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Abstract: It was previously claimed by the author that black holes can be considered as topological insulators. Both

black holes and topological insulators have boundary modes, and the boundary modes can be described by an effect-

ive BF theory. In this paper, the boundary modes on the horizons of black holes are analyzed using methods de-

veloped for topological insulators. BTZ black holes are analyzed first, and the results are found to be compatible

with previous works. The results are then generalized to Kerr black holes, for which new results are obtained: dimen-

sionless right- and left-temperatures can be defined and have well behavior in both the Schwarzschild limit a — 0

and the extremal limit @« — M. Upon the Kerr/CFT correspondence, a central charge ¢ = 12Mr, can be associated
with an arbitrary Kerr black hole. Moreover, the microstates of the Kerr black hole can be identified with the

quantum states of this scalar field. From this identification, the number of microstates of the Kerr black hole can be

counted, yielding the Bekenstein-Hawking area law for the entropy.
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I. INTRODUCTION

It is well accepted that black holes behave like ther-
modynamic objects. Following Bekenstein [1] and Hawk-
ing [2], a black hole has temperature and entropy

hik A

Tu=—, Spu=-—0,
H= o "B ™ 4Gn

(M
where « is the surface gravity, and 4 is the area of the ho-
rizon. Understanding these properties, especially identify-
ing the black hole microstates that account for the en-
tropy, is a fundamental challenge of quantum gravity.
Since identifying the black hole microstates that ac-
count for entropy is a difficult problem, it is helpful to
map it onto a problem that has been solved. In previous
works [3, 4], the author claimed that a black hole can be
considered as a kind of topological insulator. Roughly
speaking, a topological insulator is a bulk insulator that
has conducting boundary states. For a Banados-Teitel-
boim-Zanelli (BTZ) black hole in three dimensional
spacetime, this claim is tested in Refs. [5-7]. The bound-
ary modes on the horizon of a BTZ black hole can be de-
scribed by two chiral massless scalar fields with opposite
chirality. The same holds for topological insulators in
three dimensional spacetime (also called quantum spin
Hall states) [8]. From the chiral scalar fields, one can
construct the Wy, algebra that contains the near horizon

symmetry algebra of a BTZ black hole as a subalgebra.
The Wi, algebra can be used to classify BTZ black
holes and to determine the ‘W-hairs’ of black holes,
which may be essential to solving the information para-
dox [9-11]. The microstates of BTZ black holes are iden-
tified as the quantum states of the chiral scalar fields.

For higher dimensional black holes, such as Kerr
black holes in four dimensions, the boundary modes can
be described by boundary BF theory (the name refers to
the Lagrangian density, £ =BAF), which is also the
same for higher dimensional topological insulators. From
BF theory, one can construct a free scalar field theory. An
essential property of topological insulators is their bound-
ary-bulk correspondence [12, 13], which relates the topo-
logical structure of bulk states to the presence of mass-
less boundary modes. From the boundary modes, key
properties of the bulk states can be obtained [14, 15]. For
BTZ black holes, we can identify the quantum states of
the scalar field with the microstates of Kerr black holes.

In previous works [16, 17], it was shown that the de-
grees of freedom on the horizon can be described by BF
theory with sources. The horizon of a black hole is a kind
of isolated horizon [18, 19], which is a null hypersurface
with vanishing expansion. In the framework of loop
quantum gravity [20-23], the symplectic structure of gen-
eral relativity is analyzed, and it is found that the bound-
ary degrees of freedom can be described by BF theory
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with sources. This result holds for a wide variety of cases,
including general relativity in arbitrary dimensions [24-
26] and Lovelock theory [27]. Starting from BF theory,
BTZ black holes are analyzed first. The same methods
are then applied to Kerr black holes. For Kerr black
holes, new results are obtained:

e We can define dimensionless left- and right-temper-

reta . .
atures Ty R = for all Kerr black holes (including

Schwarzschild black holes).

e For an arbitrary Kerr black hole, if there exists a
dual conformal field theory (CFT), which is similar to a
Kerr/CFT correspondence [28-30], a central charge
c=12Mr,.

e We can identify the microscopic states of Kerr
black holes with the quantum states of the boundary scal-
ar field and count the number of those states, from which
the Bekenstein-Hawking area law can be obtained.

The paper is organized as follows. In section II, we
analyze BTZ black holes. In section III, Kerr black holes
are analyzed with the same method. Section IV provides
the conclusion. In what follows, weset G=h=c=1.

II. BTZ BLACK HOLES

In this section, we consider the boundary modes on
the horizon of BTZ black holes from the boundary BF
theory [4]. To quantize the boundary BF theory, we
mainly follow the methods in Refs. [14, 15].

The metric of a BTZ black hole is

ds? = —N2dv? + 2dvdr + r2(dg + N¥dv)?, ()

2 2
where N2=—8M+— + 16—1, N¥ = —4—J, and (M,J) are
27 2 2
the mass and angular momentum of the black hole, re-
spectively.
Choosing the following Newman-Penrose null co-triads

1
1=—§N2dv+dr, n=-dv, m=rN*dv+rdp, (3)

the corresponding spin connection, which is used later, is
Ar = am—kn with @ = N?, « = r/L? — r(N¥)?.

For subsequent use, we define new coordinates
dv' =dv/y , where the coefficient y is determined later.
Then, on the horizon A:r=r,,

m= (rN?dv+rdp)|s = —%dv' +ryde. 4)

A. The canonical formula

On the horizon r=r,, we choose the coordinates
(x%,x") = (", ). Based on our early work [4], the degrees

of freedom on the horizon can be described by BF theory,
which has the form

S:fABF:fABdA, (5)

with the constraints

dB=—m,

dA=0, 6
o (6)

where A is the non-rotating component of the spin con-
nection A,.
The canonical form is

S =fdv/d(pB((90A1 —61A0)
A
=fdv’d90(Ba()A1+A()alB). (7)
A

Choosing the temporal gauge Ay =0, one can obtain
Ay = 01¢ with scalar field ¢. The action then becomes

S =—fdv'd9061360¢. (8)
A

Since the horizon is a null hypersurface, the metric is
degenerate. To facilitate the work, we thus assume that
the effective metric for the BF theory is

ds® = —dv? + r2dg?. Q)
Then we get
1
v-g=ry l=—. (10)
Iy

The action (8) can be rewritten as

1 .
S =-| d>xv=g——09,Bd =fd2 “ond, 11
L x+-g = oo A xv-gng,  (11)

where 7 =- 01B is the canonical momentum. It

. -8 . .
iseasy to show that the Hamiltonian is zero. To describe a
relativistic dynamics, one can add a Hamiltonian to get
[8, 15]

s'= [[@x g -Himon = [ dzx«/—_g(m'ﬁ
A A

1 mg

P gl‘fa,»¢a,-¢), (12)
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where my is a parameter that depends on the bulk theory.
It is the simplest choice that can provide the non-trivial
dynamics on the boundary. Other forms of the Hamiltoni-
an can also be chosen, as shown in Ref. [15].
The field equations from the action (12) are

T=mop, 7 =myAp, (13)
where A is the Laplace-Beltrami operator. The above
equation can be recast into a duality relation:

€0, B = mod"¢. (14)

The action (12) is simply the action for a massless
scalar field ¢,

mo

S’ =
2

[ @xvEzgnaan.0. (15)

The Hamiltonian for this massless scalar field can be
given by

H="0 g x/—_g[(aoqs)%(a‘—"’)z]. (16)

re

We can also define the angular momentum
7= m g V=5(006016). (7
These quantities will be related to the parameters (M,J)

of black holes.

B. Quantization
In this section, we quantize the massless scalar field

(15) in the standard way. Expanding the fields with the
Fourier modes gives

1

¢V, @) =0+ pV + poo+ [ —
mOA

[ 1 il v — o=
% Z [ane (w,V' —k,p) + a;el(w,‘v k,,<p)]’
2wy,

n#0

P 4myg
B(Y' @) =—mo(Bo+ ==V + 1, pup) + 1|5
ry }’+A

1 - -
—i(w,v' —k, WV —k,
X D\ Ghalane R w e R,
#0 n

(18)

where w, = M ky=n , and A =2nr, is the length of the
r.

+

circle. It is straightforward to show that the above expres-
sions satisfy the dual relation (14).

The quantum field operators satisfy the commutative
relation:

[0/, ), 70/, ¢ = i6(p ~¢"), (19)
which gives

) i A
[¢Os mOﬁv] = Z, [an, a:—n] = 6n,m- (20)

We can also consider B and d;¢ as two canonical
variables, leading to a further commutation relation:

A~ My i
By,—p,|=——. 21
[0 r+Ptﬂ] 2 (21

Since the zero modes ¢, By are constants on the cyl-
inder, the spectra of the canonical momentum are quant-
ized according to

ni mo

n
=—, —p,=— Z. 22
mopy A Do 2 ny,ny € (22)

Next, we relate the massless scalar field with the BTZ
black hole. For the BTZ black hole, the B field satisfies
the constraint (6); alternatively, with the component

r-y
8nL’
Iy

B=—. 2
O1B=c (23)

09B =—

Submitting the expression (18) gives

1 L Yrer-

=— = . 24
Pv Py 8Lmy (24)

8rmy’
Combining this expression with Eq. (22) gives the quant-
ization condition

r_=4n,—, ny,np €N. (25)

Yr+

ry =4ny,

The dimensionless right- and left-temperatures are

defined as

ry+r_

2nL

TrL = (26)

To fix the coefficient y , we make the following as-
sumption:

V4
TRy < py F r_¢’ 27

+
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. . L
which gives y = —. Then,
Iy

rv =4n;, r_=4ny, ny,np€N. (28)
The above expression suggests that the lengths L,,L_ of
the outer and inner horizon of black hole, respectively,

are both quantized according to

L, =2nr, =8mny, L_=2ar_-=8nrny, ny,nyeN. (29)
The quantum versions of the Hamiltonian (16) and

angular momentum (17) are given by

. L P nl .
H =rmgr.| p; + |+ r_a” a,
ry n#0 +
J =2rmory pup, + Z néct iy, (30)
n#0

where we omit the zero-point energy.

The parameter m should relate to the parameters of
the black hole. To fix this parameter, we assume that the
angular momentum of the scalar field equals the angular
momentum of the BTZ black hole; that is,

ryr—
27Tm0r+l7vp¢ =J= Z-L > 31
which gives
L
= . 32
mo = o (32)

The dimensionless temperatures (26) can then be ex-
pressed as

r p
TR = —i (Pv F r_¢)’ (33)
+
and they satisfy
2
Iy L &’ (34)
Ty Tr Tvo

where Ty is Hawking temperature for the black hole.

The quantum scalar field ¢(v',¢) can be considered as
a collective of harmonic oscillators, and a general
quantum state can be represented as |p,,pg;{m} >~
(ap)" - (a;)"|pv. p, >, Where p,,p, are zero mode parts,
and {n;} are oscillating parts. As shown in Refs. [6, 7],
the BTZ black hole ground state corresponds to the zero
mode part; thus,

< Pvs i (0N 1Py, P {0} >= U,
< P P {OYH|py, o3 {0} >=yM = ML/r,..  (35)

The parameter y appears because the energy M is associ-
ated with the time coordinate v, and for v/, one has

0 0
M ~—=y— ~yM. 36
o = Yo~ (36)

In contrast, the microstates of the BTZ black hole can
be represented by the oscillating part |0,0;{n;} >. They
satisfy

1 .

2 < 0,0; {n}110,0; {ny} >=J,

1 .

o< 0,0; {n}|H|0,0; {mi} >= ML/ry, (37)

where ¢ =3L/2G is the Brown-Henneaux central charge,
which can be written as

ankzc.], Z|klnk=cML, meN.  (38)
k#0 k#0

The above equations are equivalent to

> ki = %(ML +J),
k>0

D (o = S(ML=J),

k<0

nE e N, (39)
Different sequences {n;} correspond to different micro-
states of the BTZ black hole with fixed (M,J). For non-
extremal black holes, the total number of microstates for

the BTZ black hole with parameters (M, J) can be calcu-
lated through the Hardy-Ramanujan formula:

1 N
p(N) = NG exp [271' \/;) (40)

The result is

N(M, J) ! exp| 27y ) LS
>~ T —_—
e ML+ HeML—17) 5P ‘12

ML-J
1 .

+ 2m4/c

(41)

The entropy of the BTZ black hole is thus given by

015107-4



Microscopic states of Kerr black holes from boundary-bulk correspondence

Chin. Phys. C 45, 015107 (2021)

2
S =InN(M,J) = %—2ln(ri—r3)+~~, (42)

which is simply the Bekenstein-Hawking entropy for-
mula with some low order corrections.

For extremal BTZ black holes, with J = ML, the con-
straints (39) become

Dknf=cML, nfeN*. (43)
k>0

The entropy is thus given by

! exp|2m4/c ML
ML P16
_2nry

== —2lnry+---, (44)

S zlnN(M)zln[
c

which is the same result as in the “horizon fluff” propos-
al [31].

III. KERR BLACK HOLES

In this section, we analyze Kerr black holes with the
same methods. The metric of a Kerr black hole can be
written as [32]

oM
ds? =— (1 - 2r) dv? + 2dvdr — 2asin 0drdg
Jo
4aMrsin®6 ¥2sin%0
- T e+ 2P+ A2, (49)
o o

where p? =r?+a’cos?0, A> =r> —2Mr+a*, 3> = (¥ +a%)
P> +2a*Mrsin®6, and (M,J = Ma) are the mass and angu-
lar momentum of the Kerr black hole. The horizon is loc-
alizedat r=r,.

A suitable null co-tetrad (/,n,m,m) can be chosen as

A P> Aasin’® @
=— dv+ r+ ®,
2(r? +a?) r2 +a? 2(r? +a?)

2

2

n:r +2a (—dv+asin29dgo),
o
__asinf ) (r2+a2)sin9d‘p+L5d9 46)
V2p V25 V2o

where p = r+iacosf. It is easy to show that area element
of the horizon A is

—im Am =asinfdv A d6 + (ri +a%)sinfdo A de

=aysingdv’ Adf+r}sin6do A dg, (47)

with the new coordinate dv’ = dv/y and r2 = 2 +a?.

A. The canonical formula

On the horizon A:r=r,, we choose (x° x!,x2)=
(v',0,¢). Similar to the BTZ black hole, the boundary BF
theory on the horizon A is

S =fABF=fABdA, (48)

with the constraints

dB = —iim A,
8

dA =0. (49)

Assuming that the effective metric for the BF theory is
ds” = —dv? + 12 (d6* + sin® 0dg?), (50)
one can get
€012 = V—g = r2 sin,

1

012 __I2

€ ‘=€’ = . 51
r2sin@ 1)

Following the same methods as in the BTZ black hole
case, we choose the gauge By =Ao=0 to give A; = 0;¢,
and the action then becomes

S :—fd3x(6231—3132)30¢
A

-~ [ dxvgna, (52)
A

where 7 = —€79,B; is the canonical momentum. We add a
Hamiltonian to get

, . 1 my ;i
S’ = fA d3xx/—_g(ﬂ¢— ™ = 7 801000

-2 [ e vggna,00.. 53
A

where mg is a mass parameter used to adjust the dimen-
sion mismatch between the boundary and bulk. This is a
free scalar field theory.

The field equations can thus be recast into a duality
relation:

€""0,B, = myd"'p. (54)

For the massless scalar field, one can obtain the
Hamiltonian and angular momentum:
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H=? fz d*x =g(dopdod + 87 9:3 ;).

J=my fz x V=g(300020). (55)

where we omit the zero-point energy.

B. Quantization

Next, we quantize the massless scalar field (53). Ex-
panding the fields with the Fourier modes gives

¢ =g+ pyV + pyln(cot = )+ Pop+ 1/ Z ,/ lane WV Ym0, 0)+aj, e (Y1) (0, 9)],

l>0

1 /
v +2r L sinfp,p—2 Z

l>0 m=

By =my(Byory +

(2w1)3 sind

2 a 1me€ YO, 0) +af,, e (Y] (0,9))),

m=l
/ 1
mO(B20r+ +p9V — —r+ Sm@pvﬁ 2i OA Z (2w1)3 SIHH [alme iwV Ym(g ‘,0) alm 1w/v (Ym) (9 ‘P)]) (56)

>0 m

, ld+1)

where wy = ——, Y]"(6,¢) are spherical harmonics, and
r

A=4nr2 1tis stralghtforward to show that the above ex-
pressions satisfy the dual relation (54).

The commutative relation between ¢ and 7 is

[/, %), €70;B,(v', )] = —i6* (X~ ), (57)

which yields

o . i A
[Bo.mopy] =~ [a1m»@y ] = 10O (58)

A b
We can also consider B; and €/9;¢ as two canonical
variables, leading to two further commutation relations:

R e i
By, Zl=——. 59
[ 20 mor+r$] ) (59

ﬁtp 1
By, mor ]— -,
[ r2sinf| A

For the Kerr black hole, the B field satisfies the con-
straint (49) or has the components

0B, :aysiné”
8
rg sinf
8132 — (92 1= 5
0oB =0, (60)
which gives
2 -2
n asin” 0y
y = , = , =0. 61
P = e P TRamg P (61)

To eliminate the trigonometric functions, we define

R ay . .
1Pyl = Py which can be considered as a quantum oper-
Ty

ator of p,.
Then, the commutation relations give

4n#? ar

4 0l _. A +Y
—— Y= B

[fﬁo, 87r] i [ 10—

Since the zero modes ¢, Biy are constant on the horizon,
the canonical momentum is quantized with

=i (62)

4rr?
0 —ny, w=n2, ni,ny €N. (63)
8 2

To fix the parameters y,my, we define the dimension-
less left- and right-temperatures as (33)

2
@): 0 [11“72”). (64)

r. 16m2mgr, o

Iy

TriL = o (Pv F

We require that, in the extremal limit a » M, Ty, —» 0. A
natural choice should thus be

y= (65)

o | Sto

We assume that they also satisfy the condition (34); that
is,

M
= -t =my=—. 66
Ta Te  T. 072 (66)

The dimensionless temperatures are then given by

1 a
TrL=—|1+—]. 67
R/L 477( ) (67)

ry
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Notice that in the Schwarzschild case a = 0, the temperat-

1 .
ures reduce to T = i In the extremal limit a — M, they
T

coincide with the temperatures in the Kerr/CFT corres-
1
pondence Tr;r, = —(r+ £7-).
4ra

If we assume that a dual CFT exists for an arbitrary
Kerr black hole, the central charge ¢ can be obtained
through the Cardy formula:

2

s
SCardy = ?C(TR +TL)=SBu =2nMr,, (68)

which gives

6S BH

c=12Mr, = (69)

The quantized condition (63) gives

SgH = 2111,
ni,ny € N. (70)

Aq = 47rr(2) =8nny,
Cc= 1271], J=I’12,
That is, the area and angular momentum of the Kerr black
hole are both quantized. The area spectrum has the same
form as in Refs. [33, 34].

The scalar field ¢(v',6,¢) can be considered as a col-
lective of harmonic oscillators, and a general state can be
represented as

|Pv, Pes {n/,m} >~ (&T’m)n“ ' (Cll m)":.m |pv’p<p >
where |p,, p, > are zero mode parts, and |{n;,,} > are oc-
cupation numbers for the oscillator part. The quantum
Hamiltonian operator and the angular momentum operat-
or for the free scalar field (55) can be written as

Pl Vl(l+ D
Hfree =7A( pZ + <p Z Z Cl;—malm,
+ >0 m=-1
m=l
J=moApulpgl+ > > maj,aim. (71)

>0 m=—

Unlike for the BTZ black hole, in high dimensional
spacetime D >4, general relativity has local degrees of
freedom. It is thus natural to consider the scalar field with
the interaction

I:Ifull = I:Ifree + I:Iim- (72)

The calculation of entropy for higher dimensional
Kerr black holes [35] suggests the consideration of the
full Hamiltonian, which has the following spectrum:

. Ip ? it A
Hfuu——A( 2+ w 1+m a1m
150 meat '+
_HO+Z Z _nlm —H0+Z_nm9 m#0, (73)
150 meai T

where 7ty = 3150 tims> Mim = @;,,41,m are number operators.
The angular momentum operator can also be rewritten as

J=Jo+ Z Mity. (74)
m

It is easy to show that the zero mode part has half the
value of the angular momentum and that of the energy for
the Kerr black hole; that is,

aM

N J
< Pv,P¢§{0}|J|Pv’P¢;{0} >= mOAPv|P(p| = 5 = 7’

A mo |P¢p|2 yM
< Py, P {0} H|py, py; {0} >= TA(p3+ 2 =57
(75)

M . .
One may get confused about the term - in (75). This

can be explained by associating the Hamiltonian with the
enthalpy [36] or with the thermodynamic potential [35,
37] of the black hole.

The microscopic states of the Kerr black hole are rep-
resented by [0,0;{n,,} >. They contribute the other half of
the value of the angular momentum and that of the en-
ergy for the Kerr black hole; that is,

1 N J

= <0,0;{ny,}1/10,0;{n,} >= -,

c 2

1 N M

= <0,0;{n,}|H10,0;{n,,} >= Yo (76)
C

where ¢ =12Mr, isthe central charge. Different se-
quences {n,,} correspond to different microstates of Kerr
black holes with the same (M, J).

The constraints (76) are equivalent to

il cM?
E m\n, = —,
()

m

M
Zmnmz%, m#0. (77
m

Calculating the Kerr black hole entropy is thus trans-
formed into a mathematical problem: it suffices to count
the number of unique sequences {n,} that satisfy the con-
straints (77). The constraints are the same as those for
BTZ black holes. The entropy of Kerr black holes can
thus be obtained:
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1
c(M? + J)e(M?*-1J)

. [ M2—J
TlC s
24

S =InN(M,J) = 2xMr, —In[M*r2 (12 —a®)] +---,
(78)

N(M, J) ~

which is simply the Bekenstein-Hawking entropy for-
mula with some low order corrections.

For extremal Kerr black holes with a = M, the en-
tropy is given by

caM 12
=2aM?* - 2In(M?) +---, (79)

1 M
s zlnN(M,J)zln[—exp(Zﬂ can ]

which matches the result in Ref. [38] for log-corrections.

IV. CONCLUSION

In this paper, we analyze the boundary modes on the
horizons of black holes with the methods developed for
topological insulators. BTZ black holes are analyzed first,
and the results are found to be compatible with previous
works. The same methods are then applied to Kerr black
holes. Several new results are obtained: dimensionless
right- and left-temperatures can be defined and have well
behavior in both the Schwarzschild limit @ — 0 and the
extremal limit «— M. Moreover, a central charge
¢ =12Mr, is associated with an arbitrary Kerr black hole.
We also identify the microstates of the Kerr black hole
with the quantum states of the scalar field on the horizon.
Based on this identification, the number of microstates of
the Kerr black hole can be counted. Calculating the Kerr
black hole entropy is thus transformed into a counting
problem of the number of unique sequences {n,,} that sat-
isfy some constraints. The final result is the Bekenstein-

Hawking entropy formula with some low order correc-
tions.

Due to the compactness of the scalar field, one can
obtain the interesting result that the area of both BTZ (29)
and Kerr (70) black holes is quantized with an equally
spaced spectrum. This result is consistent with earlier
works [33, 39].

Since this approach is related to the Kerr/CFT corres-
pondence approach, we should compare our results with
those from the Kerr/CFT correspondence approach. In the
Kerr/CFT correspondence, for an arbitrary Kerr black

hole, the dimensionless right- and left-temperatures are
retr_

, and the associated central
charges are c¢p =cg =12J =12Ma. In our approach, the

given by TL/RZ

ri£a

related quantities are T g = and ¢, =cgr = 12Mr,.

Ty .
In the extremal limit r, — a, the two results coincide. In
contrast, for the Schwarzschild black hole with a =0, the
Kerr/CFT correspondence gives Ty, — oo and ¢ =cg =0,
which are un-physical. However, our results have well
behavior in this case, and we thus find them to be more
reasonable.

Based on the "horizon fluff" proposal, the micro-
states of the extremal Kerr black hole are identified in
Ref. [38]. The number of microstates gives the Beken-
stein-Hawking area law. This approach relies on the U(1)
Kac-Moody algebra and Virasoro algebra, which is
closely related to the Kerr/CFT correspondence. In our
approach, we identify the microstates of a Kerr black hole
with the quantum states of the massless scalar field, and
the algebra is the commutation algebra for harmonic os-
cillators. Whether the Virasoro algebra can be obtained
from our approach is under investigation. A related issue
is the value of the central charge in the entropy calcula-
tion formulae (37) and (76). We cannot derive this value
from first principles since we do not have a conformal
field theory and the relevant Virasoro algebra. It is de-
termined manually in order to obtain the right entropy.
Nevertheless, it takes the same form for all Kerr black
holes, which can be considered as a non-trivial check.
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