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Abstract: Nuclear B-decay half-lives are predicted based on an empirical formula and the mass predictions from

various nuclear models. It is found that the empirical formula can reproduce the nuclear 8-decay half-lives well, es-

pecially for short-lived nuclei with T2 < 1 s. The theoretical half-life uncertainties from -decay energies and the

parameters of the empirical formula are further investigated. It is found that the uncertainties of the half-lives are rel-

atively large for heavy nuclei and nuclei near the neutron-drip line. For nuclei on the r-process path, the uncertain-

ties for those with N = 126 are about one order of magnitude, which are much larger than the uncertainties for those

with N =50 and 82. However, theoretical uncertainties from the parameters of the empirical formula are relatively

small for the nuclei on the r-process path, which indicates that the empirical formula is very suitable for predicting

the B-decay half-lives in 7-process simulations.
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I. INTRODUCTION

The origin of elements in the universe is a hot topic
not only in astrophysics but also in nuclear physics [1, 2].
The rapid neutron-capture process (r-process) is respons-
ible for the production of about half of the elements heav-
ier than iron, synthesizing elements by continuous neut-
ron captures and S decays [3-5]. The B8 decay governs the
r-process matter flow between neighboring isotopic
chains, and hence sets the time scale of the r-process.
Therefore, B decay is a key process in r-process nucle-
osynthesis, and has been the focus of much attention in
recent r-process studies [6-9].

There are some potential candidates for r-process
sites, which can provide the conditions of high neutron
density and high temperature, such as the neutrino-driven
wind after the formation of a proto-neutron star in core
collapse supernovae [10-12] and neutron star mergers
[13, 14]. However, the r-process sites have still not been
fully determined, partly due to the uncertainties in its
nuclear physics inputs, including nuclear B-decay half-
lives and neutron-capture rates [15]. Therefore, it is es-
sential to obtain accurate nuclear 3-decay half-lives from

theoretical and experimental studies. Although the meas-
urements of B-decay half-lives have made great progress
in recent years [16, 17], many neutron-rich nuclei related
to the r-process still cannot be reached by present or even
next-generation experimental facilities, so theoretical pre-
dictions are essential to r-process simulations. Many ap-
proaches have been developed to study nuclear g-decay
half-lives, including the gross theory [18-20] and the shell
model [21]. Moreover, quasiparticle random-phase ap-
proximation (QRPA) approaches based on the finite-
range droplet model (FRDM) [22-24], density functional
theory (DFT) [25-27], and covariant DFT [28-32] have
also been widely employed to predict nuclear S-decay
half-lives. In addition, the QRPA with particle-vibration
coupling has also been applied to the predictions of nuc-
lear B-decay half-lives [33, 34]. However, there are large
variations among these half-life predictions with differ-
ent approaches. Therefore, it is necessary to investigate
the uncertainties in theoretical predictions of nuclear -
decay half-lives.

The shell model is only feasible for light nuclei or
nuclei near the magic numbers, due to the limitation of
configuration spaces. Although the QRPA approach can
in principle be applied to arbitrary heavy systems, it is
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still very time consuming when making systematic calcu-
lations for deformed systems. Recently, an empirical for-
mula based on the Fermi theory has been proposed to pre-
dict the nuclear B-decay half-lives [35]. The parameters
in this empirical formula can be obtained by fitting to the
known half-lives, and it can even deal with both shell and
pairing effects, so it can describe nuclear S-decay half-
lives with a high accuracy approaching that of machine
learning calculations [36]. This gives us the confidence to
predict the half-lives of unknown neutron-rich nuclei with
this empirical formula. The B-decay energy is a key in-
put for this empirical formula, in addition to the proton
number Z and neutron number N. However, the decay en-
ergies predicted by different nuclear mass models are
very different, which can certainly induce the variations
in the half-life predictions.

In this work, we will investigate the uncertainties of
nuclear B-decay half-life predictions with this empirical
formula by employing ten nuclear mass models. These in-
clude two microscopic mass models (the relativistic mean
field (RMF) [37] and the Hartree-Fock-Bogoliubov
(HFB-31) [38]), five macroscopic-microscopic mass
models (the extended Thomas-Fermi plus Strutinsky in-
tegral (ETFSI-Q) [39], ETFSI-2 [40], the Koura-
Tachibana-Uno-Yamada (KTUY) [41], FRDMI12 [42]
and the Weizsicker-Skyrme (WS4) [43]), one macro-
scopic mass model (the Bethe and von Weizsédcker
(BW2) [44]), and two other global mass models (Bhag-
wat [45] and DZ28 [46]). These nuclear mass models can
provide reasonable estimates of nuclear masses, while the
accuracy of their mass predictions can be further im-
proved by the radial basis function (RBF) approach [47-
49], the RBF approach with odd-even effects [50-52], and
the Bayesian neural network (BNN) approach [53-56].
Therefore, it is interesting to explore the uncertainties of
half-life predictions with this empirical formula. Special
attention is focused on the theoretical uncertainties from
nuclear B-decay energies and the parameters of the em-
pirical formula. The corresponding results and discussion
are presented in Section III. The basic formula employed
in this work will be given in Section II, and a summary
will be presented in Section IV.

II. FORMALISM

The nuclear g-decay half-life can be described with
the well-known Fermi theory [57], where the phase-space
factor is complicated and should be calculated with a nu-
merical method. The emitted electron from B decay of a
neutron-rich nucleus generally has a very large speed, and
hence the phase-space factor in the Fermi theory can be
approximated with the extreme-relativistic limit [35].
With the corrections from pairing and shell effects, the
nuclear B-decay half-life T}/, can be predicted with the
following empirical formula [35]

N-Z
10g T]/z =dag + (CY2Z2 -5-ay )IOg(Q —ago)

1
+aga’Z? + 3&222 logA—aZrn+S(Z,N), (1)

where a« =1/137 is the fine structure constant, A =Z+N
is the mass number, and 6 = (=1)" +(=1)? is a quantity
related to the nuclear pairing effect. The last term S (Z,N)
is introduced to describe the shell effect in nuclear B-de-
cay half-lives, which is:

S (Z, N) =a e_((N—28)2+(Z—20):)/12

+ar e—((N—50)2+(Z—38)1)/43

a3 e—((N—82)2+(Z—50)2)/13

" a4e—((N—82)2+(Z—58)2)/24

+as o~ ((N=110y+(Z-70)) /244 ©)

0O in Eq. (1) is the B-decay energy, which can be determ-
ined from mass predictions of nuclear models. The nine
parameters ; (i =1, 2, ..., 9) in Egs. (1) and (2) are op-
timized from a least squares fit to the experimental half-
lives with the Levenberg-Marquardt method. The experi-
mental half-lives are taken from NUBASE2016 [16], and
only those nuclei with Z, N> 8 and T, < 10° s are re-
tained. To study the influence of these parameters on
half-life predictions, they are determined with three dif-
ferent data sets, i.e. those sets for nuclei with half-lives
shorter than 10°, 103, and 1 s, which are denoted by
T, TP, and Tls;)z for simplicity hereafter. There are
1009, 824, and 381 experimental half-lives in the data
sets for 790, T7),, and T})), respectively.

In order to evaluate the performance of this empirical
formula with Q values for different mass models, the
root-mean-square (rms) deviation of the logarithms of the
calculated half- hves chﬂz with respect to that of the ex-

perimental data 77,5 is employed in the following

1/2

2

RS T
O-rms(logl()Tl/Z) = ; Z [loglo [TT)/(I)H . (3)

i=1 1/2

Here, n is the number of nuclei in a given data set from
NUBASE2016 [16]. For each nucleus, the theoretical un-
certainties of this empirical formula from different Q pre-
dictions are estimated with the following rms quantity:

1
n (T
Z 210 aver

12

6rms(10g10T1/2) = > (4)

where sy is the average value of TT% from the differ-

ent mass models. m is the number of nuclear mass mod-
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els, which are used to determine Q values. To get a reas-
onable estimation of uncertainty, we only calculate
Oms(logoT1/2) for those nuclei whose O values can be
obtained by at least 6 mass models.

III. RESULTS AND DISCUSSION

We study the accuracy of the empirical formula for
different nuclei with different half-lives. The rms devi-
ations oyms(log;(71,2) defined in Eq. (3) are shown in
Table 1 for various nuclear mass models. It is clear that
this formula can reproduce the known half-lives
Ty, < 10% s within one order of magnitude for all mass
models considered here. The BW2 and WS4 models give
the largest and smallest oms(log,,71,2), which are 0.94
and 0.66, respectively. This accuracy is similar to, and
even better than, that obtained by the QRPA approach
based on FRDM [23], whose o ms(log,71,2) = 0.82. It is
also found that oyms(log,y71,2) gradually decreases for
the nuclear sets with shorter half-lives, which indicates
that this formula better reproduces the experimental data
of nuclei with shorter half-lives. The best accuracy is
achieved with the WS4 mass prediction, whose
oms(log;o T1/2) = 0.22 for the nuclear set with Ty, <1 s,
i.e. it can reproduce the experimental half-lives within
about a factor of 2.

To check the extrapolation ability of the empirical
formula, oms(log,oT1/2) of TIS/O2 for the nuclear set with
Tij2 <10° s are shown by the right-hand bars in Fig. 1.

For comparison, the corresponding results for Tls/é2 are
shown by the left-hand bars in Fig. 1. Since the known

half-lives with 1 s < T}, < 109 s are not the fitting data of

Tls/oz, it is found that the accuracies of T 15/02 are worse than
Table 1.
cay half-lives with respect to the experimental data for vari-
ous nuclear mass models. The rms deviations for 756, 753,
and 750 are calculated with respect to the experimental data of
nuclear sets with Ty, <10 s, Ty <103 s, and Tyjp <1 s, re-
spectively.

The rms deviations oms(log;o T1/2) of nuclear 3-de-

Model oms(logjg Tls/ﬁz) oms(logg Tls/32) oms(10g19 Tls/oz)
Bhagwat 0.69 0.41 0.24
BW2 0.94 0.58 0.30
DZ28 0.74 0.42 0.23
ETFSI-2 0.73 0.45 0.23
ETFSI-Q 0.79 0.57 0.26
FRDM2012 0.72 0.44 0.25
HFB-31 0.81 0.51 0.27
KTUY 0.67 0.43 0.26
RMF 0.83 0.55 0.30
WS4 0.66 0.39 0.22

those of Tls/é2 for the nuclear set with Ty <10° s.
However, they are still reasonable, with oms(logy71/2)
between 0.81 and 1.08 for various nuclear mass models.
This indicates that the empirical formula has reliable ex-
trapolation ability even for long-lived nuclei, whose half-
lives are generally difficult to describe with microscopic
nuclear models.

As in Fig. 1, we show oms(log,oT1/2) of Tls/f’2 for the

nuclear set with 71, <1 s in Fig. 2, and the correspond-
ing results for T3 are also shown for comparison.

1/2
Clearly, Tlsfz still reproduces the experimental data better

for the short-lived nuclei, whose o ms(log;,T1/2) for the
nuclear set with Ty, <1 s is only about half of its value

for nuclear set with T}/, < 10° s. The accuracy of T 15/62 is

slightly larger than that of 777}, but it is still reasonable to

make half-life predictions. For example, the accuracy of

Tls/é2 for the WS4 model is similar to those of the TIS/O2 for

BW2 and RMF models. Therefore, both Tlsfz and TIS/O2
will be used to evaluate the uncertainties of half-lives for
those unknown neutron-rich nuclei in the following, and

their differences are employed to describe the uncertain-
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Fig. 1. (color online) The rms deviations oms(log,oT1,2) for

the nuclear set with 71/, < 10° s. For each nuclear model, the

left- and right-hand bars correspond to the results for Tls/ﬁ2 and

S0 ;
T, respectively.

0-6 T T T T T T T T T T
7
0.5F S 7
“d04p i
~ N
o
= 03 N N .
8 7 Y
= 02} i
E
© 01} 1
0.0 % %, % O S B, Ry T, By
Yo P My, T
Mass models
Fig. 2. (color online) Same as Fig. 1, but the rms deviations

oms(logio T1/2) are for the nuclear set with Ty, <1 s.
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ties of half-life predictions from the parameters of the
empirical formula.

To investigate the predictive ability of the empirical
formula in detail, we show the predicted B-decay half-
lives of the N =50, 82, and 126 isotones with 75¢ and

the Q values become large since they are far from the
known region, which leads to the large uncertainties in
the half-lives. For N =126 isotones, only a few long-
lived nuclei are known, so the uncertainties in the Q val-
ues are always large for the unknown nuclei and hence

1/2 . L . :
750 in Fig. 3. Clearly, the empirical formula reprc;duces induce the large uncertainties in the half-lives. In addi-
hl/ 2 . 1d 1l for both TS and TS0 756 tion, it should be pointed out that the uncertainties for the
the experimental data well for both Ty, and 1. Ty, r-path nuclei at N =126 are about one order of mag-

predicts longer half-lives than 77), for nuclei with
Ti/220.01 s, and shorter half-lives than T]S’/O2 for nuclei
with Ty, $0.01 s, while they predict similar half-lives for
nuclei with 7/, ~ 0.01 s. Furthermore, it is found that the
uncertainties in the half-lives are relatively large for
N =50 and 82 isotones with T, <0.01 sand Typ 21 s,
while the uncertainties remain large for all N =126 iso-
tones shown here. The large uncertainties can be under-
stood from the sensitivity of T}, to the O value and the
large uncertainties of the Q values. For the long-lived
nuclei, their Q values are so small that tiny differences in
0 values would induce large uncertainties in the half-life

nitude, which is relatively larger than those for r-path
nuclei at N =50 and 82. Therefore, future experiments on
r-process-path nuclei around N =126 would help to re-
duce the uncertainties in their half-lives and further im-
prove our understanding of the r-process. Similar to Fig.
3, the half-lives of Z =28, 50, and 82 isotopes are shown
in Fig. 4. The conclusion found in Fig. 3 is also valid for
the Z =28, 50, and 82 isotopes, which further testify to
the reliability of the empirical formula to study nuclear 3-
decay half-lives.

In order to systematically study the theoretical uncer-
tainties in the calculation of nuclear B-decay half-lives

predictions. For the short-lived nuclei, the uncertainties in ~ with the empirical formula, the rms deviations
7 - i A i : -path nuclei {
NN T?/Oz r-path nuclei 1 r-path nuclei 3 r-path nuclei g
21 ® Exp. 74 /

Iog10( T1/2)

28 32

32 36 40 44 48 52 54 60 66 72 78

Protron number Z

Fig. 3.
bands correspond to the error bands of 77, and 77,
the experimental half-lives are shown by the filled circles.

(color online) The logarithm of nuclear g-decay half-lives for N =50, 82, 126 isotones. The red-hatched and olive-hatched
respectively, which are evaluated with orms(log,o71/2) in Eq. (3). For comparison,

8 T T T T T
| T,
61 1
e Exp.

|°g1o(T1/2)

80 96 112 128 144 160 176 192

Neutron number N

40 48 56 64 72

Fig. 4. (color online) Same as Fig. 3, but for Z =28, 50, and 82 isotopes.
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Sims(logo T12) defined in Eq. (4) for TIS/O2 and T 15/62 are
shown in Fig. 5(a) and (b), respectively. Clearly, the un-
certainties in the B-decay half-lives from nuclear mass
uncertainties for 777, are generally smaller than those for
TIS/GZ. The heavy nuclei and the nuclei near the neutron-
drip line are generally far away from the known region,
so different models usually predict very different nuclear
masses and hence lead to large uncertainties in the 3-de-
cay energies. From Eq. (1), it is clear that the nuclear g-
decay half-lives are very sensitive to decay energies, so
the uncertainties in the half-lives would be relatively lar-
ger for the heavy nuclei and the nuclei near the neutron-
drip line, which is also clearly shown in Fig. 5. For the
nuclei around Z = 70 and N = 160, their B-decay energies
suddenly drop from about 20 MeV to about 5 MeV for
the ETFSI-Q model. However, they remain about 20
MeV for all other models considered here. This sudden
drop of decay energy leads to the sudden increase of half-
lives in the ETFSI-Q model. Therefore, the predicted
half-lives from the ETFSI-Q model are very different
from those of other models for these nuclei, which fur-
ther leads to large uncertainty around Z =70 and N = 160
in both subfigures of Fig. 5.
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Fig. 5. (color online) Uncertainties of nuclear g-decay half-
lives 6ms(log;o T1/2) for 77}, and T77,.
process path calculated with the RMF mass model [37] and
the stable nuclei are shown by the black lines and black filled

squares, respectively.

To guide the eye, the -

The differences in the average values of 5-decay half-
lives between 77, and T}, are shown in Fig. 6. A re-
markable odd-even staggering is found for the differ-
ences in B-decay half-lives, and the differences for the
even-even nuclei are generally larger than the odd-odd
nuclei. This implies the importance of pairing correlation
on the accurate predictions of B-decay half-lives. It is in-
teresting to find that the differences in S-decay half-lives
are generally smaller for nuclei around the r-process path,

so it would be relatively reliable to make r-process calcu-
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Fig. 6. (color online) Same as Fig. 5, but for the differences

in the average values of p-decay half-lives between T 15/02 and
TS6

1/2°
lations using the B-decay half-life predictions of this em-
pirical formula. The data table for the B-decay half-life
predicted in this work is available at xsx.ahu.edu.cn/
T12Data.

IV. SUMMARY

In this work, the uncertainties in theoretical predic-
tions of nuclear B-decay half-lives have been explored
with the latest empirical formula. Special attention is fo-
cused on the theoretical uncertainties from nuclear 3-de-
cay energies and the parameters of the empirical formula.
It is found that the uncertainties in the half-lives are relat-
ively large for heavy nuclei and nuclei near the neutron-
drip line. For the nuclei on the r-process path, the uncer-
tainties for those with N =126 are about one order of
magnitude, which is considerably larger than those with
N =50 and 82. The parameters in the empirical formula
were determined for three different data sets with half-
lives shorter than 10°, 103, and 1 s, with the resulting em-

pirical formulas denoted Tls/62, Tls/32, and TIS;)Z, respect-
ively. The differences between the predictions of TIS/G2 and

T}, were employed to describe the uncertainties in the
half-life predictions from the parameters of the empirical
formula. The empirical formula reproduces the experi-
mental data well for both T}, and TP}, especially for
those short-lived nuclei with Ty, <1 s. Tf‘fz

longer half-lives than TIS‘/O2 for nuclei with 7, > 0.01 s

and shorter half-lives than T 15/02 for nuclei with T, < 0.01
s, while they predict similar half-lives for nuclei with
Ti2 ~0.01 s. Since the half-lives of nuclei on the r-pro-
cess path are typically around 0.01 s, the uncertainties
from the parameters of the empirical formula are relat-
ively small for these r-path nuclei. This indicates that the
empirical formula is very suitable for S-decay half-life
predictions in r-process simulations.

predicts
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