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Abstract: The strong coupling constants of hadronic multiplets are fundamental parameters which carry informa-
tion about the strong interactions among participating particles. These parameters can help us construct the hadron-
hadron strong potential and gain information about the structure of the involved hadrons. Motivated by the recent ob-
servation of the doubly charmed  state by LHCb, we determine the strong coupling constants among the doubly
heavy spin-1/2  baryons, ,  and light  pseudoscalar  mesons, , K,  and  within  the  framework of  the
light cone QCD sum rules. The obtained results may help experimental groups in analysis of the related data at had-
ron colliders.
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I.  INTRODUCTION
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The quark model [1-3] has been very successful in de-
scribing the  properties  of  hadrons  observed  experiment-
ally. Nevertheless, not all particles predicted by the quark
model are experimentally well established: of the doubly
heavy  baryons,  only  the  doubly  charmed  state  has
been  seen  in  experiments.  The  triply  heavy  baryons  are
also missing in experiments and the hunt for them contin-
ues.  More  experimental  and  theoretical  studies  on  these
states  are  required.  Even  in  the  case  of  there  is  a
puzzle in the experimental results.  The first  evidence for
this state  was  reported  in  2005  by  the  SELEX  experi-
ment,  with  decaying  into  and  final
states,  using  a  charged  hyperon  beam
impinging on a fixed target. The mass measured by SEL-
EX, averaged over the two decay modes, was found to be

.  The  lifetime  was  measured  to  be
less than  at 90% confidence level. It was estimated
that about 20% of  baryons in the SELEX experiment
were produced from  decays [4, 5]. However, the FO-
CUS [6], BaBar [7], LHCb [8] and Belle [9] experiments
were not able to confirm the SELEX results. In 2017, the
doubly charmed baryon  was observed by the LHCb
collaboration  via  the  decay  channel 

Ξ++cc → Ξ+c π+ Ξ++cc

3621.24±0.65(stat.)±0.31(syst.) MeV/c2

Ξ++cc
0.256+0.024

−0.022(stat.)±0.014(syst.) ps

Ξ++cc → D+pK−π+

[10], and  confirmed  via  measuring  another  decay  chan-
nel,  [11].  The weighted average of  the 
mass  of  the  two  decay  modes  was  determined  to  be

 [11]. The  life-
time  of  the  baryon  was  measured  to  be

 [12].  Recently,  with  a
data sample corresponding to an integrated luminosity of
1.7  fb−1,  the  decay  has  been  searched
for  by  the  LHCb collaboration,  but  no  signal  was  found
[13]. Certainly, experiments will continue to seek to solve
the  unexpected  difference  in  parameters  of  these  states,
and will also search for other doubly heavy particles.

Ξcc 100 MeV/c2

xF

As can be seen, the result of the LHCb collaboration
for the mass of the  is about  higher than
the value reported by the SELEX collaboration. The dif-
ference between these two results has motivated theoret-
ical research to investigate the origin of this difference. In
Ref.  [14],  the  authors  have  shown  that  the  SELEX  and
the  LHCb  results  for  the  production  of  doubly  charmed
baryons can both be correct if supersymmetric algebra is
applied to hadron spectroscopy, together with the intrins-
ic heavy-quark QCD mechanism for the hadroproduction
of heavy hadrons at large .

On the theoretical side, studies on doubly heavy bary-
ons  are  needed  to  provide  many  inputs  to  experiments.
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Some aspects  of  doubly  heavy  baryons  have  been  dis-
cussed  in  Refs.  [15-44].  The  mechanisms  of  production
and  decay  of  such  systems  have  also  been  of  interest  to
researchers  for  many  years  [45-58].  The  production  of
doubly heavy baryons can be divided into two steps. The
first  step is the perturbative production of a heavy quark
pair in the hard interaction. In the second step this pair is
transformed  to  the  baryon  within  the  soft  hadronization
process.  The  doubly  heavy  baryons  can  participate  in
many interactions and processes. The fusion of two  to
produce  results  in  an  energy  release  of  about

,  and  the  fusion  of  two  baryons  to  re-
leases about 138 MeV. This suggests that an experiment-
al setup may be designed to allow this huge released en-
ergy  to  be  used,  although  the  very  short  lifetimes  of 
and  baryons may prevent practical applications at the
present time [59].
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In this study, we investigate the strong coupling con-
stants among the doubly heavy spin-1/2 baryons and light
pseudoscalar mesons, , K,  and , which is  an exten-
sion of our previous work [60]. In Ref. [60], we investig-
ated only the symmetric  and calculated its coupling
constant with  mesons. In the present study, we investig-
ate the strong coupling constants of the , , 
and  doubly heavy baryons with all the light pseudo-
scalar  mesons, , K,  and ,  with  different  charges.
Here Q and  can both be b or c quarks. We use the well
established  non-perturbative  method  of  light  cone  QCD
sum  rules  (LCSR)  in  the  calculations.  In  the  framework
of LCSR, which has been developed based on the stand-
ard technique of the SVZ sum rule method [61], the non-
perturbative dynamics of the quarks and gluons in the ba-
ryons are  described  by  the  light-cone  distribution  amp-
litudes (DAs). The LCSR approach uses operator product
expansion (OPE) near the lightcone  instead of the
short  distance , and  the  nonperturbative  matrix  ele-
ments are parameterized by the light cone DAs, which are
classified according to their twists [62-64].

The  rest  of  the  paper  is  organized  as  follows.  In  the
next  section,  we  describe  the  formalism  and  obtain  the
sum rules  for  the  strong coupling constants  under  study.
In  Section  III,  the  numerical  analysis  and  results  are
presented. Section  IV  is  reserved  for  summary  and  con-
cluding notes.

II.  STRONG COUPLING CONSTANTS AMONG
DOUBLY HEAVY BARYONS AND

PSEUDOSCALAR MESONS

Q = Q′

Before going to the details of the calculations for the
strong  coupling  constants,  we  take  a  look  at  the  ground
state of the doubly heavy baryons in the quark model. In
the case of the doubly heavy baryons having two identic-
al heavy quarks, i.e. , the two heavy quarks form a

ΞQQ ΩQQ

Ξ∗QQ Ω∗QQ

Q , Q′

Ξ′bc Ω′bc

diquark system with spin 1.  After adding the light quark
spin, the whole baryon may have spin 1/2 (  and )
or  3/2  (  and ).  Here  the  interpolating  current
should  be  symmetric  with  respect  to  the  exchange  of
heavy  quarks.  In  the  case  of  different  heavy  quarks
( ), in  addition to  the above case,  the diquark por-
tion can also have spin zero where together with the light
quark,  the  total  spin  of  the  whole  baryon  will  be  1/2,
which  obviously  leads  to  anti-symmetric  interpolating
currents  with  respect  to  the  exchange  of  the  two  heavy
quarks.  They are usually denoted by the primed baryons

 and .
The main inputs in the sum rule method are interpol-

ating  currents,  which  are  written  based  on  the  general
properties of the baryons and in terms of their quark con-
tents. In  the  case  of  doubly  heavy baryons,  the  symmet-
ric  and  anti-symmetric  interpolating  fields  for  spin-1/2
particles are given as:

ηS =
1
√

2
ϵabc

{
(QaT Cqb)γ5Q′c+ (Q′aT Cqb)γ5Qc

+ t(QaT Cγ5qb)Q′c+ t(Q′aT Cγ5qb)Qc
}
, (1)

ηA =
1
√

6
ϵabc

{
2(QaT CQ′b)γ5qc+ (QaT Cqb)γ5Q′c

− (Q′aT Cqb)γ5Qc+2t(QaT Cγ5Q′b)qc

+ t(QaT Cγ5qb)Q′c− t(Q′aT Cγ5qb)Qc
}
, (2)

t = −1
Q(′)

where C stands for the charge conjugation operator, T de-
notes the transposition and t is an arbitrary mixing para-
meter where the case  corresponds to the Ioffe cur-
rent.  and q stand for  the  heavy  and  light  quarks  re-
spectively and a, b, and c are the color indices. The quark
contents for different members are shown in Table 1.

1/2

1/2

As  an  example,  we  demonstrate  how  the  current  of
the  doubly  heavy  baryons  in  its  antisymmetric  form  is
constructed  considering  all  the  quantum  numbers.  The
simplest way of constructing a spin-  baryon interpol-
ating  current  is  to  make  a  diquark  state  of  isospin  and
spin  zero  from two of  three  constituent  quarks,  with  the
third  quark  of  isospin  and  spin- .  To  make  a  diquark,
we start with a meson interpolating current,

Table 1.    Quark contents of the doubly heavy spin-1/2 bary-
ons.

Baryon q Q Q′

ΞQQ′ Ξ′QQ′ or u or d b or c b or c

ΩQQ′ Ω′QQ′ or s b or c b or c
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ηmeson = q̄1Γq2 , (3)

Γ = I,γ5,γµ,γ5γµ,σµν
q =Cq̄T

q̄ = qT C
CT =C−1 =C† = −C

where . Then  we  replace  the  anti-
quark with its charge conjugation analog, where .
Therefore ,  in which C is the charge conjugation
operator  and .  This  leads  to  the
diquark interpolating currents:

ηdiquark = qT
1 CΓq2 . (4)

[qT
1 CΓq2]Γ′q3

Adding the third quark spinor to make the baryon cur-
rent, , the  generic  form of  the  antisymmet-
ric  interpolating  current  for  the  doubly  heavy  baryons
would be:

ηA ∼ ϵabc
{
(QaT CΓQ′b)Γ′qc+ (QaT CΓqb)Γ′Q′c

+ (qaT CΓQb)Γ′Q′c− (
Q↔ Q′

)}
, (5)

ϵabc

Γ Γ′
where  makes the whole current color singlet. To de-
termine  and , we focus on the diquark part of the first
term of the above equation. After transposing it we have:

[ϵabcQaT CΓQ′b]T =− ϵabcQ′bTΓT C−1Qa

= ϵabcQ′bT C(CΓT C−1)Qa. (6)

CT =C−1 C2 = −1

CΓT C−1

Here we consider ,  and the fact that the
Grassmann numbers  in  the  spinor  components  anticom-
mute. For the quantity  we have:

CΓT C−1 =

Γ for Γ = 1,γ5,γµγ5 ,

−Γ for Γ = γµ,σµν .
(7)

On the LHS, we switch the color dummy indices and get:

[ϵabcQaT CΓQ′b]T = ±ϵabcQ′aT CΓQb, (8)

+ − Γ = γµ, σµν
Γ = 1, γ5, γ5γµ

Q↔ Q′

where  the  and  signs  are  for  and
 respectively. For  the  antisymmetric  inter-

polating current,  the  RHS of  the  above  equation  is  anti-
symmetric under  exchange and we have:

[ϵabcQaT CΓQ′b]T = ±ϵabcQaT CΓQ′b , (9)

+ − Γ = 1,γ5,γ5γµ
Γ = γµ, σµν
ϵabcQaT CΓQ′b 1×1

Γ Γ = 1, γ5, γ5γµ

where  the  and  signs  are  for  and
 respectively.  On  the  other  hand,  as

 is a  matrix, it is equal to its transpose
and therefore one can conclude that  the only choices for

 matrices are .

1/2
As mentioned  above,  the  simplest  way  of  construct-

ing spin-  baryons is to suppose that the baryon spin be
equal to that of light quark q (for the first term in Eq. (5))

Γ = 1, γ5

ϵabc(QaT CQ′b)Γ′qc

ϵabc(QaT Cγ5Q′b)Γ′qc

and thus the diquark part has a scalar structure, which im-
plies  that .  Therefore,  the  allowed  forms  of  the
antisymmetric interpolating current may take just the fol-
lowing  two  forms:  and

.
Γ′1 Γ′2

1 γ5
Γ′1 = γ5 Γ′2 = 1

The matrices  and  can be determined consider-
ing Lorentz and parity symmetries. As the whole interpol-
ating current is a Lorentz scalar, there are two possibilit-
ies:  and . The parity property of the interpolating cur-
rent finally says that  and . Writing their lin-
ear combination  as  the  most  general  form,  the  antisym-
metric form of the first term of Eq. (5) is:

ηA ∼ ϵabc
{
(QaT CQ′b)γ5qc+ t(QaT Cγ5Q′b)qc− (

Q↔ Q′
)}
,

(10)

t

ϵabc CT = −C
−(Q↔ Q′

)
where  is an arbitrary mixing parameter. Considering the
Grassmann nature of the heavy quark spinor components,
the antisymmetric property of  and , one can
find out that the  terms are exactly the same as
the first two, which yields:

ηA ∼ 2ϵabc
{
(QaT CQ′b)γ5qc+ t(QaT Cγ5Q′b)qc}. (11)

A  similar  argument  can  be  used  to  calculate  the  second
and  third  terms  in  Eq.  (5).  The  symmetric  interpolating
current can be obtained in the same way but with the ex-
ception that in the exchange of heavy quarks in Eq. (9) no
minus sign is considered.

ΞQQ′ Ξ
′
QQ′ ΩQQ′ Ω′QQ′

π η η′

The  main  goal  in  this  section  is  to  find  the  strong
coupling constants among the doubly heavy baryons with
spin-1/2,  ,  and ,  with  the  light
pseudoscalar mesons , K,  and . To this end, we use
the LCSR approach as one of the most powerful non-per-
turbative methods which is based on the light-cone OPE.
The starting  point  is  to  write  the  corresponding  correla-
tion function (CF):

Π(p,q) = i
∫

d4xeipx ⟨P(q)|T {η(x)η̄(0)} |0⟩ , (12)

P(q)

η̄(0)

ηS

ηA

where  the  two  time-ordered  interpolating  currents  of
doubly-heavy baryons are sandwiched between the QCD
vacuum and the on-shell pseudoscalar meson . Here,
p is  the external four-momentum of the outgoing doubly
heavy  baryon.  As  the  theory  is  translationally  invariant
we can choose  one of  the  interpolating currents, ,  at
the origin. It  is worth noting again that in the symmetric
interpolating current ( ), heavy quarks may be identical
or different whereas in the anti-symmetric one ( ) they
must be different.

In  the  LCSR  approach,  the  cornerstone  is  the  CF.  It
can  be  calculated  in  two  different  ways.  In  the  timelike
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region, one can insert the complete set of hadronic states
with the same quantum numbers as the interpolating cur-
rents  to  extract  and isolate  the  ground states.  It  is  called
the  phenomenological  or  physical  side  of  the  CF.  In  the
spacelike  region  which  is  free  of  singularities,  one  can
calculate the CF in terms of QCD degrees of freedom us-
ing  OPE.  It  is  known  as  the  QCD  or  theoretical  side.
These two representations, which respectively are the real
and imaginary parts of the CF, can be matched via a dis-

persion  relation  to  find  the  corresponding  sum rule.  The
divergences coming from the dispersion integral,  as well
as higher states and continuum, are suppressed using the
well-known method  of  Borel  transformation  and  con-
tinuum subtraction.

On  the  phenomenological  side,  after  inserting  the
complete  sets  of  hadronic  states  with  the  same  quantum
numbers as the interpolating currents and performing the
Fourier integration over x, we get

ΠPhys.(p,q) =
⟨0|η|B2(p,r)⟩⟨B2(p,r)P(q)|B1(p+q, s)⟩⟨B1(p+q, s)|η̄|0⟩

(p2−m2
1)[(p+q)2−m2

2]
+ · · · , (13)

B1(p+q, s) B2(p,r)

⟨0|η|Bi(p, s)⟩

where the ground states are isolated and the dots repres-
ent  the  contribution  of  the  higher  states  and  continuum.

 and  are  the  initial  and  final  doubly
heavy baryons with  spins s and r respectively. The mat-
rix element  is defined as:

⟨0|η|Bi(p, s)⟩ = λBi
u(p, s), (14)

λBi
u(p, s)

Bi

⟨B2(p,r)P(q)|B1(p+q, s)⟩

where  are the residues and  is the Dirac spinor
for the baryons  with momentum p and spin s.  By the
Lorentz and parity  consideration,  one can write  the mat-
rix  element  in  terms  of  the
strong coupling constant and Dirac spinors as:

⟨B2(p,r)P(q)|B1(p+q, s)⟩ = gB1 B2Pū(p,r)γ5u(p+q, s) , (15)

gB1 B2Pwhere  represents  the  strong  coupling  constant  for

B1→ B2Pthe  strong decay .  The final  expression for  the
phenomenological side  of  the  correlation  function  is  ob-
tained  by  inserting  Eqs.  (14)  and  (15)  into  Eq.  (13)  and
summing over spins:

ΠPhys.(p,q) =
gB1 B2PλB1

λB2

(p2−m2
B2

)[(p+q)2−m2
B1

]
[ ̸q̸pγ5+ · · · ]+ · · · ,

(16)

γ

̸q̸pγ5

where  the  ellipsis  inside  the  bracket  denote  several -
matrix structures that  may appear in the final  expression
due  to  the  spin  summation.  Here  we  select  the  structure

 to perform analysis.

p2
1 = (p+q)2 p2

2 = p2

To kill the higher states and continuum contributions
we apply the double Borel transformation with respect to
the  square  of  the  doubly  heavy  baryon  momenta

 and , which leads to

Bp1
(M2

1)Bp2
(M2

2)ΠPhys.(p,q) ≡ ΠPhys.(M2) = gB1 B2PλB1
λB2

e−m2
B1
/M2

1 e−m2
B2
/M2

2 ̸q ̸pγ5 + · · · , (17)

M2
1 M2

2

p2
1 p2

2

M2 = M2
1 M2

2/(M2
1 +M2

2)

M2
1 = M2

2 = 2M2

where  and  are the  Borel  parameters  correspond-
ing  to  the  square  momenta  and  respectively,  and

.  As  the  masses  of  the  initial  and
final state baryons are the same or to a good approxima-
tion  equal,  the  Borel  parameters  are  chosen  to  be  equal
and therefore .

On the  QCD side,  choosing the  corresponding struc-
ture to Eq. (16), one can express the CF function as:

ΠQCD(p,q) = Π
(
p,q

) ̸q ̸pγ5, (18)

Π
(
p,q

)
(p+q)2 p2where  is an invariant function of  and .

The main aim in this part is to determine this function in
the  Borel  scheme.  To  this  end,  we  insert  the  explicit
forms  of  the  interpolating  currents  (1)  and  (2)  into  the
correlation  function  (12)  and  use  the  Wick  theorem  to
contract all the heavy quark fields. The result for the sym-
metric interpolating current is as follows:

Π
QCD
(S)ρσ(p,q) =

i
2
ϵabcϵa′b′c′

∫
d4xeiq.x⟨P(q)|q̄c′

α (0)qc
β(x)|0⟩

{[(
S̃ aa′

Q (x)
)
αβ

(
γ5S bb′

Q′ (x)γ5
)
ρσ
+

(
γ5S bb′

Q′ (x)C
)
ρα

(
CS aa′

Q (x)γ5
)
βσ

+ t
{(
γ5S̃ aa′

Q (x)
)
αβ

(
γ5S bb′

Q′ (x)
)
ρσ
+

(
S̃ aa′

Q (x)γ5
)
αβ

(
S bb′

Q′ (x)γ5
)
ρσ
+

(
γ5S bb′

Q′ (x)Cγ5
)
ρα

(
CS aa′

Q (x)
)
βσ
−

(
S bb′

Q′ (x)C
)
ρα

×
(
γ5CS aa′

Q (x)γ5
)
βσ

}
+ t2

{(
γ5S̃ aa′

Q (x)γ5
)
αβ

(
S bb′

Q′ (x)
)
ρσ
−

(
S bb′

Q′ (x)Cγ5
)
ρα

(
γ5CS aa′

Q (x)
)
βσ

}]
+

(
Q←→ Q′

)}
, (19)
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ρ σ
S aa′

Q (x) S̃ =CS T C
S ⟨P(q)|q̄c′

α (x)

where the  and  are Dirac indices which run through 1
to 4,  is the heavy quark propagator,  and
the  subscript  denotes  the  symmetric  part. 

qc
β(0)|0⟩ are  the  non-local  matrix  elements  for  the  light

quark contents of the doubly heavy baryons and are purely
non-perturbative. For the anti-symmetric part we have:

Π
QCD
(A)ρσ(p,q) =

i
6
ϵabcϵa′b′c′

∫
d4xeiq.x⟨P(q)|q̄c′

α (0)qc
β(x)|0⟩

{
4Tr

[
S̃ aa′

Q (x)S bb′
Q′ (x)

]
γ5
ασγ

5
ρβ−2

(
S̃ aa′

Q (x)S bb′
Q′ (x)γ5

)
ασ
γ5
ρβ

−2
(
γ5S bb′

Q′ (x)S̃ aa′
Q (x)

)
ρβ
γ5
ασ−2

(
S̃ bb′

Q′ (x)S aa′
Q (x)γ5

)
ασ
γ5
ρβ−2

(
γ5S aa′

Q (x)S̃ bb′
Q′ (x)

)
ρβ
γ5
ασ+

(
S̃ aa′

Q (x)
)
αβ

(
γ5S bb′

Q′ (x)γ5
)
ρσ

+
(
S̃ bb′

Q′ (x)
)
αβ

(
γ5S aa′

Q (x)γ5
)
ρσ
+

(
γ5S bb′

Q′ (x)C
)
ρα

(
CS aa′

Q (x)γ5
)
βσ
+

(
γ5S aa′

Q (x)C
)
ρα

(
CS bb′

Q′ (x)γ5
)
βσ

+ t
[
4Tr

[
S̃ aa′

Q (x)S bb′
Q′ (x)γ5]γ5

ρβδασ+4Tr
[
S bb′

Q′ (x)S̃ aa′
Q (x)γ5]γ5

ασδρβ+2
(
S̃ bb′

Q′ (x)γ5S aa′
Q (x)Cγ5

)
ασ
δβρ

−2
(
S aa′

Q (x)S̃ bb′
Q′ (x)γ5

)
βρ
γ5
ασ−2

(
γ5S̃ aa′

Q (x)S bb′
Q′ (x)

)
ασ
γ5
ρβ−2

(
γ5S bb′

Q′ (x)γ5S̃ aa′
Q (x)

)
ρβ
δσα

−2
(
γ5S̃ bb′

Q′ (x)S aa′
Q (x)

)
ασ
γ5
ρβ−2

(
γ5S aa′

Q (x)γ5S̃ bb′
Q′ (x)

)
ρβ
δασ−2

(
S̃ aa′

Q (x)γ5S bb′
Q′ (x)γ5

)
ασ
δρβ

−2
(
S bb′

Q′ (x)S̃ aa′
Q (x)γ5

)
ρβ
γ5
ασ+

(
γ5S̃ aa′

Q (x)
)
αβ

(
γ5S bb′

Q′ (x)
)
ρσ
+

(
γ5S bb′

Q′ (x)Cγ5
)
ρα

(
CS aa′

Q (x)
)
βσ

+
(
S̃ aa′

Q (x)γ5
)
αβ

(
S bb′

Q′ (x)γ5
)
ρσ
+

(
γ5CS aa′

Q (x)γ5
)
βσ

(
S bb′

Q′ (x)C
)
ρα
+

(
S aa′

Q (x)C
)
ρα

(
γ5CS bb′

Q′ (x)γ5
)
βσ

+
(
S̃ bb′

Q′ (x)γ5
)
αβ

(
S aa′

Q (x)γ5
)
ρσ
+

(
γ5S aa′

Q (x)Cγ5
)
ρα

(
CS bb′

Q′ (x)
)
βσ
+

(
γ5S̃ bb′

Q′ (x)
)
αβ

(
γ5S aa′

Q (x)
)
ρσ

]
+ t2

[
4Tr

[
S̃ aa′

Q (x)γ5S bb′
Q′ (x)γ5]δασδβρ−2

(
γ5S̃ aa′

Q (x)γ5S bb′
Q′ (x)

)
ασ
δρβ+2

(
S aa′

Q (x)γ5S̃ bb′
Q′ (x)γ5

)
ρβ
δασ

−2
(
S bb′

Q′ (x)γ5S̃ aa′
Q (x)γ5

)
ρβ
δασ+2

(
γ5S̃ bb′

Q′ (x)γ5S aa′
Q (x)

)
ασ
δβρ+

(
S bb′

Q′ (x)
)
ρσ

(
γ5S̃ aa′

Q (x)γ5
)
αβ

+
(
S aa′

Q (x)
)
ρσ

(
γ5S̃ bb′

Q′ (x)γ5
)
αβ
+

(
S bb′

Q′ (x)Cγ5
)
σα

(
γ5CS aa′

Q (x)
)
βρ
+

(
S aa′

Q (x)Cγ5
)
ρα

(
γ5CS bb′

Q′ (x)
)
βσ

]}
.

(20)

Π
QCD
(SA)(p,q)

η

η̄

There is also a symmetric-anti-symmetric form of the CF,
, which  is  the  result  of  taking  one  interpolat-

ing  current  (say )  to  be  in  the  symmetric  and the  other
( )  in  the  anti-symmetric  form,  which  represents  the
strong decays in which the initial baryon is anti-symmet-
ric and the final one is symmetric.

The explicit expression for the heavy quark propagat-
or is given as (see Ref. [65]):

S aa′
Q (x) =

m2
Q

4π2

K1(mQ
√
−x2)

√
−x2

δaa′ − i
m2

Q/x
4π2x2 K2(mQ

√
−x2)δaa′

− igs

∫
d4k

(2π)4 e−ikx
∫ 1

0
du

[
/k+mQ

2(m2
Q− k2)2

σµνGaa′
µν (ux)

+
u

m2
Q− k2

xµγνGaa′
µν (ux)

]
+ · · · .

(21)

K1 K2

∼Gab
µν

The first  two terms are the free part  or perturbative con-
tributions  where  and  are modified  Bessel  func-
tions of the second kind. Terms  are due to the ex-
pansion of  the  propagator  on  the  light-cone  and  corres-

pond to the interaction with the gluon field. Here we use
the shorthand notation

Gaa′
µν ≡GA

µνt
aa′
A , (22)

A = 1, 2 · · ·8 tA = λA/2 λAwith  and  where  are  the  Gell-
Mann matrices.

Inserting  the  heavy  quark  propagator  (21)  into  the
CFs (19) and (20) would lead to several  kinds of contri-
butions  each  representing  a  different  Feynman  diagram.
There  are  two  heavy  quark  propagators  in  each  term  of
the CFs. The leading order contribution consists of a bare
loop,  depicted  in Fig.  1.  To  calculate  that,  every  heavy
quark  propagator  is  replaced  by  its  perturbative  terms.
The non-perturbative part of this contribution comes from
the non-local matrix elements of the pseudoscalar meson
which  are  defined  in  terms  of  distribution  amplitudes
(DAs) of twist two and higher.

Multiplication  of  the  perturbative  part  of  one  heavy
quark propagator and the gluon interaction part of anoth-
er one leads to contributions which can be calculated us-
ing the  pseudoscalar  meson  three-particle  DAs.  It  is  re-
sponsible  for  the exchange of  one gluon between one of
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∼ g2
s⟨GG⟩

the  heavy  quarks  and  the  outgoing  meson,  as  shown  in
Fig. 2. The higher order contributions corresponding to at
least  four-particle  DAs,  which  are  not  available  yet,  are
neglected in this work. However, we take into account the
two-gluon  condensates  contributions . To  pro-
ceed we use the replacement

qc′
α (0)qc

β(x)→ 1
3
δcc′qα(0)qβ(x), (23)

qα(x)qβ(0)
which applies the projector onto the color singlet product
of quark fields. One can decompose  into terms
that  have  definite  transformation  properties  under  the

Lorentz group  and  parity,  using  the  completeness  rela-
tion to get the expansion

qα(0)qβ(x) ≡ 1
4
ΓJ
βαq(0)ΓJq(x), (24)

ΓJ γ−where  runs over all possible matrices with definite
parity and Lorentz transformation property as

ΓJ = 1, γ5, γµ, iγ5γµ, σµν/
√

2. (25)

This  helps  us  to  project  quarks  onto  the  corresponding
distribution amplitudes.

In the following, we would like to briefly explain how
the  contributions  of,  for  instance,  the  diagrams in Fig.  1
and Fig.  2 are  calculated.  For  a  symmetric  current  and
Fig. 1, we get

Π
QCD(1)
(S)ρσ (p,q) =

i
4

∫
d4xeiq.x⟨P(q)|q̄(0)ΓJq(x)|0⟩

{[
Tr

[
ΓJ S̃ (pert.)

Q (x)
](
γ5S (pert.)

Q′ (x)γ5
)
ρσ
+

(
γ5S (pert.)

Q′ (x)Γ̃JS (pert.)
Q (x)γ5

)
ρσ

+ t
{
Tr

[
ΓJγ5S̃ (pert.)

Q (x)
](
γ5S (pert.)

Q′ (x)
)
ρσ
+Tr

[
ΓJ S̃ (pert.)

Q (x)γ5
](

S (pert.)
Q′ (x)γ5

)
ρσ
+

(
γ5S (pert.)

Q′ (x)γ5Γ̃JS (pert.)
Q (x)

)
ρσ

−
(
S (pert.)

Q′ (x)Γ̃Jγ5S (pert.)
Q (x)γ5

)
ρσ

}
+ t2

{
Tr

[
ΓJγ5S̃ (pert.)

Q (x)γ5
](

S (pert.)
Q′ (x)

)
ρσ

−
(
S (pert.)

Q′ (x)γ5Γ̃Jγ5S (pert.)
Q (x)

)
ρσ

}]
+

(
Q↔ Q′

)}
, (26)

Γ̃J =CΓT
J Cwhere  and

S (pert.)
Q (x) =

m2
Q

4π2

K1(mQ
√
−x2)

√
−x2

− i
m2

Q/x
4π2x2 K2

(
mQ

√
−x2

)
.

(27)

Q′

P

S bb′
Q′ (x)

S aa′
Q (x)

Figure  2 denotes  contributions  to  the  CF  due  to  the
exchange of one gluon between the heavy quark Q or 
and the pseudoscalar meson . To be precise, taking the
emission of the gluon from Q, Fig. 2(a), one can write the
corresponding CF by replacing  with its perturbat-
ive  free  part  (27)  and  with  its  non-perturbative
gluonic part

S aa′(non−p.)
Q (x) = −igs

∫
d4k

(2π)4 e−ikx
∫ 1

0
duGaa′

µν (ux)∆µνQ (x),

(28)

∆
µν
Q (x)where  is defined to be:

∆
µν
Q (x) =

1
2(m2

Q− k2)2

[
( ̸k+mQ)σµν+2u(m2

Q−k2)xµγν
]
. (29)

P

After  summing  over  the  color  indices  one  can  find  the
following relation for the symmetric current and contribu-
tion  of  the  exchange  of  the  gluon  between  the  heavy
quark Q and the light pseudoscalar meson  (Fig. 2(a)):

 

Π(p,q)
Fig.  1.    (color  online)  The leading order  diagram contribut-
ing to .

 

Fig. 2.    (color online) The one-gluon exchange diagrams.
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Π
QCD(2a)
(S)ρσ (p,q) =− gs

12

∫
d4x

∫
d4k

(2π)4

∫ 1

0
duei(q−k).x⟨P(q)|q̄(x)ΓJGµν(ux)q(0)|0⟩×

{[
Tr

[
ΓJ∆̃

µν
Q (x)

](
γ5S (pert.)

Q′ (x)γ5
)
ρσ

+
(
γ5S (pert.)

Q′ (x)Γ̃J∆
µν
Q (x)γ5

)
ρσ
+ t

{
Tr

[
ΓJγ5∆̃

µν
Q (x)

](
γ5S (pert.)

Q′ (x)
)
ρσ
+Tr

[
ΓJ∆̃

µν
Q (x)γ5

](
S (pert.)

Q′ (x)γ5
)
ρσ

+
(
γ5S (pert.)

Q′ (x)γ5Γ̃J∆
µν
Q (x)

)
ρσ
−

(
S (pert.)

Q′ (x)Γ̃Jγ5∆
µν
Q (x)γ5

)
ρσ

}
+ t2

{
Tr

[
ΓJγ5∆̃

µν
Q (x)γ5

](
S (pert.)

Q′ (x)
)
ρσ

−
(
S (pert.)

Q′ (x)γ5Γ̃Jγ5∆̃
µν
Q (x)

)
ρσ

}]
+

(
∆
µν
Q (x)↔ S (pert.)

Q′ (x)
)}
, (30)

∆̃
µν
Q (x) =C∆T,µν

Q (x)C

Π
QCD(2b)
(S)

Q′

P

Q′

where .  The  other  contribution,
,  which  is  responsible  for  the  exchange  of  one

gluon between the  heavy quark  and the  pseudoscalar
meson , can  simply  be  calculated  by  taking  into  ac-
count  the  perturbative  part  of  the Q-propagator  and  the
one-gluon emission part of the -propagator. Other con-
tributions, as  well  as  the  anti-symmetric  CF,  are  calcu-
lated  in  a  similar  way.  The  results  are  too  lengthy  to
present here.

From Eqs.  (26)  and  (30)  it  is  clear  that  the  non-per-
turbative  nature  of  the  interaction  is  represented  by  the
non-local matrix elements:

⟨P(q)|q̄(x)ΓJq(0)|0⟩ ,

⟨P(q)|q̄(x)ΓJGµν(ux)q(0)|0⟩ , (31)

P

which  can  be  expressed  in  terms  of  two-  and  three-
particle DAs of different twists for the light pseudoscalar
meson . The expressions for the above matrix elements
in terms of DAs and the explicit form of the DAs are giv-
en in Appendices A and B, respectively.

Inserting  the  heavy  quark  propagators  (21)  and  the
expressions for non-local matrix elements (31) from Ap-
pendix A into the CFs (26) and (30), one obtains the ver-
sion  of  CF  that  is  ready  for  performing  the  Fourier  and
Borel  transformations  as  well  as  continuum  subtraction.
At this stage the CF contains several kinds of configura-
tions with the general form:

T[ ,α,αβ](p,q) = i
∫

d4x
∫ 1

0
dv

∫
Dαeip.x(x2)n

× [ei(αq̄+vαg)q.xG(αi),eiq.x f (u)][1, xα, xαxβ]

×Kµ
(
mQ

√
−x2)Kν(mQ

√
−x2

)
.

(32)

xα

f (u) G(αi)

Here  the  expressions  in  the  brackets  represent  different
structures that  come  from  calculations.  The  blank  sub-
script bracket indicates no  in the structure and n is an
integer.  The  two  and  three-particle  matrix  elements  lead
to wave functions that are denoted by  and  re-

Dαspectively.  is called the measure and is defined as:

∫
Dα =

∫ 1

0
dαq

∫ 1

0
dαq̄

∫ 1

0
dαgδ(1−αq−αq̄−αg).

Kν
There  are  several  representations  for  the  Bessel  function

. Here we use the cosine representation as

Kν(mQ

√
−x2) =

Γ(ν+1/2) 2ν
√
πmνQ

∫ ∞

0
dt cos(mQt)

(
√
−x2)ν

(t2− x2)ν+1/2 ,

(33)

x−

which  helps  us  to  increase  the  radius  of  convergence  of
the  CF  [66].  To  perform  the  Fourier  transformation  we
use the exponential representations of the structures:

(x2)n = (−1)n dn

dβn

(
e−βx

2)|β=0,

xαeiP.x = (−i)
d

dPα
eiP.x. (34)

To be specific, one specific configuration that appears has
the generic form

Zαβ(p,q) = i
∫

d4x
∫ 1

0
dv

∫
Dαei[p+(αq̄+vαg)q].x

×G(αi)
(
x2)nxαxβ

×Kµ
(
mQ

√
−x2

)
Kν

(
mQ

√
−x2

)
. (35)

Using some variable changes and performing the double
Borel transformation by employing

Bp1
(M2

1)Bp2
(M2

2)eb(p+uq)2

= M2δ

(
b+

1
M2

)
δ(u0−u)e

−q2

M2
1+M2

2 ,

(36)

u0 = M2
1/(M2

1 +M2
2)in which , one can find the final Borel-

transformed result for the corresponding structure:
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Zαβ(M2) =
iπ224−µ−νe

−q2

M2
1+M2

2

M2m2µ
Q1

m2ν
Q2

∫
Dα

∫ 1

0
dv

∫ 1

0
dz
∂n

∂βn e−
m2

1 z̄+m2
2 z

zz̄(M2−4β) zµ−1z̄ν−1(M2−4β)µ+ν−1

×δ[u0− (αq+ vαg)]
[
pαpβ+ (vαg+αq)(pαqβ+qαpβ)+ (vαg+αq)2qαqβ+

M2

2
gαβ

]
. (37)

The details of the calculation can be found in Ref. [60].
/q/pγ5According to  Eq.  (20),  we choose the  structure 

on the QCD side as well. Therefore, one can write

Π
QCD
B1 B2P(M2) = ΠB1 B2P(M2) ̸q̸pγ5, (38)

B1 B2 P

/q/pγ5 ΠB1 B2P(M2)

Ωbb→ ΞbbK̄0

where ,  and  represent the initial baryon, final ba-
ryon and  pseudoscalar  meson,  respectively.  The  coeffi-
cient  of  the  structure ,  i.e. ,  is  obtained
considering  all  the  contributions  discussed  above.  As  an
example, we present the expression for the invariant func-
tion for the specific channel  after the Borel
transformation, which reads:

ΠΩbbΞbbK̄0 (M2) =
e−

m2
K̄0

4M2

6912π2M6mb

∫ 1

0
dz

e−
m2

b
M2 zz̄

z2z̄2

{
72mbM6zz̄2

(
3 fK̄0 m2

K̄0 mb(t2−1)
(
m2

b+2M2zz̄
)
A(u0)

+2M2z
[
−6 fK̄0 mbM2(t2−1)z̄φK̄0 (u0)+µK̄0 (µ̃2

K̄0 −1)
(
2m2

b(1+ t2)+3M2(t−1)2zz̄
)
φσ(u0)

])
+432mbM8zz̄2

∫ 1

0
dv

∫
Dα

(
fK̄0 m2

K̄0 mb(t2−1)δ[u0− (αq+ vαg)]×
(
(2v−1)zA∥(αi)

+ (2z−3)V∥(αi)+2z̄V⊥(αi)
)
−µK̄0 M2(t−1)2zz̄δ′[u0− (αq+ vαg)]T (αi)

)
+g2

s⟨GG⟩
[
−3 fK̄0 m2

K̄0 (t2−1)
(
2m6

b−3m4
bM2z̄2−6m2

bM4zz̄3−6M6z2z̄4A(u0)
)

+4M2z̄
[
−3 fK̄0 (t2−1)z

(
−2m4

b−m2
bM2(5z−3)z̄+6M4zz̄3

)
φK̄0 (u0)−µK̄0 (µ̃2

K̄0 −1)mb

(
2m4

b(1+ t2)

+m2
bM2[(1+ t2)(1−4z)−6t

]
z+M4[(1+ t2)(1−4z)−6t

]
z2z̄φσ(u0)

)]
+6

∫ 1

0
dv

∫
Dα

(
− fK̄0 m2

K̄0 M2(t2−1)z̄δ[u0− (αq+ vαg)]

×
{
(2v−1)

[
m4

b−m2
bM2z(1+2z)−M4z2(1+2z)z̄

]
A∥(αi)

+
[
−4m2

b+m2
bM2z(1+2z)+M4z2(1+ z−2z2)

]
V∥(αi)+2m4

bV⊥(αi)
}

+mbM4µK̄0 (t−1)2(2v−1)zz̄(m2
b+M2zz̄)δ′[u0− (αq+ vαg)]T (αi)

)]}
. (39)

The  invariant  functions  for  other  channels  on  the  QCD
side are calculated in the same manner but are not presen-
ted here because of their very lengthy expressions.

e−
m2

1 z̄+m2
2 z

M2 zz̄

e−
m2

1
M2 zz̄

s0 s0
m1

m2

The  next  step  is  the  continuum  subtraction.  To  this
end, we set the argument in  (in the case of differ-
ent heavy quarks) or  (in the case of identical heavy
quarks)  equal  to ,  with  being  the  continuum
threshold for  higher  states  and continuum. Here,  and

 stand for the heavy quark masses. As a result, the lim-
its of z are changed: ∫ 1

0
dz→

∫ zmax

zmin

dz, (40)

where for two different heavy quarks we get:

zmax(min) =
1

2s0

[
(s0+m2

1−m2
2)

+ (−)
√

(s0+m2
1−m2

2)2−4m2
1s0

]
. (41)

m1 = m2

In  the  case  of  the  heavy  quarks  being  the  same,  we  just
need to put  in this result.

s0

After performing  continuum  subtraction,  the  invari-
ant function becomes -dependent. We also have anoth-
er auxiliary parameter t in the currents. Hence, in terms of
the three auxiliary parameters, we analyze the results nu-
merically with respect to their variations, and after equat-
ing  the  coefficients  of  the  selected  structures  from  both
the  physical  and  QCD sides,  we  get  the  strong  coupling
constants as:
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gB1 B2P(M2, s0, t) =
1

λB1
λB2

e
m2

B1
+m2

B2
2M2 ΠB1 B2P(M2, s0, t). (42)

We analyze these sum rules numerically in the next sec-
tion.

III.  NUMERICAL RESULTS

µ = 1 GeV

There are two sets of input parameters needed to per-
form the numerical analysis. One corresponds to the mass
and  decay  constants  of  the  light  pseudoscalar  meson  as
well as the non-perturbative parameters coming from the
light-cone DAs of different twists calculated at the renor-
malization scale . These parameters are collec-
ted in Tables 2 and 3, respectively. The other set of input
parameters  corresponds  to  the  doubly  heavy  baryons
masses and residues, which are taken from Ref. [18] and
are presented in Table 4.

M2 s0

t = tanθ
cosθ cosθ

[−1,1]

The sum rules  for  the  strong coupling  constants  also
depend  on  three  auxiliary  parameters ,  and t that
should  be  fixed.  To  find  the  working  intervals  of  these
parameters,  the  standard  prescriptions  of  the  method  are
used:  the  variations  of  the  results  with  respect  to  the
changes  in  these  parameters  should  be  minimal.  First  of
all we would like to fix the working region of t. Consider-
ing ,  we  plot  the  strong  coupling  constants  with
respect to . We choose  and vary it in the inter-
val  in order to explore t in all regions. Our analys-
is  shows that  the variations of the results  are minimal in

0.5 ⩽ cosθ ⩽ 0.7 −0.7 ⩽ cosθ ⩽ −0.5the  intervals  and  for
all the strong decays under study.

(mB+0.3)2 ⩽ s0 ⩽ (mB+0.7)2 GeV2

s0

gΩ(′)
QQ(′)Ω

(′)
QQ(′)η(η′)

s0

The  continuum  threshold  depends  on  the  energy  of
the first  excited state in each channel.  Unfortunately,  we
have  no  experimental  information  on  the  first  excited
doubly  heavy  baryons.  We  choose  it  in  the  interval

,  where  dependence  of
the results on  is weak. As examples, we show the de-
pendence of  on continuum threshold in Fig. 3.
From this  figure,  we  see  that  the  strong  coupling  con-
stants  depend  very  weakly  on  the  variation  of  the  in
the selected intervals.

M2

M2
min

M2
max

For , the lower and higher limits are determined as
follows. The lower bound, ,  is found by demanding
the  OPE  convergence.  The  higher  bound, , is  de-
termined by the requirement of pole dominance, i.e.,

R =

∫ s0

(mQ+mQ′ )2 dsρ(s)e−s/M2∫ ∞
(mQ+mQ′ )2 dsρ(s)e−s/M2

⩾
1
2
. (43)

gΩ(′)
QQ(′)Ω

(′)
QQ(′)η(η′)

M2

M2

Figure  4 displays  the  dependence  of  on
 in its working window and at average values of other

auxiliary parameters.  From this  figure  we  see  mild  vari-
ations  of  the  results  with  respect  to  the  changes  in  the
Borel  parameter .  Extracted  from  the  analysis,  the
working intervals for all auxiliary parameters in all strong
decay channels are depicted in Table 5.

ΞQQ(′) π

The final results for the strong coupling constants un-
der study are also presented in Table 5. The errors in the
presented results are due to the uncertainties in determin-
ations of the working intervals for the auxiliary paramet-
ers, the intrinsic uncertainties of the method, the errors in
the masses and residues of the doubly heavy baryons, and
the uncertainties coming from the DA parameters as well
as other inputs. As we previously said, in Ref. [60] we in-
vestigated the symmetric  couplings to the  meson,
in which  the  continuum  subtraction  procedure  is  differ-
ent  than  that  of  the  present  study.  We  extracted  those
coupling constants in the present study as well. Compar-

Table 2.    Meson masses and leptonic decay constants along
with heavy quark masses [67-70].

Parameters Values/MeV

mc 1.275+0.025
−0.035 GeV

mb 4.18+0.04
−0.03 GeV

mη 547.862±0.018

mη′ 957.78±0.06

mK0 497.648±0.022

mK± 493.677±0.013

fπ 131

fη 130

fη′ 136

fK 160

µ = 1 GeV

Table  3.    Input  parameters  for  twist  2,  3  and  4  DAs  at  the
renormalization scale  [68, 69].

meson a2 η3 w3 η4 w4

π 0.44 0.015 −3 10 0.2

K 0.16 0.015 −3 0.6 0.2

η 0.2 0.013 −3 0.5 0.2

Table 4.    Baryon masses and residues [18].

Baryon Mass/GeV Residue/GeV3

Ξcc 3621.4±0.8 MeV [67] 0.16±0.03

Ξbc 6.72±0.20 0.28±0.05

Ξ′bc 6.79±0.20 0.3±0.05

Ξbb 9.96±0.90 0.44±0.08

Ωcc 3.73±0.20 0.18±0.04

Ωbc 6.75±0.30 0.29±0.05

Ω′bc 6.80±0.30 0.31±0.06

Ωbb 9.97±0.90 0.45±0.08
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gΞbbΞbbπ0 gΞbcΞbcπ0 gΞccΞccπ0

cosθ

cosθ

ing  the  results  on ,  and  from  the
present study and Ref. [60], we see that the extracted val-
ues  are  close  to  each  other  within  the  presented  errors.
The small differences are due to the fact that the values in
Ref. [60] were extracted in a single value for  inside
its  working  window,  while  in  the  present  study  we  take
the average of many values obtained at different values of

 in  its  working  interval.  The  errors  in  the  present
study are small compared to the results of Ref. [60]. From
Table  5,  it  is  clear  that,  overall,  the  couplings  for  each
symmetric/anti-symmetric  case  and  pseudoscalar  meson

bb cc
bc

η η′

in  the  channels  are  greater  than  those  in  the  chan-
nels, and the latter are greater than the couplings in the
channels. In extracting the results at  and , we have ig-
nored  the  mixing  between  these  two  states.  Our  results
may be  checked  via  different  phenomenological  ap-
proaches.

IV.  SUMMARY AND CONCLUDING NOTES

Ξ++cc (ccu)Motivated  by  the  LHCb  observation  of  the 
state,  we  have  investigated  the  strong  vertices  of  the

g
Ω

(′)
QQ(′)Ω

(′)
QQ(′) η(η

′) s0 cosθFig. 3.    (color online) The strong couplings  as functions of continuum threshold  at the average value of .
 

g
Ω

(′)
QQ(′)Ω

(′)
QQ(′) η(η

′) M2 cosθFig. 4.    (color online) The strong couplings  as functions of  at the average value of .
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π η η′

q2 = m2
P

doubly heavy baryons of various quark contents with the
light  pseudoscalar , K,  and  mesons.  We  extracted
the strong coupling constants at  from the strong
coupling  form  factors.  In  the  calculations,  we  used  the
general forms  of  the  interpolating  currents  in  their  sym-
metric and anti-symmetric forms. We also used the light
cone DAs of the pseudoscalar mesons entering the calcu-
lations.  The  strong  coupling  constants  are  fundamental
objects  and  their  investigation  can  help  us  get  useful
knowledge on the nature of the strong interactions among
the  participating  particles.  Such  objects  can  also  help  us
in our  understanding of  QCD as the theory of  strong in-

Ξcc

teractions.  One  of  the  main  problems  in  studying  the
strong interactions between hadrons is to determine their
interaction potential. The obtained results may be used in
the  construction  of  such  strong  potentials.  The  obtained
results  may also help experimental  groups in  analysis  of
the  results  obtained  at  hadron  colliders.  Investigation  of
doubly  heavy  baryons  may  help  experiments  in  the
course of searches for doubly heavy baryons. Note again
that,  we  have  only  one  state, , has  been  detected  ex-
perimentally  and  and  listed  in  the  PDG.  However,  even
for this particle there is a tension between the SELEX and
LHCb results on the mass and width of this particle. More

M2 s0Table 5.    Working regions of the Borel mass  and continuum threshold  ,  with numerical values for different strong coupling
constants extracted from the analysis.

Channel M2 2/GeV s0
2/GeV strong coupling constant

πDecays to 

Ξbb→ Ξbbπ
0 14 ⩽ M2 ⩽ 18 105.3 ⩽ s0 ⩽ 113.6 17.632.74

2.64

Ξbb→ Ξbbπ
± 14 ⩽ M2 ⩽ 18 105.3 ⩽ s0 ⩽ 113.6 24.933.87

3.73

Ξbc→ Ξbcπ
0 7 ⩽ M2 ⩽ 10 49.3 ⩽ s0 ⩽ 55 3.760.64

0.59

Ξbc→ Ξbcπ
± 7 ⩽ M2 ⩽ 10 49.3 ⩽ s0 ⩽ 55 5.320.91

0.84

Ξcc→ Ξccπ
0 3 ⩽ M2 ⩽ 6 15.4 ⩽ s0 ⩽ 18.7 5.271.40

1.22

Ξcc→ Ξccπ
± 3 ⩽ M2 ⩽ 6 15.4 ⩽ s0 ⩽ 18.7 7.451.98

1.71

Ξ′bc→ Ξ
′
bcπ

0 7 ⩽ M2 ⩽ 10 50.3 ⩽ s0 ⩽ 56.1 7.841.26
1.26

Ξ′bc→ Ξ
′
bcπ
± 7 ⩽ M2 ⩽ 10 50.3 ⩽ s0 ⩽ 56.1 11.081.78

1.79

Ξ′bc→ Ξbcπ
0 7 ⩽ M2 ⩽ 10 50.3 ⩽ s0 ⩽ 56.1 0.620.18

0.17

Ξ′bc→ Ξbcπ
± 7 ⩽ M2 ⩽ 10 50.3 ⩽ s0 ⩽ 56.1 0.890.26

0.25

Decays to K

Ωbb→ ΞbbK̄0 14 ⩽ M2 ⩽ 18 105.3 ⩽ s0 ⩽ 113.6 22.364.03
3.77

Ωbb→ ΞbbK− 14 ⩽ M2 ⩽ 18 105.5 ⩽ s0 ⩽ 113.8 22.904.12
3.80

Ωbc→ ΞbcK̄0 7 ⩽ M2 ⩽ 10 49.7 ⩽ s0 ⩽ 55.5 4.040.85
0.73

Ωbc→ ΞbcK− 7 ⩽ M2 ⩽ 10 49.7 ⩽ s0 ⩽ 55.5 4.050.85
0.74

Ωcc→ ΞccK̄0 3 ⩽ M2 ⩽ 6 16.2 ⩽ s0 ⩽ 19.6 5.761.76
1.35

Ωcc→ ΞccK− 3 ⩽ M2 ⩽ 6 16.2 ⩽ s0 ⩽ 19.6 5.781.78
1.38

Ω′bc→ Ξ
′
bcK̄0 7 ⩽ M2 ⩽ 10 50.4 ⩽ s0 ⩽ 56.2 11.112.38

2.08

Ω′bc→ Ξ
′
bcK− 7 ⩽ M2 ⩽ 10 50.4 ⩽ s0 ⩽ 56.2 11.142.39

2.08

ηDecays to 

Ωbb→Ωbbη 14 ⩽ M2 ⩽ 18 105.3 ⩽ s0 ⩽ 113.6 17.202.93
2.93

Ωbc→Ωbcη 7 ⩽ M2 ⩽ 10 49.7 ⩽ s0 ⩽ 55.5 3.360.64
0.57

Ωcc→Ωccη 3 ⩽ M2 ⩽ 6 16.2 ⩽ s0 ⩽ 19.6 4.141.19
0.91

Ω′bc→Ω
′
bcη 7 ⩽ M2 ⩽ 10 50.4 ⩽ s0 ⩽ 56.2 8.381.61

1.46

η′Decays to 

Ωbb→Ωbbη
′ 14 ⩽ M2 ⩽ 18 105.3 ⩽ s0 ⩽ 113.6 9.541.95

1.86

Ωbc→Ωbcη
′ 7 ⩽ M2 ⩽ 10 49.7 ⩽ s0 ⩽ 55.5 1.780.41

0.37

Ωcc→Ωccη
′ 3 ⩽ M2 ⩽ 6 16.2 ⩽ s0 ⩽ 19.6 1.800.80

0.80

Ω′bc→Ω
′
bcη
′ 7 ⩽ M2 ⩽ 10 50.4 ⩽ s0 ⩽ 56.2 4.431.14

1.04
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theoretical  and  experimental  studies  on  the  properties  of
doubly heavy baryons and their various interactions with
other hadrons are needed.
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NOTE ADDED:

After completing this study and in the final stages of

π

proof  reading  we  noticed  that  the  paper  Ref.  [71] ap-
peared  in  arXiv,  where  the  authors  calculate  the  strong
coupling constants among some of the doubly heavy ba-
ryons and  and K mesons.

APPENDIX A: NON-LOCAL MATRIX
ELEMENTS

π

In this Appendix,  we present explicit  expressions for
the non-local matrix elements up to twist 4 in terms of the
DAs  that  enter  our  calculations.  These  expressions  are
well  known  and  have  been  taken  from  Refs.  [69, 70].
Here the  meson represents all pseudoscalar mesons.

⟨π(p)|q̄(x)γµγ5q(0)|0⟩ = − i fπpµ

∫ 1

0
dueiūpx

(
φπ(u)+

1
16

m2
πx

2A(u)
)
− i

2
fπm2
π

xµ
px

∫ 1

0
dueiūpxB(u),

⟨π(p)|q̄(x)iγ5q(0)|0⟩ = µπ
∫ 1

0
dueiūpxφP(u),

⟨π(p)|q̄(x)σαβγ5q(0)|0⟩ = i
6
µπ

(
1− µ̃2

π

) (
pαxβ− pβxα

)∫ 1

0
dueiūpxφσ(u),

⟨π(p)|q̄(x)σµνγ5gsGαβ(vx)q(0)|0⟩ = iµπ

[
pαpµ

(
gνβ−

1
px

(pνxβ+ pβxν)
)
− pαpν

(
gµβ−

1
px

(pµxβ+ pβxµ)
)

− pβpµ

(
gνα−

1
px

(pνxα+ pαxν)
)
+ pβpν

(
gµα−

1
px

(pµxα+ pαxµ)
)]

×
∫
Dαei(αq̄+vαg)pxT (αi),

⟨π(p)|q̄(x)γµγ5gsGαβ(vx)q(0)|0⟩ = pµ(pαxβ− pβxα)
1
px

fπm2
π

∫
Dαei(αq̄+vαg)pxA∥(αi)+

[
pβ

(
gµα−

1
px

(pµxα+ pαxµ)
)

− pα

(
gµβ−

1
px

(pµxβ+ pβxµ)
)]

fπm2
π×

∫
Dαei(αq̄+vαg)pxA⊥(αi),

⟨π(p)|q̄(x)γµigsGαβ(vx)q(0)|0⟩ = pµ(pαxβ− pβxα)
1
px

fπm2
π

∫
Dαei(αq̄+vαg)pxV∥(αi)+

[
pβ

(
gµα−

1
px

(pµxα+ pαxµ)
)

− pα

(
gµβ−

1
px

(pµxβ+ pβxµ)
)]

fπm2
π×

∫
Dαei(αq̄+vαg)pxV⊥(αi). (A1)

APPENDIX B: DAS FOR THE LIGHT
PSEUDOSCALAR MESONS

Here  we  present  the  DAs  for  the  light  pseudoscalar
mesons  which  appear  in  our  calculations.  They  are  well
known and taken from Refs. [69, 70].

ϕπ(u) = 6uū
(
1+aπ1C1(2u−1)+aπ2C

3
2

2 (2u−1)
)
,

T (αi) = 360η3αq̄αqα
2
g

(
1+w3

1
2

(7αg−3)
)
,

ϕP(u) = 1+
(
30η3−

5
2

1
µ2
π

)
C

1
2

2 (2u−1)

+
(
−3η3w3−

27
20

1
µ2
π

− 81
10

1
µ2
π

aπ2
)
C

1
2

4 (2u−1),

ϕσ(u) = 6uū
[
1+

(
5η3−

1
2
η3w3−

7
20
µ2
π−

3
5
µ2
πa
π
2

)
C

3
2

2 (2u−1)
]
,

V∥(αi) = 120αqαq̄αg

(
v00+ v10(3αg−1)

)
,

A∥(αi) =120 αqαq̄αg

(
0+a10(αq−αq̄)

)
,

V⊥(αi) = −30α2
g

[
h00(1−αg)+h01(αg(1−αg)−6αqαq̄)

+h10(αg(1−αg)− 3
2

(α2
q̄+α

2
q))

]
,

A⊥(αi) = 30α2
g(αq̄−αq)

[
h00+h01αg+

1
2

h10(5αg−3)
]
,

B(u) = gπ(u)−ϕπ(u),

gπ(u) = g0C
1
2

0 (2u−1)+g2C
1
2

2 (2u−1)+g4C
1
2

4 (2u−1),
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A(u) = 6uū
[
16
15
+

24
35

aπ2 +20η3+
20
9
η4

+
(
− 1

15
+

1
16
− 7

27
η3w3−

10
27
η4

)
C

3
2

2 (2u−1)

+
(
− 11

210
aπ2 −

4
135
η3w3

)
C

3
2

4 (2u−1)
]

+
(
− 18

5
aπ2 +21η4w4

)[
2u3(10−15u+6u2) lnu

+2ū3(10−15ū+6ū2) ln ū+uū(2+13uū)
]
, (B1)

Ck
n(x)where  are the Gegenbauer polynomials and

h00 = v00 = −
1
3
η4,

a10 =
21
8
η4w4−

9
20

aπ2, v10 =
21
8
η4w4,

h01 =
7
4
η4w4−

3
20

aπ2,

h10 =
7
4
η4w4+

3
20

aπ2,

g0 = 1,

g2 = 1+
18
7

aπ2 +60η3+
20
3
η4,

g4 = −
9

28
aπ2 −6η3w3. (B2)

µ = 1 GeV2

aπ1 = 0 aπ2 = 0.44 η3 = 0.015 η4 = 10 w3 = −3
w4 = 0.2

The constants  inside the wavefunctions which are calcu-
lated at the renormalization scale of  are given
as , , , ,  and

.
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