Chinese Physics C  Vol. 45, No. 4 (2021) 044110

Systematic study of two-proton radioactivity within a Gamow-like model
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Abstract: In this study, based on the Gamow-like model, we systematically analyze two-proton (2p) radioactivity

half-lives of nuclei near or beyond the proton drip line. It is found that the calculated results can reproduce experi-

mental data well. Furthermore, using this model, we predict the half-lives of possible 2p radioactivity candidates

whose 2p radioactivity is energetically allowed or observed but not yet quantified in the latest table of evaluated

nuclear properties, i.e., NUBASE2016. The predicted results are in good agreement with those from other theoretic-

al models and empirical formulas, namely the effective liquid drop model (ELDM), generalized liquid drop model

(GLDM), Sreeja formula, and Liu formula.
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I. INTRODUCTION

Two-proton (2p) radioactivity, i.e., the spontaneous
emission of two protons from the ground state or isomer
state of a radioactive nucleus, has become a significant
tool in the last decades to shed new light on the nuclear
structure information of rich-proton nuclei near or bey-
ond the proton drip line [1-8]. This new decay mode was
predicted for the first time in 1960s by Zel *dovich and
Goldansky [1-3]. Subsequently, the not true 2p radio-
activity (i.e., the 2p radioactivity released energy Q,, >0
and proton radioactivity released energy Q,>0) pro-
duced by short-lived nuclear resonances was reported [9-
14]. With the development of theoretical studies and the
improvement of experimental techniques, in 2002, true
2p radioactivity (Q», >0 and Q, <0) was reported for
the first time with the observation of ¥Fe — “Cr +p+p
in two independent experiments at GANIL and GSI, re-
spectively [15, 16]. Later on, the 2p radioactivity of
Mg, “8Ni, and >*Zn were also reported in different ex-
periments [17-19]. Recently, in an experiment conducted
with the BigRIPS separator at the RIKEN Nishina Center,

the 2p radioactivity of ®’Kr was observed [20], showing
a good agreement with the predictions of possible 2p ra-
dioactivity candidates by theoretical mass models [21-
25]. Moreover, the 2p radioactivity of the long-lived iso-
mer **Ag™, whose parent nucleus has a very large de-
formation, was observed by Mukha ez al. in an experi-
ment at GSI [26].

Concerning 2p radioactivity process, owing to the
pairing interactions of nucleons, a sequential emission of
two protons is impossible. The two protons of this pro-
cess may be an isotropic emission with no angular correl-
ation or a correlated emission forming ?He-like cluster
with strongly correlation from the parent nuclei [15, 27-
29]. In theory, many models were proposed to study 2p
radioactivity. These models successfully reproduced the
half-lives of 2p radioactive nuclei or predicted the pos-
sible 2p radioactivity candidates, such as the direct de-
cay model [30-34], the simultaneous versus sequential
decay model [2, 35], the diproton model [3, 4], and the
three-body model, among others [5, 36-39]. Especially,
the three-body model treats 2p radioactivity process as a
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three-body problem in which the parent nucleus is com-
posed by two protons and a remnant core. Furthermore,
empirical formulas constitute an effective tool to investig-
ate 2p radioactivity. These formulas were proposed on
the basis of the distinguished Geiger and Nuttal (G-N)
law [40], including a four-parameter empirical formula
proposed by Sreeja et al. [41] and a two-parameter empir-
ical formula proposed by Liu ef al. [42]. In 2013, based
on the Gamow theory, Zdeb et al. proposed a simple phe-
nomenological model named Gamow-like model that
contains a single effective nuclear radius parameter, i.e.,
ro, to investigate « decay and cluster radioactivity [43,
44]. Using this model, the calculated half-lives were
found to agree reasonably well with the experimental
data. Recently, the Gamow-like model was successfully
extended to study proton radioactivity [45]. Essentially,
the physical processes of « decay, cluster, and proton ra-
dioactivity are similar. They can be easily described as a
quantum mechanical tunneling effect in which the emit-
ted particles are different [46-52]. Considering a 2p ra-
dioactivity process that shares the same theory with « de-
cay, cluster, and proton radioactivity processes, whether
the Gamow-like model can be extended to study 2p radio-
activity or not is an interesting question. To this end, in
this study, we systematically analyzed the half-lives of 2p
radioactive nuclei with 4 < Z < 36 using the Gamow-like
model.

This article is organized as follows. In the next sec-
tion, the theoretical framework of the Gamow-like model
and two different empirical formulas are briefly presen-
ted. In Section III, the results are presented and discussed.
Finally, a summary is given in Section I'V.

II. THEORETICAL FRAMEWORK

A. Gamow-like model

In the framework of the Gamow-like model, the 2p
radioactivity half-life is evaluated as

In2

T1/2 = 7, (1)

where A is a decay constant that can be obtained from
A=S8y,vP, )

where S5, = G*[A/(A-2)]*"y? is the spectroscopic factor
of the 2p radioactivity obtained by the cluster overlap ap-
proximation [4] with G?=(2n)!/[2*"(n!)?] [53]; n=
(32)!3~1 is the average principal proton oscillator
quantum number [54]. In this study, x? is set as 0.0143,
according to a previous study by Cui et al. [55]. v, i.e.,
the frequency of assaults on the barrier, can be given by

the harmonic oscillator frequency present in the Nilsson
potential [56],

41

hy = hw =~ Im, (3)

where &, 1, w, and 4 are the Planck constant, the reduced
Planck constant, the angular frequency, and mass num-
ber of parent nucleus, respectively.

P, ie., the Gamow penetrability factor through the
barrier, is calculated by the semi-classical Wentzel-
Kramers-Brillouin (WKB) approximation and expressed
as [57]

Rou
P=exp [—% f V2u(V(r)— Ep)dr|, 4)
Ri,

where  u=my,my/(my, +my) = 938.3x2xAs/AMeV/c?
represents the reduced mass with my,, my, and A; being
the mass of the emitted two protons, the residual daugh-
ter nucleus, and the mass number of daughter nucleus, re-
spectively. In addition, E; = Q»,(A—2)/A denotes the kin-
etic energy of emitted protons, and V(r) is the total inter-
action potential between the paired two protons and the
daughter nucleus (see Fig. 1), which is written as

_ -V, 0<r<R,
v ‘{ Ve(r)+Vi(r),  r>R. )

Ry 1s the outer turning point from the potential barrier
determined by the condition V(Ryy) = Ek; Ry, represents
the spherical square well radius, which can be obtained
by the sum of the half-width of radial distribution of the
proton pair and the radius of the daughter nucleus. It can

Fig. 1.  (color online) Sketch map of interaction potential
V(r) versus the distance between the preformed paired two-
proton (blue sphere) and the daughter nucleus (red sphere)
centers for 2p radioactivity.
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be expressed as
Rin = ro(Ay)) + A1), (6)

where Ay, =2 is the mass number of the emitted two pro-
tons, and ry denotes the effective nuclear radius paramet-
er, which is determined by fitting the experimental data.
In this framework, V; is the depth of the potential
well. Moreover, Vc(r) = 2Zg€2/r, which can be obtained
under the assumption of a uniformly charged sphere with
radius R; r denotes the center-of-mass distance between
the paired two protons and the daughter nucleus. Finally,

2
1 . .
Vi(r) = 1? (l + E) /2ur* is adopted as the Langer modi-
2
fied centrifugal barrier because I(I+1) — I+ 5| which

is a necessary correction for one-dimensional problems
[58]; I is the orbital angular momentum taken away by
the emitted two-proton.

B. Two different empirical formulas

1. Sreeja formula

Based on the calculated 2p radioactivity half-lives
T2 of 33 nuclei extracted from a study by Goncalves
et al. [27], Sreeja and Balasubramaniama analyzed the re-
lationship between logio71,2 and the inverse square root
of the 2p radioactivity released energy Q, ;/ 2 correspond-
ing to different angular momenta, / = 0, 2, and 4. Fitting
the slopes and intercepts obtained for / = 0, 2, and 4, a
unified four-parameter empirical formula was proposed
to investigate 2p radioactivity, expressed as [41]

logoT1/2 = ((@axD)+Db)é+((cx)+d), N

where & =Z9%/0, ;/ 2 with Z, being the charge of daugh-
ter nucleus; a=0.1578, b=1.9474, c¢=-1.8795, and
d = —24.847 are adjustable parameters.

2. Liu formula

In a previous study of ours, based on experimental
data and partial calculated results extracted from the
aforementioned study by Goncalves et al. [27] and con-
sidering the contributions of the charge of the daughter
nucleus Z; and the angular momentum / to 2p radioactiv-
ity half-lives, we proposed a two-parameter empirical for-
mula to study 2p radioactivity that can be expressed as
[42]

logoT1j2 = a(Zy®+ 1905 - b, ®)

where the adjustable parameters a and b are 2.032 and

—26.832, respectively. The value of 8 is 0.25, which re-
flects the effect of different /-values on the 2p radioactiv-
ity half-lives.

III. RESULTS AND DISCUSSION

In this study, the value of the only one adjustable
parameter in Gamow-like model, ry, is equal to 1.28 fm
as a result of fitting the experimental data of '"Mg, “Fe,
48Ni, %*Zn, and %’Kxr. This value is close to that obtained
for a decay, cluster radioactivity (ro = 1.20 fm) [43, 44],
and proton radioactivity (1.21 fm) [45]. This confirms the
rationality of such a value. Below, we systematically cal-
culate the 2p radioactivity half-lives of nuclei having ex-
perimental data within the Gamow-like model. For com-
parison, the experimental 2p radioactivity half-lives as
well as the calculated ones using the effective liquid drop
model (ELDM), the generalized liquid drop model
(GLDM), and two different empirical formulas are also
provided. All the detailed numerical results are presented
in Table 1. In this table, the first three columns represent
the 2p radioactive parent nuclei, the 2p radioactivity re-
leased energy 0, and the logarithmical experimental 2p
radioactivity half-life log, 77 ‘, respectively. The last
five columns represent the logarithmical 2p radioactivity
half-life calculated by three different theoretical models
and two empirical formulas, which are denoted as
Gamow-like, ELDM, GLDM, Sreeja, and Liu, respect-
ively. More intuitively, Fig. 2 shows the differences
between the calculated 2p radioactivity half-lives using
the different theoretical models, i.e., Gamow-like,
ELDM, and GLDM, empirical formulas of Sreeja and
Liu, and the experimental data log Ty’ —loglon/xzpt.
Note that all the differences for the true 2p radioactive
nuclei (Mg, ®Fe, ¥Ni, 3*Zn, and %'Kr) are basically
within +1, which means that the calculated 2p radioactiv-
ity half-lives using the Gamow-like model can reproduce
the experimental ones for the true 2p radioactivity nuclei
well.

To further demonstrate the good agreement between
the 2p radioactivity half-lives calculated by the Gamow-
like model and the experimental data, the standard devi-
ation o~ was used, which is defined by

n 1/2

1 expt.i 1‘2
==Y (logioT " —logoT e . 9
o n;(oglo 12 —logioTy)™) 9)

Here, logloTlegt'i and log,T{75i represent the logar-
ithmic forms of experimental and calculated 2p radio-
activity half-life for the i-th nucleus, respectively. The o
values resulting from the experimental data are also com-
pared with the calculations using ELDM, GLDM, and
two different empirical formulas, according to Eq. (9).

All the calculated results are listed in Table 2. From this
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Table 1. Comparisons between the calculated 2p radioactivity half-lives using three different theoretical models, two empirical for-

mulas, and the experimental values. The experimental 2p radioactivity half-lives log,,T

energy O, are extracted from the corresponding references.

expt

1> and experimental 2p radioactivity released

Nuclei 10g10T1/2/S
uclei /MeV
Qap/Me Expt Gamow-like ELDM [27] GLDM [55] Sreeja [41] Liu [42]
6Be 1.371 [9] —20.30 [9] -19.70 -19.97 -19.37 -21.95 -23.81
120 1.638 [14] > —20.20 [14] —18.04 -18.27 -19.71 —18.47 -20.17
1.820 [2] -20.94 [2] —18.30 - -19.46 —-18.79 -20.52
1.790 [12] -20.10 [12] —18.26 - -19.43 —18.74 -20.46
1.800 [13] -20.12 [13] —-18.27 - -19.44 —18.76 -20.48
16Ne 1.330 [2] -20.64 [2] -16.23 - -16.45 -15.94 -17.53
1.400 [11] -20.38 [11] -16.43 —16.60 -16.63 -16.16 -17.77
Mg 0.750 [19] —11.40 [19] —11.46 -11.72 -11.79 —10.66 -12.03
45Fe 1.100 [16] —2.40 [16] -2.09 - -2.23 -1.25 -2.21
1.140 [15] -2.07 [15] -2.58 - -2.71 —-1.66 -2.64
1.154 [18] —2.55 [18] -2.74 -2.43 -2.87 -1.80 -2.79
1.210 [59] —2.42 [59] -3.37 -3.50 -2.34 -3.35
48N 1.290 [60] —2.52 [60] -2.59 - -2.62 -1.61 -2.59
1.350 [18] —2.08 [18] -3.21 - -3.24 -2.13 -3.13
S47n 1.280 [61] -2.79 [61] -0.93 - -0.87 -0.10 -1.01
1.480 [17] —2.43 [17] -3.01 -2.52 -2.95 -1.83 -2.81
67Ky 1.690 [20] —1.70 [20] -0.76 -0.06 -1.25 0.31 —-0.58
6L *Ne ELDM
L GLDM
5 \ Sreeja formula
4l O Liu formula
g L Gamow-like
we 3 v
E 3 v
°2r
=3 ] 3 °Be o
2—.' I | J ° P
© v
Ou (U W
S A 4 v
[
S A
g}
3k
4 B The not true 2p The true 2p
- radioactive nuclei radioactive nuclei
5 [ . . v
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Fig. 2. (color online) Deviations between the calculated 2p radioactivity half-lives and the experimental ones for the true 2p radioact-

ive nuclei and not true 2p radioactive nuclei.

Table 2.

Standard deviation o between the experimental

data and the calculated values using different theoretical mod-
els and empirical formulas for the true 2p radioactive nuclei.

Modelquantity ~ Gamow-like ~ELDM  GLDM  Sreeja Liu
o 0.844 0.531 0.852 1222 0.967
cases 10 4 10 10 10

table, we can clearly see that the o value between the ex-
perimental data and the values calculated using the
Gamow-like model is smaller than those resulting from
using GLDM and the two different empirical formulas.
This means that the calculated 2p radioactivity half-lives
obtained by the Gamow-like model can better reproduce
the experimental data of true 2p radioactive nuclei. Nev-
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ertheless, regarding the short-lived 2p radioactive nuclei
(°Be, 20 and '°Ne), the experimental data cannot be re-
produced properly, especially for '°Ne, with a reported
0>, =1.33 MeV and 1.40 MeV. Note that the differ-
ences between the experimental 2p radioactivity half-
lives and the calculated ones exceed two orders of mag-
nitude. Considering the imperfection of detection techno-
logies and radioactive beam facilities in early experi-
ments, the experimental data may not be accurate enough.
Moreover, it is worth noting that several studies have in-
dicated that the nuclear deformation effect or collective
mechanisms will affect the 2p radioactivity half-lives to
some extent. The above factors should be considered in
the context of the Gamow-like model, GLDM, and
ELDM in future studies [62, 63]. In general, the Gamow-
like model can be treated as a new and effective tool to
study 2p radioactivity.

Given the good agreement between the calculated res-
ults with the Gamow-like model and the experimental
data, as well as other theoretical calculated values, we
used this model to predict the half-lives of possible 2p ra-
dioactivity candidates with 2p radioactivity released en-

Table 3.
lowed or observed but not yet quantified in NUBASE2016 [66].

ergy 0, >0, extracted from the latest evaluated atomic
mass table AME2016 [64, 65]. The detailed results are
presented in Table 3. For comparison, the predicted res-
ults using ELDM, GLDM, and the two different empiric-
al formulas are also presented in Table 3, in which the
first three columns denote the possible 2p radioactivity
candidate, the angular momentum taken away by the
emitted two-proton, and the 2p radioactivity released en-
ergy; they were extracted from a previous study by Gon-
alves et al. [27]. The last five columns represent the pre-
dicted 2p radioactivity half-lives using the Gamow-like
model, ELDM, GLDM, Sreeja formula, and Liu formula,
respectively. Note from this table that the predicted res-
ults using these models and formulas basically have the
same magnitude. Taking ?>Sias an example, the pre-
dicted results are —13.31, —13.32, —13.30, —12.30, and
—13.73, respectively. More intuitively, to illustrate the
consistency of the predicted results using different mod-
els and formulas, we plot the logarithmic predicted half-
lives of possible 2p radioactivity candidates in Fig. 3. In
this figure, the black square, red circle, blue upward tri-
angle, magenta downward triangle, and olive diamond

Comparison of the predicted half-lives for possible 2p radioactivity candidates whose 2p radioactivity is energetically al-

loglon/‘g/s

Nuclei 02, MeV ! ) i i
Gamow-like ELDM [27] GLDM [55] Sreeja [41] Liu [42]
28i 1.283 0 -13.25 -13.32 -13.30 -12.30 -13.74
2%6g 1.755 0 -13.92 -13.86 -14.59 -12.71 -14.16
34Cq 1.474 0 -10.10 -9.91 -10.71 -8.65 -9.93
36G¢ 1.993 0 -12.00 -11.74 -10.30 ~11.66
3Ti 2.743 0 -13.84 -13.56 -14.27 -11.93 -13.35
ITj 0.758 0 -0.91 -0.81 -1.34 -0.28 -1.19
40y 1.842 0 -10.15 -9.85 -8.46 -9.73
20 1.002 0 -2.65 —2.43 -2.88 -1.78 -2.76
4700 1.042 0 -0.42 -0.11 0.21 -0.69
49N 0.492 0 14.54 14.64 14.46 12.78 12.43
56 Ga 2.443 0 -8.57 -8.00 —-6.42 -7.61
8 Ge 3.732 0 -12.32 -11.74 -13.10 -9.53 -10.85
9 Ge 2.102 0 -6.31 -5.71 -6.97 —4.44 -5.54
60 Ge 0.631 0 14.24 14.62 13.55 12.40 12.04
6l Ag 2282 0 -6.76 -6.12 -4.74 -5.85
N 1.300 1 -17.36 —17.64 —20.04 -18.59
2801 1.965 2 -13.11 -12.95 -14.52 —12.46
2K 2.077 2 -12.49 -12.25 —13.46 ~11.55
57Ga 2.047 2 -5.91 -5.30 -5.22 —4.14
62 Ag 0.692 2 14.06 14.52 13.83 14.18
S2Cu 0.772 4 8.94 9.36 8.62 8.74
00 As 3.492 4 -9.40 -8.68 -10.84 -8.33
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Fig. 3.
ent empirical formulas.

represent the logarithmic form of predicted half-lives of
possible 2p radioactivity candidates using ELDM,
GLDM, Sreeja formula, Liu formula, and Gamow-like
model, respectively. Note from this figure that the 2p ra-
dioactivity half-lives predicted using the Gamow-like
model show better agreement with the ones predicted us-
ing ELDM in most cases, compared to others models.
This further confirms the rationality of the Gamow-like
model as a useful tool to study 2p radioactivity. Further-
more, the predicted possible 2p radioactivity candidates
can provide theoretical direction for future experiments.

IV. SUMMARY

In the present study, based on the Gamow-like model,
the half-lives of two-proton (2p) radioactivity nuclei with
4 < Z < 36 were systematically investigated. The only

(color online) Comparison of the predicted 2p radioactivity half-lives using the Gamow-like, ELDM, GLDM, and two differ-

parameter in this model, i.e., the effective nuclear radius,
was found to be ry = 1.28 fm, obtained by fitting the ex-
perimental data of Mg, ¥ Fe, *Ni, *Zn, and ¢’ Kr. This
value is close to those for @ decay, cluster, and proton ra-
dioactivity processes. The calculated results are in good
agreement with the experimental data and values calcu-
lated using other theoretical models and empirical formu-
las. In addition, the half-lives of possible 2p radioactivity
candidates were predicted, with reasonable agreement
with other predictions. This study provides a theoretical
reference for future experimental studies.
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