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Abstract: Understanding the thermodynamic phase transition of black holes can provide a deep insight into the

fundamental properties of black hole gravity to establish the theory of quantum gravity. We investigate the condi-

tion and latent heat of phase transition for non-linear charged AdS black holes using Maxwell's equal-area law. In

addition, we analyze the boundary and curve of the two-phase coexistence area in the expanded phase space. We

suggest that the phase transition of the non-linear charged AdS black hole with the fixed temperature (7 < T¢) is re-
lated to the electric potential at the horizon, not only to the location of black hole horizon. Recently, the molecular
number density was introduced to study the phase transition and microstructure of black holes. On this basis, we dis-
cuss the continuous phase transition of a non-linear charged AdS black hole to reveal the potential microstructure of

a black hole by introducing the order parameter and using the scalar curvature.
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I. INTRODUCTION

Black hole physics, as an intersection of many discip-
lines between the GR and quantum mechanics, such as
thermodynamic statistical physics and particle physics,
plays a significant role in modern physics. The study of
black holes from the perspective of thermodynamics has
become indisputable. Black holes have the characterist-
ics of an ordinary thermodynamical system; they can un-
dergo phase transitions under certain conditions. Black
holes have thermal properties; hence, a key concern re-
garding black holes is that whether they have a micro-
structure like ordinary thermodynamic systems. From a
mathematical perspective, string theory and supersym-
metry are used to explain the microstructure of black
holes. From a thermodynamic viewpoint, hypotheses of
black hole molecules and spacetime atoms are proposed
to explore the microscopic behavior of black holes. Re-
search on both areas has made progress [1-12].

By regarding the cosmological constant in the AdS
spacetime as the pressure of an ordinary thermodynamic
system and comparing the state parameters of the AdS
black holes to that of the van der Waals (vdW) system,
the thermodynamical phase transition continue to be one
of the increasingly active areas in black hole physics.
Some satisfactory results on the thermodynamical prop-

erty of AdS and dS black holes were obtained [13-35].
However, the statistical mechanics background of black
holes as a thermodynamic system is not understood yet.
Therefore, obtaining the relationship between the thermo-
dynamic properties of various AdS and dS black holes is
crucial. This study will be useful for further understand-
ing the entropy, temperature, heat capacity, etc., of black
holes and developing a self-consistent black hole thermo-
dynamic geometry theory.

For the AdS black holes, discontinuities exist in the
P-V or T-S diagram with T < T, or P < P, [30, 31]. The
black holes within the two-phase coexistence zone have
the latent heat of phase transition; they have different
thermodynamical properties at different phases. There-
fore, a black hole as a thermodynamical system must
have different microstructures with different phases.

The linear charged black holes in AdS spacetime [36,
37] within a second order phase transition shows a scal-
ing symmetry: at the critical point, the state parameters
scale with respect to charge q, ie.,
S~qg>P~q 2 T~q"' [38, 39]. One can infer whether
the scaling symmetry exists in the non-linear charged
AdS black holes [40]. As a generalization of the charged
AdS Einstein-Maxwell black holes, exploring new non-
linear charged systems is interesting. Due to infinite self-
energy of point like charges in Maxwell's theory [41-51],
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Born and Infeld proposed a generalization when the field
is strong, introducing non-linearities [41, 42, 52, 53]. An
interesting non-linear generalization of charged black
holes involves a Yang-Mill field coupled to Einstein
gravity, where several features in extended thermody-
namics have recently been studied [54, 55].

As a unique perspective, the thermodynamic geo-
metry (scalar curvature) plays an important role in study-
ing black hole phase transition. The comprehensible
physical picture of Ruppeiner geometry makes it widely
used [1-4, 9-11, 37-39, 41-43]. In the case of fixed
charge, considering the fluctuation of mass and pressure,
we will study the Ruppeiner geometric line element and
scalar curvature. We predict that for the non-linear
charged AdS black hole with a certain temperature, the
different electric potentials correspond to different values
of the scalar curvature. In contrast, this result indicates
different microstructures of black hole system with differ-
ent electric potentials.

In this study, we investigate the phase transition of
the non-linear charged AdS black hole (EPYM black
hole) to obtain the condition and the latent heat of phase
transition by using Maxwell's equal-area law and adopt-
ing different independent dual parameters. We aim to re-
veal the microstructure of black holes by studying the
phase transition of the EPYM black hole with different
electric potentials. This work is organized as follows. In
Sec. II, we present the thermodynamic parameters of the
EPYM black hole. In Sec. III, we discuss the phase trans-
ition of the EPYM black hole for different choices of the
independent dual parameters by the Maxwell’s equal-area
law and provide a universal condition of phase transition.
In Sec. IV, we present the coexistence curve in the P-T
diagram and analyze the influence of non-linear YM
charged parameter y on the latent heat of phase change
for the EPYM AdS black hole. In Sec. V, the order para-
meter ¢” is introduced to explain the phase transition for
the EPYM black hole. Moreover, the thermodynamic
geometry at the critical point is analyzed using the scalar
curvature R. We also investigate the influence of the non-
linear YM charge parameter y on R. Finally, a brief sum-
mary is provided in Sec. VI.

II. THERMODYNAMICS FOR NON-LINEAR
CHARGED ADS BLACK HOLES

Our starting point is the action for four-dimensional
Einstein-power-Yang-Mills (EPYM) gravity with a cos-
mological constant A, given by [55-58]

I= % f dxyg(R-2A- [T EQFO]), (1)

with the Yang-Mills (YM) field

L @ )40
2 Climo A @)

F =3,A% -9, +
Here, Tr(Fff‘V) Famy=y3_ FL“V)F(“W, R and v are the scal-
ar curvature and a positive real parameter, respectively;

C(a)
(b)(c)
er Lie group G; ¢ is the coupling constant; and A,(f)repres-
ents the So(3) gauge group YM potentials.
For this system, the four-dimensional EPYM black
hole solution with the negative cosmological constant Ais

obtained by adopting the metric [59]

represents the structure constants of three paramet-

ds? = - f(r)df* + f~1dr? + r2dQ3, (3)
Y
M A (24?)
- — 4
f(r) P Sy 4)

where dQ3 is the metric on unit 2-sphere with volume 4x
and g is the YM charge. Note that this solution is valid
for the condition of the non-linear YM charge parameter
v #0.75, and the power YM term holds the weak energy
condition (WEC) for y > 0 [57]. The position of the black
hole event horizon is determined as the larger root of
f(ry) =0. The parameter M represents the ADM mass of
the black hole; in our set up, it is associated with the en-
thalpy of the system.

Using the “Euclidean trick ”, one can identify the
black hole temperature and entropy of the solution given
by [55]

1

7y

T:

[1 +8nPr? -

CUN

—2r(47_2) =nr. 5)
v

The pressure reads P =-A/(8n) from extended thermo-
dynamics; the YM potential ¥ is given by [44, 60]

oM 2

S T Gy-3) ©

The above thermodynamic state parameters satisfy the
first law

dM = TdS +¥dg* + VdP (7)

with the thermodynamic volume

v oM 4 4
=| — = —7r
oPJ)s, 37

Thus, the ADM mass of a black hole corresponds to
enthalpy [61] as follows [19]:
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The equation of state P(V,T) for canonical ensemble
(fixed YM charge ¢) can be obtained from the expression
of temperature as

4\l 1 (an\'P (27) (4 \
P=|—| |=-—|Z=| + — G
3v) |27 & \3v 16r \3V

III. THE EQUAL-AREA LAW

From Eq. (9), we know that the state equation of the
EPYM black hole with fixed YM charge corresponds to
an ordinary thermodynamic system; it can be written as
f(T,P,V)=0. Furthermore, the number of particles in the
system is unchanged. In the following, through the Max-
well' equal-area law, we discuss the phase transition con-
dition of the EPYM black hole in P-V, T-S, and
g% — ¥, respectively. Then, we provide a general condi-
tion of the phase transition for the EPYM black hole.

A. The construction of equal-area law in
P-V diagram

For the EPYM black hole with the given YM charge
q and temperature Ty < T., the volume at the boundary of
the two-phase coexistence area are V; and V,, respect-
ively; the corresponding pressure Py is less than the crit-
ical pressure Pg; it is determined by the horizon radius r, .
Therefore, from the Maxwell's equal-area law
Po(V2—V1) = [ PV and Eq. (5), we have

2\Y
Py = To 1 +(2q—>, (10)

B 3
O 2 (14 x+22) 4rrs (14 x+x2)
3ea) (1-57)

11
¥ 873 —4y)ry (1-13) .

where x = L. With Eq. (10), we have
r

er) (=)

O:TO—L(1+x)+ ,  (12)

4nryx 87”/2‘7—1 -1 (1-x)
T, | s
2Py =—>(1+x)— —— (1 +x
‘ 21’216( ) 87rr§x2( )
24° i
%(HW). (13)
1677, x*r

From the above equation and Eq. (11), we obtain the fol-
lowing expression:

- (1+x)
Anryx B 0(1 +3x+x2)
N (24%) [ 349 (1-27*4) + B+4y)2* (1-2773)|

8r(3—dy)ry - 1(1-x3)(1-x2 (143x+22)
(14)

Considering Eqgs. (12) and (14), we have

oo (267) |G-+ (1-27)+8yx2(1-x73)]
ry = .

2723 = 4y)(1 - x)?
=(24%) foey).

(15)

For the critical point (x = 1), the state parameters are

7= (24) fLy), Ly =y -1, (16)

_ 1 2y -1
°T ﬂ(2q2)7/(47—2) f]/(4y_2)(],’)’) 4y—1 ’

(17

p= 2y -1
c = _ .
167ry(2q2)7/(27 l)fl/(27_l)(1,’y)

(18)

Because the above state parameters must be positive, the
non-linear YM charge parameter satisfies the condition
E <v.

Substituting Eq. (15) into Eq. (12) and setting
To=xT. (0<y<1), we have

1
Ty =
0 drx (2q2)y/ (4y-2) fl /(4y=2) (x,7)

1 1—xY
2y 1-x )

x(1+x— (19)
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2y -1
yH@y=D)(4y — 1)4r-D/(4y-2)

X

1 1 1—x%
= 1+x-—
dx flE=2)(x,y) 2f(x,y)x2 1-x

). (20)

For the given parameter y and temperature Ty (i.e., x),
we can obtain the value of x from Eq. (20). Eq. (15) sug-
gests that for the given temperature Ty (7o < T¢), that is,
for the fixed value of x, the phase transition condition
reads

(20) 1

r;y_2 B f(x,)’)

21)

Therefore, the phase transition of the EPYM black hole
with a given temperature Ty (T < T.) is determined by
the radio between the YM charge (2¢%)” and r;‘y_z and
not the value of the horizon alone. Note that we call this
radio the YM electric potential with the horizon radius ;.
The phase transitions in the P-V diagram with different
temperatures are shown in Fig. 1. The effect of the non-
linear parameter y on phase transition is exhibited in Fig. 2.

P
0.00365¢

0.00360
0.00355¢
0.00350

0.00345}

0.00340

A\
0 20 40 60 80 100

Fig. 1. (color online) Phase transition in P-V diagram with
the parameters ¢=0.85, y=0.8. The temperature is set to
0.0419 (red thin line), 0.04215 (black thin line), 0.0424 (the
green thick line), and 0.0425 (red thick line).

p
0.0031 \/
0.002f
0.001}
0.000 : : : v
V 50 100 150 200
~0.001t

Fig. 2. (color online) Phase transition in P-V diagram with
the parameters g = 0.85, Tp = 0.0374. The parameter y is set to
0.78 (black line), 0.9 (green line), 1 (red line), and 1.2 (blue
line), respectively.

B. The construction of equal-area law in T-S diagram

For the EPYM black hole with the given YM charge
g and pressure Py < P, the entropy at the boundary of the
two-phase coexistence area are S, and S,, respectively.
The corresponding temperature T is less than the critical
temperature 7T; it is determined by the horizon radius r, .
Therefore, from the Maxwell's equal-area law

To(S,—=81) = fs& TdS and Eq. (5), we have

1 8nPry

27T, = 1 2
o r2(1+x)+3(1+x)( +a+x)
Y 1- _
) A (1) .
2B3-4y) (1-x2)°
2\Y
1 , (24)
To —47”2 [1 +8nPr; — 2r(24y_2) »
2\Y
1 , (24)
Ty = . [1+87rPr1——2r§4y_2) . (23)

Considering the above equations, we obtain that the phase
transition condition with the independent dual paramet-
ers for 7-S is the same as that for P-V. This result indic-
ates that these two choices of independent dual paramet-
ers (P-V, T-S) will provide the same phase transition
point. The curves of phase transition for 7-S are shown in
Fig. 3.

T
0.0428 ¢
0.0426
0.0424 ¢

0.0422 ¢

0.0420

0.0418

2‘5S
Fig. 3.
the parameters ¢ = 0.85, y = 0.8. The pressure is set to 0.000344
(red thin line), 0.0035 (black thin line), 0.0036 (green thick
line), and 0.00365 (red thick line).

(color online) Phase transition in 7-S diagram with

C. The construction of equal-area law in
g% - ¥ diagram
For the EPYM black hole with the given temperature
To<T., if the YM charge changes, we will choose
g%’ =¥ to study the phase transition. The YM electric po-

tentials at the boundary of the two-phase coexistence area
are ¥, and V¥, respectively. The corresponding YM
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charge term is qu. There\{fore, from the Maxwell's equal- qéy 4y-2) 4 4yl
area law qéy(‘l’z -¥1) = [, ¢*d¥ and Eq. (6), we have iy 2t 8nPor,” —Todnr,” ",
a;
2y _ (4)/ - 3)(] - x)x47‘3 r4y_2 21—0_7 :ri4y—2) + Sﬂporily - '11()47T7'11W_1 . (25)
0 27-1 (1_x4y—31) 2
87TP() 7 2
X1+ §) (1 oy )_ nTora(1+0)),  (24) With the above equations, we have
_ _ dy-1 _642(1 — 143
2 _ (o) @y =3)(1-x)[(1+2x0) + 27712+ 1) - 6 (1= x77) 6
2 T\ 254 -2(4y - 3)(1 - x)3 ’
(4y-3)(1-x)
[
which is of the same form as Eq. (15). the Clapeyron equation as
For the given temperature 7T (i.e., x), the phase trans-
ition condition for the independent dual parameters drP L 7
¢* -V is consistent with that for P—V and T-S. For dT ~ T(W-w)’ (27)

the EPYM black hole with the fixed YM charge and tem-
perature, when the horizon radius r, is smaller than ry,
the phase corresponds to the liquid of a van der Waals
system; in contrast, it resembles the gas of a van der
Waals system for r, >r,. And the phase corresponds to
the two-phase coexistent of a van der Waals system as
r1 <ry <r,. The phase transition curves for g% —¥ with
fixed temperature and pressure are shown in Fig. 4, re-
spectively.

IV. THE COEXISTENT CURVE IN P-T DIAGRAM

For an ordinary thermodynamic system, when phases
(a phase and B phase) are in the two-phase coexistence
area, the coexistent curve (P-T) is directly determined
by experiments. The slope of the P—T curve is given by

where L =T(S?-5%); v*, +* are the molar volumes of «
and B phases, respectively. Generally, for an ordinary
thermodynamic system, the Clapeyron equation agrees
with the experimental results, which provide a direct ex-
perimental verification for the correctness of thermody-
namics.

For the EPYM black hole, from Egs. (12), (13), and
(15), we have

1
= . ( 2q2)y/ (4y-2) fl /(4y-2) (x,7)
1 1—x¥

X|1+x—

) =y, (28)

2f(x,y)x*-2 1-x

77 g7

0.84} 0.84}

0.82} 0.82}

0.80} 0.80}

0.78} 0.78}

0:76 \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\I‘ 0-76 \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\I]
175 180 185 190 195 200 | 175 180 185 190 195 2.0

(a)y = 0.8, Py =0.0034
Fig. 4.

(b)y = 0.8, Tp = 0.0419

(color online) Phase transition curves in ¢?” — ¥ diagram with the parameter y = 0.8. In the left panel, y = 0.8, Py = 0.0034, and

the temperatures is set to 7y = 0.0419 (red thin line), Ty = 7. = 0.0417 (green thick line), and Ty = 0.0415 (red thick line). In the right pan-
el, y=0.8, Ty = 0.0419, and the pressures is set to Py = 0.0034 (red thin line), Py = P. = 0.003476 (green thick line), and Py =0.0035 (red

thick line).
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The coexistent curves (P —T) with different non-linearity
parameters y are shown in Fig. 5. Furthermore, from Egs.
(27), (28), and (29), the latent heat of phase transition for
EPYM black hole reads

3 4ry| (x,7)
e
3y2(-x9 7)
B (1 _ x3) 4ny| (x,y) ( 2)37/<4y—2>
3y5(x,y)

L=T(1-x)

P12 yya(x,y).
(30)
The above equation suggests that for the system with a
fixed YM charge, the latent heat of phase transition is re-
lated with the temperature Ty (7o < T,), that is, related
with x. The latent heat of phase transition with x for non-

linear parameters y are shown in Fig. 6. The latent heat of
phase transition for fixed x decreases with an increase iny

>3

V. THERMODYNAMIC GEOMETRY

Eq. (15) demonstrates that for the EPYM black hole
with Ty (Tp <T.), there is a sudden change of the YM
electric potential of the black hole molecules. The YM

P

0.0030;
0.0025
o.oozof—
0.0015
0‘0010;

0.0005}

0.01 0.02 0.03 0.04

Fig. 5. (color online) Coexistent curve in P-T diagram with
the parameter g = 1.2. The critical points with different values
of the non-linear YM charge parameter y are marked as black
dots.

0 L L L L L L L L L L L L L L L L L n X
0.0 0.2 0.4 0.6 0.8 1.0
Fig. 6. (color online) L - x curve with the parameter

qg=12.

electric potentials with different phases are

, )

9= r37_2 B fxy)

2\Y
PO 5
! rfy_z M2 f(x,y)

€2))

This indicates that the microstructures of the black hole
molecules in different phases are inconsistent. Recent
studies proposed that the phase transition of a black hole
is due to the different number densities of molecules for
large and small black holes [8-10, 62]. According to our
investigation in the last section, the phase transition of the
EPYM black hole is related with the horizon and the YM
charge. That is, the phase transition is determined by the
YM electric potential at the horizon. Based on this issue
and Landau's theory of continuous phase transition, we
explore the physical mechanism of phase transition for
the EPYM black hole.

The continuous phase transition theory is character-
ized by the change of the degree of order and the accom-
panying change of the symmetry property of matter. So
what is the internal reason for the phase transition of the
EPYM black hole? With the above investigation, the
phase transition of the EPYM black hole with Ty
(To < T.) occurs when the YM electric potential at the ho-
rizon satisfies the relation (21). For the EPYM black hole
with Ty < T, and phase ¢%, the YM electric potential is
high; hence, the black hole molecules are affected by this
strong YM electric potential; consequently, they have a
certain orientation and displacement polarization. In addi-
tion, they have a higher order and a lower symmetry. In
contrast, for this system with the same temperature
To < T, and another phase ¢§, the black hole molecules
become disorderd; these molecules have a higher sym-
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metry due to a lower YM electric potential. The thermal
motion of black hole molecules weakens the order of
black hole molecules with increasing temperature. Espe-
cially for Ty > T., the thermal motion of black hole mo-
lecules leads to the disorder of black hole molecules. In
other words, for the EPYM black hole with the lower
temperature 7 < 7., the black hole molecules have a
lower symmetry and higher order, and the order paramet-
er ¢>(T) is not equal to zero. While the black hole mo-
lecules have a higher symmetry and lower order, and the
order parameter ¢>(T) is zero for the black hole with
To > T.. Note that the above results are obtained by com-
paring the EPYM black hole to an ordinary thermody-
namic system.

We define the order parameter of the EPYM black
hole as

91 =65 _ yy-D(1 -7
# fCeyr=2

¢*(T) = (32)

1 1
fLy) y@y=1°
with the non-linear parameter y is shown in Fig. 7.

Because the order parameter is small near the critical
point, according to Landau's theory of continuous phase
transition, Gibbs function can be expanded as the power
of ¢?(T) near the critical temperature T, by the method in
Refs. [63, 64]. The free energy takes the minimum value
in the equilibrium state; based on this theory, we obtain
that the critical exponents of the EPYM black hole are
consistent with that of the RN-AdS black hole and the
single axis ferromagnetic. However, the fluctuation of the
order parameter near the critical point is neglected in the
above discussion. Fortunately, the Ruppeiner geometry is
derived from the theory of thermodynamic fluctuation.
The singularity of the scalar curvature reveals the phase
transition structure of black holes [2, 65]. In the follow-
ing, we explore the microstructure of the black hole mo-
lecules by investigating the Ruppeiner geometry. We take
(S, P) fluctuation with the fixed YM charge. The Rup-
peiner scalar curvature (Ricci scalar) reads [8]

with ¢2 =

The orderparameter plotted

R=—— (33)

1 1

2247 2 12 (x,y)

T
0.2 0.4 0.6 0.8 1.0 T,

Fig. 7. (color online) ¢?- Tl curves for the EPYM black hole

C
with the non-linear YM charge parameter y.

with

N =278~ [2" 7! "2 g2 § 172 (=1 + 29)| — 1 - 48PS
+(=1+8PS(7+16PS))y+2(1— 8PS)2y2]
+87%(—1+ 2)/)[(—1 +9)2 +256P3S3y(~1+2y)
+4PS(1+y—-29y")—-32PS%(-3+2y(2 + y))]

g (2q2)2752—4v[ -3+y(9-6y+8PS(1+ 27))]],

(34)
2q2 4
D= —nzyng)l +27(1+8PS)
2\Y 2
X n27<2q) +27(1-8PS)(1-2y) (35)
21 -

Because the forms of the horizon radius with a given tem-
perature T <T. for two phases are different, the Ricci
scalar of two phases also have two forms

a1
22¢*) 2 f 1727 (x,y)

7 [=x274 10 y) + 201+ 8AD] [~ 1 (x,7) + 2(1 = 2y)(1 - 8A)) |

X B, (36)

C
7 [= 7106 y) + 201+ 84| [ £ (x,7) +2(1 = 2)(1 = 84,)]° g

€0
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with the following functions

B=8x2(-1+ 29) [(_1 ﬂ/)z n 256A?y(—1 +2Y)+4A (1 +y— 2)/2) - 32Af(—3 +2y(2+ 7))]
+2x7% N (x, ) (=14 2y) [—1 —48A; +8A1y(7T+16A1) -y +2(1 - 8A1)272]
+ 23278 £ 20, 9) [<3 + 79— 6y + 84, (1 +27))],

C =8(=1+2y)[(~1+7)7 +256A3y(~1 +2y) +44s(1 +y = 2y*) = 3243(-3+ 2y (2 +y))]
+ 27 (e y) (=1 +2y) [ -1 - 4847 + 842y(7 + 1642) -y + 2(1 - 842)*7?

+ 7206, [<3+7(9 -6y + 845(1 +2y))],

X x—4y+2 x—4y+2 _

8

- X

C2(1-20f(x,y)

X

A = - -
‘ 2(1-2)f(x,)

(1 ) A=t (1
(3= 4y)(1 + Xmin)(1 = X7 )+ 8y

min

8x

Note that for the EPYM black hole with a given non- A

linear parameter y undergoing a phase transition, be- UL
’ et P 2G -1 - )

cause of the conditions P|,-,, >0 and Fr

> 0, the ho-
v \r=r

(=57 dy-1

2

rizon radius r; has a minimum value, and x must be from
Xmin to one. In other words, xy,;, must satisfy the follow-
ing expression:

Especially, the minimum value of x is independent of the
YM charge g. The R —xplots with the range 0 < x < 1 are
shown in Fig. 8. For the given non-linear parameter y, x

0.00 - 0.00
-0.02 ~0.02F IRREEN
= 004 = _0.04] /
-0.06r —0.06+ 1
-0.08— : : : -0.08— : : :
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
x x
(a)g =085, 1>v> % (b)g=0.85, v > 1
0.00
—-0.02¢
~ -0.041
-0.06¢
—0.081
-0.10— : : :
0.2 0.4 0.6 0.8 1.0
x
(c)y=08
Fig. 8. (color online) R-x curves with the different values of the non-linear parameter y and YM charge ¢ for two phases of the

EPYM black hole. The dashed lines represent the geometry R,, and the continuous lines correspond to the geometry R;. In the upper
left plot, ¢ = 0.85, 1 >y > 3/4, and the non-linear parameter is set to y = 0.78 (black lines), y = 0.82 (red lines), and y = 1 (green lines). In
the upper right plot, g = 0.85, y > 1, and the non-linear parameter is set to y = 1 (black lines), y = 1.2 (red lines), and y = 1.5 (green lines).
In the bottom plot, y = 0.8, and the YM charge is set to ¢ =0.75 (black lines), ¢ = 0.85 (red lines), g = 0.95 (green lines), and ¢ =1 (blue

lines)
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must be considered from some certain value, for example,
0.515 < x< 1 with y = 1.5. From Fig. 8, we obtain that for
the given YM charge ¢ and x, the distance
(AR(x) = Ry(x) — Ry (x)) of the Ricci scalars for two phases
decreases with increasing y and YM charge ¢g. The effect
of the non-linear parameter y on the Ricci scalar is con-
sistent with that on the latent heat of phase transition giv-
en in the last section. It is considerably unique that the
scalar curvature R, at the critical point increases with in-

. . 3 .
creasing YM charge ¢g and y in the range 1 >y > T while

it decreases with increasing non-linear parameter y in the
range y > 1.

Based on the conclusion of B. Mirza and H. Moham-
madzadeh [66, 67] on the scalar curvature, the interac-
tions of molecules are repulsive, attractive, and zero for
R>0, R<0, and R =0, respectively. Fig. 8 shows that
for the EPYM black hole, 0 > R, > R;. That is, the aver-
age interaction of the black hole molecules for phase ¢§
is less than that for phase ¢?. Furthermore, the Ricci scal-
ars for both phases increase with increasing YM charge ¢
until R, becomes zero. Since the density of black hole
molecules

n=

s

N 3
Vv

'yl;zzr+

the density for phase ¢3 is less than that for phase ¢?7.

From Eq. (21), we know that for the EPYM black hole
with the fixed temperature (T < T), the phase ¢3 corres-
ponds to a lower YM electric potential, while the other
phase ¢? corresponds to a higher YM electric potential.
The horizon radius increases with increasing YM charge
q, while the YM electric potential remains uncharged.
Therefore, we think that the non-linear parameter y plays
two roles in the phase transition for the EPYM black
hole: change the order degree of the black hole mo-
lecules, which is determined by the YM electric potential,
and change the density of the black hole molecules.

VI. DISCUSSIONS AND CONCLUSIONS

Because a detailed statistical description of the corres-
ponding thermodynamic states of black holes is still un-
clear, the investigation of the thermodynamic properties
and critical phenomenon of black holes becomes crucial.
In this study, we focus on the phase transition and ther-
modynamic geometry of the four-dimensional Einstein-
power-Yang-Mills (EPYM) black hole. We study the ef-
fect of the non-linear YM charge parameter y on the ther-
modynamical properties.

First, we reviewed the thermodynamic state paramet-
ers (T, P, S, M, ¥) of the AdS black hole in the four-di-

mensional EPYM gravity. Then we reconstructed
Maxwell's equal-area law by adopting different independ-
ent dual parameters to explore the phase transition
of the EPYM black hole. The results showed that the
phase transition point is the same for the three choices
(P-V, T-S, ¢ —¥). Especially, the independent dual
parameters of the YM charge and the corresponding po-
tential must be ¢*” —¥, not other forms. This result is at-
tributed to the fact the phase transition must be independ-
ent with the concrete physical process. Furthermore, the
phase transition condition of the EPYM black hole was
presented as described in Eq. (21). We obtain that the
pressure of the EPYM black hole with the unchanged
temperature 7 < 7. decreases with increasing y. The
phase transition is related to the non-linear parameter y
and the horizon radius, while it is not the only pure one
between a small and a big black hole.

Next, we presented the coexistent curve in the P—V
diagram and analyzed the latent heat of phase transition
for the EPYM black hole. The coexistent curve in the
P-T diagram showed that the critical point of phase
transition increases with increasing non-linear YM charge
parameter vy. In addition, the latent heat of phase trans-
ition for a fixed x decreases with increasing non-linear
parameter y (y > 3/4).

Finally, by defining a new order parameter ¢*(T) and
comparing the EPYM black hole to an ordinary thermo-
dynamic system at the microscopic level, we explored the
phase transition microstructure of the EPYM black hole
by the scalar curvature R. The result suggested that the
phase transition of the EPYM black hole is accompanied
by the change of the black hole molecules' symmetry. For
the EPYM black hole with a certain temperature and
pressure (T < T, P < P.), the Ricci scalars at the bound-
ary of the two-phase coexistence area are different due to
the different values of the order parameter ¢> at the
boundary of the two-phase coexistence area. Especially, it
was significantly unique that the scalar curvature R at the
critical point increases with increasing YM charge ¢ and
the non-linear parameter vy in the range 1 >y > 3/4, while
it decreases with increasing non-linear parameter y in the
range y > 1.

This work elucidated the phase transition microstruc-
ture of the EPYM black hole, which is useful to explore
the microstructure of a black hole and understand its ba-
sic property. In particular, the in-depth study of the black
hole microscopic structure will be significantly important
to establish quantum gravity.
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