q—2+r— and 0=2, (7
r r 2 ry

respectively, where M and Q are the mass and charge of
the black hole, respectively, and / is the AdS radius. Here,
the parameters M and Q are put explicitly as arguments of
the function f(r) for subsequent convenience. With fixed
charge O, the mass M,(Q) and horizon radius r,(Q) of
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the extremal RN-AdS black hole are determined by
f(re(Q); M, Q) = df (r; M, Q) /drl,—, (o) = 0, which gives

M.(Q) =1£§l(2+ V1+1202/P) \/m
re(Q)=% NNy .

Like an RN black hole, when M > M,(Q), the RN-AdS
black hole solution has an event horizon at r = r, (M, Q),
which is obtained by solving f(r;M,Q) =0 [73]. Other-
wise, the event horizon disappears, and a naked singular-
ity emerges, which leads to violation of the WCCC. If the
event horizon exists, one can define the black hole tem-
perature 7 and entropy S as

Tziw and S =12(M, Q). (9)
A or r=r.(M,Q)

Suppose one starts with an initial black hole of mass
M and charge Q with M > M,(Q) and throws a test
particle of energy E <« M and charge g < Q into the
black hole. After the particle is absorbed, the final config-
uration has mass M +dM and charge Q +dQ. The energy
and charge conservation of the absorbing process gives

dM=E and dQ=g, (10)
where £ and ¢ are related via Eqn. (5). If M+E >
M. (Q+q), there exists an event horizon in the final black
hole solution, which hides the naked singularity.
However, for M+E < M,(Q+q), the naked singularity
can be seen by distant observers due to the absence of an
event horizon.

We first check the first and second laws of thermody-
namics for an RN-AdS black hole during the absorption.
In this case, the final black hole solution should have an
event horizon at r=r,(M,Q)+dr, such that thermody-
namic variables are well defined. Therefore, the horizon
radius, mass, and charge of the final black hole satisfy

SrsM,Q)+dri;M+dM,0+dQ) =0, 11

which leads to

af (r;M, Q) dr +3f(r;M, 0)
or r=r.(M,Q) * oM

N af (r;M, Q)
00

dM
r=r.(M,Q)

do =0. (12)
r=r.(M,Q)

Using Eqns. (5), (7), (9), and (10), one finds that the
above equation gives

|P"(r. (M, Q)| = TdS. (13)

For an extremal black hole with 7 =0, because
P (ry (M,Q)) < T, Eqn. (13) is trivial. Nevertheless, for a
non-extremal RN-AdS black hole with T >0, the vari-
ation of entropy is

P (re (M, 0)) o
B T

s 0, (14)

which means the second law of thermodynamics is satis-
fied. Moreover, plugging Eqns. (10) and (13) into Eqn.
(5) yields the first law of thermodynamics:

dM = ®dQ +TdS. (15)

To test the WCCC, we consider an extremal or near-
extremal RN-AdS black hole and check whether throw-
ing a charged particle can overcharge the black hole. To
overcharge the black hole, the final configuration should
exceed extremality:

M+E<M,(Q+q), (16)

which, together with Eqn. (5), gives the constraints on the
energy of the particle

q0

Eow =
V= (M, Q)

<E<M,(Q+q)—M=Ey,. (17)

As g < Q, we can expand M, (Q +¢) and obtain

M”
Eup= M@ - M+ M@+ 2L (g
where
V1+1202/12-1
MO =—2 wd M= TRl
re(Q) I\2/3+80%/

19)

If the initial black hole is extremal, the lower and upper
bounds on E become

qQ M (O ,
2

Bov=2"0)

Therefore, there always exists a test charged particle with
Ejow < E < Ey, that can overcharge the extremal RN-AdS
black hole. For a near-extremal RN-AdS black hole with
0O and M = M,(Q) + €, the lower and upper bounds on E
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become

Eow = M;(Q)q —-A(Q)ge and

=M, (Q)g+—— "(Q) 7 -€, 1)

where A (Q) >0 is some function of O, and € is a small
parameter. To have Ey, > Eiow, we find

_A(Q)+ VAT Q)+ 2N (D)
. 22
M/ (Q) e @2

q=ae>

The constraints expressed in (17) give the energy E of the
particle,

E= Mé(Q)ae—i—be2 with Z(Q) 2

-A(Qa<b< 1.

(23)

Therefore, a charged particle with its charge and energy
satisfying Eqns. (22) and (23), respectively, can over-
charge the near-extremal black hole. In summary, the
WCCC is always violated for extremal and near-ex-
tremal RN-AdS black holes.

III. RN BLACK HOLE IN A CAVITY

In this section, we throw a charged particle into an
RN black hole enclosed in a cavity and test the first and
second laws of thermodynamics and the WCCC. We now
consider a thermodynamic system with an RN black hole
enclosed in a cavity, the wall of which is at r=rg. The
four-dimensional RN black hole solution is

s*=—f(r;M,Q)dr? +f( dM ) r2(d92+sin29d¢2),

2
f(riM, Q)= 1—2—M+g, A=A (r)dt = _%dt,

24)

where M and Q are the black hole charge and mass, re-
spectively. The Hawking temperature Tgy of the black
hole is given by

Tgu =

10f(5M,0 __ 1 ( __@ )
dn or r=r,(M,Q) ~ 4nr (M, Q) r3 (M, Q)
(25)

where 7, (M,Q) = M + \/M? — Q? is the radius of the out-
er event horizon. Suppose that the wall of the cavity is
maintained at a temperature 7. It was shown in [75] that
the system temperature 7 can be related to the black hole

temperature Tpy as

T
T—-——_-BH (26)

Vs M, Q)

which means that 7,measured at r=rg, is blueshifted
from Tgy, measured at r = co. The thermal energy & and
potential @ of this system are [75]

827'3[1— \/m]’

:A,(rB)—A,(r+)

. (27)
\f(rg;M, Q)
The physical space of r, (M, Q) is bounded by
1. (Q) < r (M, Q) < rp, (28)

where r,(Q) = Q is the horizon radius of the extremal
black hole.

After we throw a particle of energy £ and charge ¢ in-
to the RN black hole, the thermal energy and charge of
the system are changed from (&E,Q) to (§+d&,0+dQ).
The energy and charge conservation give

dQ =q,
1

T 05 M0

where we use Eqn. (27) to express d& in terms of dM and
dQ. Here, we assume that the radius rp of the cavity is
fixed during the absorption. Eqn. (29) leads to variation
of the black hole mass M,

29)

(am-£2) g,

I'p

S (s M, Q)E + %. (30)

For the purpose of discussing the thermodynamic laws,
the final RN black hole after absorbing the particle is as-
sumed to have an event horizon, which is located at
r=ry(M,Q)+dr,. Similar to the RN-AdS case, we have

of (M, Q) of (r; M, 0)
Xl = M
or rzn(M,Q)dr T oM r:u(M,Q)d
af (r;M, Q)
- do=0. 31
" 00 lr=r.m,0) ¢ G
Eqns. (5), (25), (26), and (30) then give
. 99
TdS = |P"(r, (M, o, 32
|P" (r (M, Q)| + RO (32)

where S = 7r2 (M, Q) is the entropy of the system. Using
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Eqn. (27), we rewrite Eqn. (32) as

TdS =|P" (r. (M, Q)|
1 1

1
+
v ref(rgsM, Q)  re+f(re; M, Q)

Qdo
(33)

where the prefactor of QdQ is positive. This shows that,
when T =0 (i.e., Q= M), both sides of (33) are zero,
which cannot provide any information about dS. For a
non-extremal black hole, Eqn. (33) gives that the entropy
increases when dQ > 0. However, when dQ <0, the en-
tropy can increase or decrease depending on the value of
dQ. Therefore, the second law of thermodynamics is in-
definite for an RN black hole in a cavity. Substituting
Eqn. (5) into Eqn. (32), we obtain

dE=0dQ+TdS, (34)

which is the first law of thermodynamics.

To overcharge an RN black hole of mass M and
charge Q in a cavity by a test particle of energy £ and
charge ¢, the mass M +dM and charge Q+ ¢ of the final
configuration must satisfy

M+dM < Q+gq, (35)

which, due to Eqn. (30), puts an upper bound on £,

Q+61—M—g

E<Ep=s —————1& (36)

Vs M Q)

In contrast, Eqn. (5) also puts a lower bound on F,

E> ———— = FEjy. (37)

For an extremal black hole with M = Q, we find
Eup =Eow =4, (38)

which indicates that the extremal black hole cannot be
overcharged. Considering a near-extremal RN black hole
with Q and M = Q + €2, one can show that

V2qe €

Elow =q- and Eup =q- m (39)

If Eyp > Eiow, the charge g of the test particle should be
bounded from below,

cges € |2
q:a€>(1—Q/r3)\/:' (40)

Moreover, the corresponding energy E of the particle is

V2a

. 1
with —@ <b<—m.

E = ae+ bé*

(41)

Therefore, a test particle with (¢, E) in the parameter re-
gions (40) and (41) can overcharge the near-extremal RN
black hole in a cavity, which invalidates the WCCC.

IV. CONCLUSION

In this paper, via absorbing a test charged particle, we
calculated the variations of thermodynamic quantities of
RN black holes with two boundary conditions, namely
the asymptotically AdS boundary and the Dirichlet
boundary in the asymptotically flat spacetime. With these
variations, we checked the first and second laws of ther-
modynamics and WCCC in these two cases. Our results
are summarized in Table 1. In the limit of / - oo, an RN-
AdS black hole becomes an RN black hole. Similarly, an
RN black hole in a cavity also reduces to an RN black
hole when rp — . We find that taking the limits of our
results in both AdS and cavity cases gives the same res-
ult regarding the validity of the thermodynamic laws and
WCCC for an RN black hole, which is also presented in
Table 1.

In [76, 77], the thermodynamic and phase structure of
an RN-AdS black hole and RN black hole in a cavity
were shown to be strikingly similar. However, it was
found that the thermodynamic geometry in these two
cases behaves rather differently [95], which implies that
there may be a connection between the black hole micro-
states and the boundary condition. In this paper, we
showed that the validity of the second law of thermody-
namics and WCCC in the AdS and cavity cases are quite
different, which further motivated us to explore the con-
nection between the internal microstructure of black holes

Table 1.
namics and weak cosmic censorship conjecture (WCCC),
which are tested for an RN-AdS black hole, RN black hole in
a cavity, and RN black hole absorbing a test charged particle.

Results for the first and second laws of thermody-

RN-AdS BH RN BH in a cavity RN BH
Ist Satisfied. Satisfied. Satisfied.
Law
2nd . Satisfied for dQ > 0. .
Law Satisfied. Indefinite for dQ < 0. Satisfied.
Violated for Satisfied for extremal Satisfied for extremal

BH. Violated for
near-extremal BH.

BH. Violated for near-
extremal BH.

WCCC extremal and near-
extremal BHs.
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and the boundary condition.

To understand the scale of energy required for a
particle to overcharge a black hole, we can convert phys-
ical quantities in Planck units to SI units. In fact, for a
particle of charge ¢ and energy E in Planck units, the
charge and energy in SI units are gg, and Em,c?*, respect-
ively, where g, = V4neyhc = e/ \Ja is the Planck charge,
€ 1s the permittivity of free space, e is the elementary
charge, a is the fine structure constant, and m, = Vic/G
is the Planck mass. From Eqns. (22), (23), (40), and (41),
we find that a test particle that can overcharge a charged
black hole should have

E ~ ¢ (in Planck units), (42)
which leads to
lg] 2\ gl 18 - .
E~= (Vam,c?) ~ —>x10' GeV (in Slunits). (43

For example, if one throws an ionized hydrogen nucleus
of m~1GeV/c? and g = e to overcharge a charged black
hole, the nucleus is ultrarelativistic with an enormous Kin-
etic energy ~ 10'® GeV to overcome the electrostatic re-
pulsion between the particle and the black hole.

In this paper, we discussed the WCCC in the test lim-
it, in which the interaction between test particles and the
black hole background is neglected. Although this meth-
od is simple and straightforward, it is subject to several
limitations. For example, our results showed that the fi-

nal mass of the black hole needs to have a second-order
correction in g to overcharge the black hole. However, if
one calculates the mass consistently to order g2, the test
limit, which is valid only to linear order in ¢, is not
enough, and hence, all second-order effects, e.g., self-
force and finite size effects, should be considered. In
[43], a general formula for the full second-order correc-
tion to mass was proposed, and it was found that the WC-
CC is valid for Kerr-Newman black holes up to the
second-order perturbation of the matter fields. In this new
version of the gedanken experiment, the WCCC was
tested and found to be valid for various black holes [47,
48, 100, 101]. In particular, the WCCC was investigated
for RN-AdS black holes in the extended phase space in
[102], which showed that the WCCC cannot be violated
for RN-AdS black holes under the second-order approx-
imation of matter field perturbations. In contrast, we used
the test limit to study the WCCC for RN-AdS black holes
in the normal phase space with fixed cosmological con-
stant and found that the WCCC is violated. Apart from
the different phase spaces considered, differences
between our results and those in [102] suggest that cor-
rections beyond the test limit can play an important role
in the analysis of the WCCC for charged AdS black holes
and black holes in a cavity. We leave this for future work.
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