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Abstract: We use a geometric model for hadron polarization in heavy ion collisions with an emphasis on the rapid-
ity  dependence.  The  model  is  based  on  the  model  of  Brodsky,  Gunion,  and  Kuhn,  as  well  as  the  Bjorken  scaling
model. We make predictions regarding the rapidity dependence of global  polarization in the collision energy range
of 7.7-200 GeV by assuming the rapidity dependence of two parameters,  and . The predictions can be tested
by future beam-energy-scan experiments at the Relativistic Heavy Ion Collider of Brookhaven National Lab.
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I.  INTRODUCTION

In non-central  collisions  of  heavy  ions  at  high  ener-
gies,  a  substantial  orbital  angular  momentum  (OAM)  is
generated. Through spin-orbit couplings in parton-parton
scatterings,  hadrons  can  be  globally  polarized  along  the
OAM of two colliding nuclei [1-3]. In the hydrodynamic
picture,  the  large  OAM  is  distributed  into  a  fluid  of
quarks  and  gluons  in  the  form  of  local  vorticity  [4-9],
which leads to the local polarization of hadrons along the
vorticity  direction  [10, 11]  (for  a  recent  review  on  the
subject, see, e.g., [12]).
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The global  polarization  of  (including )  has  been
measured  in  the  STAR  experiment  in  Au+Au  collisions
in  the  collision  energy  range  of  7.7-200  GeV  [13, 14]
through  their  weak  decays  into  pions  and  protons.  The
magnitude  of  the  global  polarization  is  approximately  a
few percent, and it decreases with increasing collision en-
ergies.  Hydrodynamic  and  transport  models  have  been
proposed  to  describe  the  polarization  data  for  from
which the vorticity fields can be determined [8, 9, 15-21].
Then,  through  the  integration  of  the  vorticity  over  the
freezeout  hyper-surface  [10, 11],  the  global  polarization
of  has  been  obtained,  and  it  has  been  found  to  agree

with the data [20-24].

[2.5,4]
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The previous STAR measurement of the global polar-
ization is limited to the central rapidity region. The beha-
vior of the polarization in the forward rapidity region can
shed light on the polarization mechanism. The STAR col-
laboration is currently working on a series of upgrades in
the  forward  region,  which  will  add  calorimetry  and
charged-particle  tracking  in  the  rapidity  range ,
and it is expected to collect the data of Au+Au collisions
at 200 GeV in 2023. Then,  and  may be constructed
in  this  forward  region,  allowing  for  the  measurement  of
their polarization.

In this paper, we will give a geometric model for the
hadron polarization with an emphasis on the rapidity de-
pendence. This work is the natural extension of previous
work by some of us [25].  The geometric model  is  based
on the model of Brodsky, Gunion, and Kuhn (BGK) [26]
as well as the Bjorken scaling model [25, 27]. The BGK
model  can  provide  a  good  description  of  the  hadron's
rapidity distribution in nucleus-nucleus collisions.

The rest of this paper is organized as follows. In Sec.
II, we  give  formulas  for  the  average  longitudinal  mo-
mentum  and  local  orbital  angular  momentum  using  the
method  of  Ref.  [25],  where  the  rapidity  distribution  of
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hadrons is  given by the BGK model.  In  Sec.  III,  we use
the  hard  sphere  and  Woods-Saxon  model  [28]  for  the
nuclear density distribution to calculate the rapidity distri-
bution  of  hadrons.  In  Sec.  IV,  the  hadron  polarization
from  the  local  OAM  is  calculated  with  the  WS  nuclear
density distribution. By constraining the parameter using
the polarization  data  at  mid-rapidity,  we  make  predic-
tions of the polarization in the forward rapidity region. A
summary is given in the final section.

II.  AVERAGE LONGITUDINAL MOMENTUM
AND LOCAL ORBITAL ANGULAR

MOMENTUM

A+A
z

−z

x

b× pproj −y

There is an intrinsic rotation of the initially produced
matter in the reaction plane in non-central heavy ion col-
lisions. The rotation can be characterized by a tilted local
rapidity distribution of produced hadrons toward the pro-
jectile  and  target  direction  in  the  transverse  plane.  We
consider  non-central  collisions  of  two  nuclei :  the
first one is regarded as the projectile moving in the  dir-
ection, while the second is regarded as the target moving
in the  direction; see Fig. 1 for an illustration. The im-
pact  parameter  is  in  the  direction  from  the  target  to  the
projectile, i.e., in the  direction. The orbital angular mo-
mentum (OAM) is in the direction determined by the vec-
tor product of the impact parameter and the projectile mo-
mentum,  which is the  direction.

p+A
YL

rT NA
Part ≈ σNNTA(rT )

−YL TA(rT )

In the center of the rapidity frame for  collisions,
the  proton  has  rapidity  and  interacts  at  a  transverse
impact  parameter  with  nucleons
with rapidity , where  is the thickness function
or the number of nucleons per unit area

TA(rT ) =
∫

dzρA(r), (1)

r = (x,y,z) rT = (x,y) ρA
σNN

YL ≈
ln[
√

s/(2mN)]

Y ∈ [0,YL]

Y ∈ [−YL,0]

where , ,  and  is the number dens-
ity of nucleons in the nucleus,  is the inelastic cross-
section  of  nucleon-nucleon  collisions,  and 

 is the largest rapidity. The triangular rapid-
ity distribution of hadrons is the result of string fragment-
ation between the projectile proton and the target nucleus.
The  hadrons  produced  by  the  wounded  projectile  proton
are in the rapidity range , while those produced
by  the  wounded  target  nucleons  are  in  the  range

. The  rapidity  distribution  of  produced  had-
rons is approximately given by the BGK model [26] as

d3NpA

d2rT dY
=

dNpp

dY

[
TA(rT )

YL−Y
2YL

+Tp
YL+Y

2YL

]
, (2)

Tp ≈ 1
Y ≈ YL

dNpp/dY
(dNpp/dY)TA(rT )

dNpp/dY

where  is the number of projectile protons per unit
area. In the forward or projectile region , the rapid-
ity  distribution  approaches  that  of p+p collisions

, while  in  the  backward  or  target  region,  it  ap-
proaches .  From  the  experimental  data,
we take a Gaussian form for ,

dNpp

dY
= a1 exp

(
−Y2

a2

)
1√

1+a3(coshY)4
, (3)

a1 a2 a3 a1
Y = 0 a2 a3

where , ,  and  are  parameters:  sets the  mag-
nitude at ,  and  and  describe  the  width  of  the
rapidity distribution. The values of these parameters in in-
elastic  non-diffractive  events  for p+p collisions are  de-
termined  by  simulation  results  using  PYTHIA8.2  [29]
(see Fig. 2) and are listed in Table 1.

The  trapezoidal  shape  of  the  rapidity  distribution  in
(2) in the BGK model is a consequence of the string frag-

 

b x

−y

Fig.  1.    Schematic  figure  taken  from  [25]  for  non-central
heavy ion collisions with impact parameter  pointing in the 
direction.  The  orbital  angular  momentum  is  in  the  direc-
tion.

 

Fig.  2.    (color  online)  Simulation  results  of  hadron  rapidity
distributions  in  inelastic  non-diffractive  events  for p+p colli-
sions  using  PYTHIA8.2.  The  curves  of  Eq.  (3)  are  shown in
lines.
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A B rT = (x,y)

mentation  and  can  be  described  naturally  using  the
LUND string [30] and HIJING model [31, 32]. An exten-
sion of the BGK model has been applied to the jet tomo-
graphy  of  twisted  strongly  coupled  quark-qluon  plasmas
[33],  as  well  as  the global  polarization in nucleus-nucle-
us  collisions  [4]. In  nucleus-nucleus  collisions  with  pro-
jectile  and target , at the point  in the trans-
verse plane in the participant  region (the coordinate sys-
tem is shown in the upper-left of Fig. 1), the rapidity dis-
tribution of produced hadrons has the form that is a gen-
eralization  of  Eq.  (2),  i.e.,  the  sum  over  contributions
from projectile ('proj') and target ('tar')

d3NAB

d2rT dY
=

d3Nproj
A

d2rT dY
+

d3Ntar
B

d2rT dY

=
dNpp

dY

[
TA(rT − b/2)

YL+Y
2YL

+TB(rT + b/2)
YL−Y

2YL

]
.

(4)

TA(rT − b/2) TB(rT + b/2)Here,  thickness  functions  and 
in Eq. (4) are given by

TA,B(rT ∓ b/2) =
∫

dzρA,B(rT ∓ b/2), (5)

ρA,B(rT ∓ b/2)
A B

TA/B(rT ∓ b/2)
Y = ±YL

where  are  the  participant  nucleon  number
density functions of nuclei  and . One can verify that
distribution  (4)  is  proportional  to  at

.

x Y
y [−ym,ym]

From Eq. (4), we can derive the distribution in the in-
plane  position  and  the  rapidity  by  integrating  over
the out-plane position  in the range ,

d2NAB

dxdY
=

dNpp

dY

{
1
2

∫ ym

−ym

dy [TA(rT − b/2)+TB(rT + b/2)]

+
Y

2YL

∫ ym

−ym

dy [TA(rT − b/2)−TB(rT + b/2)]
}
, (6)

ym y xwhere  is the maximum of  at a specific ; in the hard
sphere  model  of  the  nuclear  density  distribution,  it  is
defined by the boundary of the overlapping region of two
nuclei,  while  in  the  Woods-Saxon  model,  there  is  no

ym

Y x

sharp boundary,  but  it  can be set  to  a  value much larger
than  in the hard sphere model. We define the normal-
ized probability distribution of  at ,

f (Y, x) =
(

dNAB

dx

)−1 d2NAB

dxdY
, (7)

dNAB/dxwhere the distribution  is given by

dNAB

dx
=

∫ YL

−YL

dY
d2NAB

dxdY

=

∫ YL

0
dY

dNpp

dY

∫ ym

−ym

dy [TB(rT + b/2)+TA(rT − b/2)] .

(8)

Y x
[Y −∆Y/2,Y +∆Y/2]

According to the Bjorken scaling model [25], the av-
erage rapidity of the particle as a function of  at  in the
rapidity window  is given by

⟨Y⟩∆ =

∫ Y+∆Y/2

Y−∆Y/2
dY ′ Y ′ f (Y ′, x)∫ Y+∆Y/2

Y−∆Y/2
dY ′ f (Y ′, x)

≈ Y +
∆2

Y

12
1

f (Y, x)
d f (Y, x)

dY
,

(9)

∆Y

∆Y ≪ Y ∆Y

x

where  is  the  width  of  the  rapidity  window  in  which
particles  interact  to  reach  collectivity.  We  assumed

 so  that  can  be  treated  as  a  perturbation.  The
average  rapidity  of  the  particle  as  a  function  of  in  the
full rapidity range reads

⟨Y⟩ =

∫ YL

−YL

dY Y f (Y, x)∫ YL

−YL

dY f (Y, x)

=
1

YL

⟨
Y2

⟩
pp

∫ ym

−ym

dy [TA(rT − b/2)−TB(rT + b/2)]∫ ym

−ym

dy [TA(rT − b/2)+TB(rT + b/2)]
,

(10)

Table 1.    Values of parameters in the hadron rapidity distribution in inelastic non-diffractive events for p+p collisions at various colli-
sion energies from simulation using PYTHIA8.2 [29].
√

sNN/GeV 200 130 62.4 54.4 39 27 19.6 14.5 11.5 7.7

a1 4.584 4.096 3.862 3.726 3.420 3.421 3.099 3.049 2.784 2.831

a2 26.112 25.896 18.911 18.931 18.779 13.555 13.629 9.947 10.488 8.008

a3 9.70×10−8 5.61×10−7 9.75×10−6 1.71×10−5 6.61×10−5 2.50×10−4 8.76×10−4 2.44×10−3 5.90×10−3 9.40×10−3
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⟨
Y2

⟩
pp

where  is defined as

⟨
Y2

⟩
pp
=

∫ YL

−YL

dY (dNpp/dY)Y2

∫ YL

−YL

dY (dNpp/dY)
. (11)

pz

Ep

The average longitudinal momentum  and the aver-
age energy  of the particle are

⟨pz⟩ = ⟨pT ⟩sinh ⟨Y⟩∆

≈⟨pT ⟩sinhY + ⟨pT ⟩
∆2

Y

12
dln f (Y, x)

dY
coshY,

⟨
Ep

⟩
= ⟨pT ⟩cosh ⟨Y⟩∆

≈⟨pT ⟩coshY + ⟨pT ⟩
∆2

Y

12
dln f (Y, x)

dY
sinhY, (12)

∆2
Y

Y
x+∆x/2 x−∆x/2

where we have treated terms proportional to  as a per-
turbation.  At  a  given , we  consider  two  particles  loc-
ated  at  and .  In  their  center  of  mass
frame, the local average OAM for two colliding particles
is given by [25]⟨

Ly

⟩
≈− (∆x)

⟨
pcm

z

⟩
≈− (∆x)2 ⟨pT ⟩

∆2
Y

24
dln f (Y, x)

dYdx
, (13)⟨

pcm
z

⟩
∆x

dln f (Y, x)/dxdY

where  is the average longitudinal momentum in the
center of mass frame for one particle. Here,  is a typic-
al impact parameter of particle scatterings, and the func-
tion  is  called  the  shear  of  longitudinal
momentum (SLM). In the following sections, we will use
the average SLM over the in-plane coordinate

⟨
dln f (Y, x)

dYdx

⟩
x
=

∫
dx(dNAB/dxdY)(d ln f (Y, x)/dYdx)∫

dx(dNAB/dxdY)
,

(14)

dNAB/dxdYwhere  is given in Eq. (6) as a weight function.

III.  RAPIDITY DISTRIBUTIONS OF HADRONS
IN HARD SPHERE AND WOODS-SAXON

MODELS

f (Y, x)

A

In this section, we will calculate the rapidity distribu-
tions  for  hadrons  in  Eq.  (7)  with  the  hard  sphere
(HS) and  Woods-Saxon  (WS)  nuclear  density  distribu-
tions, which are involved in the thickness functions in Eq.
(5). As a simple illustration, we consider collisions of two
identical nuclei with nucleon number .

A.    Hard sphere nuclear density distribution
The HS nuclear density is given by

ρHS(r) =
3A

4πR3
A

θ(RA− r), (15)

RA = 1.2A1/3where  fm  is  the  radius  of  the  nucleus.  The
thickness functions have the analytical form

TA(rT ± b/2) =
6A

4πR3
A

[
R2

A− (x±b/2)2− y2
]1/2
. (16)

dNAA/(dxdydY)

√
sNN = 200

b = 1.2RA

Inserting the above into Eq. (4), we obtain the hadron
distribution ,  whose  numerical  results  are
shown in Fig.  3 at three rapidity  values  in  Au+Au colli-
sions  at  GeV  with  the  impact  parameter

. In the HS model, the overlapping region of two

√
sNN = 200

b = 1.2RA

Y = 0 Y = 3 Y = −3

Fig. 3.    (color online) Hadron distributions (contour plot) in the HS model in the transverse plane for Au+Au collisions at 
GeV and . The number on the contour line denotes the value on the line normalized by that at the origin. The rapidity values
are chosen to be (a)  (central), (b)  (forward), and (c)  (backward).
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|x|<RA−b/2 |y|<
√

R2
A−(|x|+b/2)2

Y = 0 x
y

x

nuclei is limited by  and .
We  see  that  the  distribution  at  is  symmetric  in 
and ,  while  the  distribution  in  the  forward  (backward)
rapidity is shifted to the right (left) in the  direction.

yIntegrating  over  the  out-plane  coordinate , we  ob-
tain the hadron distribution function

d2NAA

dxdY
=

6A
4πR3

A

dNpp

dY

[
C+1 +C−1 +

Y
YL

(
C+1 −C−1

)]
, (17)

C±1
dNAA/dxdY x

Y = 0
x

dNAA/dxdY
x

x = 0
x

f (Y, x)

where  are defined in Eq. (27).  In Fig.  4(a),  we show
 as  functions  of  the  in-plane  coordinate  at

various  rapidity  values.  We  see  that  the  distribution  at
 is  symmetric,  while  the  distribution  at  forward

(backward) rapidity is shifted to the positive (negative) .
The  magnitude  of  the  shift  increases  slightly  with  the
rapidity. In Fig. 4(b), we show  as functions of
the rapidity for various values of . We see that the distri-
bution at  is symmetric, while that at positive (negat-
ive)  is  tilted to  the  forward (backward)  rapidity.  From
Eq. (7), we obtain the normalized function  as

f (Y, x) =
dNpp/dY

2
∫ YL

0 dY(dNpp/dY)

(
1+

Y
YL
·
C+1 −C−1
C+1 +C−1

)
, (18)

|x| ⩽ RA−b/2 b ⩽ 2RA
f (Y, x)
where  and . The numeical results of

 are shown in Fig. 4(c, d).
ln f (Y, x) Y x

Y/YL

YL ≈ ln[
√

s/
(2mN)]

The derivative of  with respect to  and  is
derived in Eq. (37), from which one can obtain the aver-
age SLM through Eq. (14). We show numerical results of
the average SLM in Fig. 5 as rapidity functions in Au+Au
collisions at various collision energies. The average SLM
increases  slowly  with  the  rapidity  via  the  term,
which can be seen in Eq. (37). The energy dependence of
the  average  SLM  is  mostly  controlled  by 

, as  shown in Eq.  (37).  The relatively obvious in-
crease in the forward rapidity region is  an artifact  of  the
HS model in comparison with the WS model in the next
subsection. The reason for this is that there is a sharp de-
crease in  the nucleon density  at  the nucleus boundary in
the  HS  model,  which  gives  an  infinite  derivative  in  the
SLM  in  the  forward  rapidity  region.  In  the  WS  model,
however,  the  decrease  in  the  nucleon  density  at  the
boundary is smooth, resulting in a mild increase in the av-

√
sNN = 200

x Y x

b = 1.2RA f (Y, x) x Y f (Y, x)
f (Y, x)

Fig. 4.    (color online) Hadron distributions in the HS model in Au+Au collisions at  GeV as functions of (a) the in-plane
position  at  different  rapidity  values  and  as  functions  of  (b)  the  rapidity  at  different  values  of .  The  impact  parameter  is  set  to

. (c) The normalized distribution  as functions of  at different . (d) The normalized distribution  corresponding
to (b). The definition of  is given in Eq. (18).
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erage SLM.
From Eq.  (10),  we obtain  the  average  rapidity  in  the

full rapidity range as

⟨Y⟩ = 1
YL

⟨
Y2

⟩
pp

C+1 −C−1
C+1 +C−1

. (19)

⟨Y⟩
The numerical result of the above average rapidity is

shown in Fig.  6.  The  result  for  in  the  WS model  in
the next subsection (see Fig. 10) is similar to the result of
Eq.  (19)  or Fig.  6, except  in  the  boundary  region.  Com-
parison  with  the  result  of  Ref.  [25]  is  also  made  in  Fig.
10.

B.    Woods-Saxon nuclear density distribution

In this subsection, we choose a more realistic nuclear
density distribution, the WS distribution, defined as

fWS(r) =
C0

exp[(r−RA)/a]+1
, (20)

r = |r| a = 0.54 C0
fWS(r)

where ,  fm, and  is a normalization con-
stant  to  make the  volume integral  of  equal  to  the
number of nucleons in the nucleus,

C0 =
A
4π

[∫ ∞

0
drr2 1

exp[(r−RA)/a]+1

]−1

. (21)

RA ≈ 6.98 C0 ≈
A/(4π)/120.2 ≈ 0.131 fm−3

For  Au-197  nuclei,  we  have  fm  and 
.  According  to  the  Glauber

model,  the  participant  nucleon  number  density  for  two
colliding nuclei is given by

ρA,B
WS(rT ∓ b/2) = f A,B

WS (rT ∓ b/2)

×
{

1− exp
[
−σNN

∫
dz f B,A

WS (rT ± b/2)
]}
,

(22)

σNNwhere  can  be  taken  as  the  inelastic  pp  collision
cross-section.

f (Y, x)
We  consider  collisions  of  two  identical  nuclei.  With

the  WS distribution  in  Eq.  (20),  we can  calculate 
in Eq. (7). From Eq. (5), the thickness function becomes

TA(rT ± b/2) =
∫ ∞

−∞
dzρA

WS(rT ± b/2)

=

∫ ∞

−∞
dz fWS(rT ± b/2)

×
{

1− exp
[
−σNN

∫
dz fWS(rT ∓ b/2)

]}
.

(23)

dNAA/(dxdydY) xy
dNAA/(dxdY) y

dNAA/(dxdydY)
dNAA/(dxdY)

b = 1.2RA

x

Substituting Eq. (23) into Eqs. (4) and (6), we obtain
the  hadron  distribution  in  the  plane
and  by  an  integration  over ,  respectively.
The  numerical  results  for  and

 are shown in Figs. 7 and 8, respectively for
different rapidity values in Au+Au collisions at 200 GeV
with . Similar to the results of the HS model in
Figs.  3 and 4,  in  the  forward/backward  rapidity  region,
the hadron distributions are tilted toward the positive/neg-
ative .  However,  different  from  the  results  of  the  HS
model,  the  hadron  distributions  in  the  WS  model  are
smooth at the edge of the overlapping region.

b = 1.2RA

σNN

In Fig.  9,  we show numerical  results  for  the  average
SLM,  applying  Eq.  (14)  to  the  WS  model.  We  choose

 in Au+Au collisions at different collision ener-
gies. We choose  as the inelastic proton-proton cross-
section  determined  by  the  global  fit  of  the  experimental
data [34], whose values are listed in Table 2. Also shown

 

Y
b = 1.2RA

Y 0.9YL

Fig.  5.    (color  online)  Average  SLM  as  functions  of  the
rapidity  in  the  HS  model  for  Au+Au  collisions  at  various
collision  energies.  The  impact  parameter  is  set  to .
The cutoff in  at a collision energy is set to .

 

√
sNN = 200

x

Fig.  6.    (color  online)  Average  rapidity  in  the  full  rapidity
range for Au+Au collisions at  GeV as functions of

 from Eq. (19) in the HS model.
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Y = 0in Table 2 are the values of the average SLM at  in
Au+Au collisions with the HS and WS distributions.

Y = 0
Y

Similar  to  the  results  of  the  HS  model,  the  average
SLM  at  increases with  decreasing  collision  ener-
gies, and it is a slowly increasing function of . There are
also  some  differences  between  the  WS  and  HS  results.
First, because of the smooth function in the WS model at
the  edge  of  the  nucleus,  the  rapidity  dependence  of  the
average  SLM  in  the  WS  model  is  slightly  weaker  than

YL σNN

Y = 0

that  in  the HS model.  Second,  in  addition to the explicit
collision energy dependence of ,  also depends on
the collision energy and enters the thickness function via
Eq.  (22);  therefore,  the  increase  in  the  average  SLM  at

 in  the  WS model  with  decreasing collision energy
is slightly slower than in the HS model.

b = 0.6RA

The  numerical  result  for  the  average  rapidity  in  the
full  rapidity range from Eq.  (10)  is  shown in Fig.  10.  In
the figure, the result of Fig. 5 at  in Ref. [25] is

√
sNN = 200

b = 1.2RA

Y = 0 Y = 3 Y = −3

Fig. 7.    (color online) Hadron distributions (contour plot) in the WS model in the transverse plane for Au+Au collisions at 
GeV and . The number on the contour line denotes the value on the line normalized by that at the origin. The rapidity values
are chosen to be (a)  (central), (b)  (forward), and (c)  (backward).

 

√
sNN = 200

x Y x

b = 1.2RA f (Y, x) x Y f (Y, x)
f (Y, x)

Fig. 8.    (color online) Hadron distributions in the WS model in Au+Au collisions at  GeV as functions of (a) the in-plane
position  at  different  rapidity  values  and  as  functions  of  (b)  the  rapidity  at  different  values  of .  The  impact  parameter  is  set  to

. (c) The normalized distribution  as functions of  at different . (d) The normalized distribution  corresponding
to (b). The definition of  is given in Eq. (7).
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⟨Y⟩

⟨Y⟩

also shown for comparison. The strong fluctuations at the
edge  in  the  simulation  result  of  Ref.  [25]  are  due  to  the
small  number  of  nucleons  in  the  boundary  region.  The
difference between Fig.  10 with the WS distribution and
Fig.  6 with  the  HS  distribution  is  that  the  edge  of  the
overlapping region of two nuclei  with the WS distri-
bution is  smoothly vanishing far  outside the overlapping
region, but  with the HS distribution is discontinuous
at the boundary.

IV.  POLARIZATION INDUCED BY ORBITAL
ANGULAR MOMENTUM

As  proposed  in  [25], the  OAM  in  peripheral  colli-
sions of two nuclei can induce hadron polarization. Here,
we assume that the polarization is proportional to the loc-
al OAM

Pq (Y) = α(Y)
⟨
Ly

⟩
= −α(Y)(∆x)2∆

2
Y

24
⟨pT ⟩

⟨
dln f (Y, x)

dYdx

⟩
x
,

(24)

α(Y)

−y

where we have replaced the SLM in Eq. (13) with its av-
erage in Eq. (14), and  is a rapidity-dependent coeffi-
cient. The minus sign means that the polarization is along
the  direction. We define a parameter

κ(Y) = α(Y)(∆x)2∆2
Y , (25)

Y ∆x ∆Y
⟨pT ⟩ Y
as  a  function  of .  Note  that  in  principle , ,  and

 can also depend on .
Λ

Y = 0

The  global  polarization  of  hyperons  at  mid-rapid-
ity has been measured in the STAR experiment, by which
the  parameters  in  Eq.  (24)  can  be  determined.  At  mid-
rapidity , Eq. (24) becomes

Pq(Y = 0) = − 1
24
κ0 ⟨pT ⟩

⟨
dln f (Y, x)

dYdx

⟩
x,Y=0
, (26)

κ0 ≡ κ(Y = 0) ⟨pT ⟩

Y = 0

where  we  have  combined  three  parameters  into  one,
. The average transverse momentum  as

a function of the rapidity and collision energy can be fit-
ted using available data for Kaons; see Appendix C. Res-
ults  of  the  average  SLM  at  are  already  shown  in
Table 2.

κ0

Pq(Y = 0) κ0 = 6.4
κ0 = 8.4

As our  first  option,  we assume that  the  parameter 
is  a  constant  of  the  collision  energy,  whose  value  is
chosen  to  describe  via  Eq.  (26)  the  polarization  data  in
the energy range of 7.7-62.4 GeV. The results are shown
in the left panel of Fig. 11. We see that the collision en-
ergy  dependence  of  in  HS  with  and
that  in  WS with  are  roughly  consistent  with  the
polarization data in the energy range of 7.7-62.4 GeV, but
not consistent with the data at 200 GeV. Interestingly, we

 

√
sNN = 200

x

Fig.  10.    (color  online)  Average rapidity  in  the  full  rapidity
range for Au+Au collisions  GeV as a function of

 from Eq. (10) in the WS model.

 

Y
b = 1.2RA

Y 0.9YL

Fig.  9.    (color  online)  Average  SLM  as  functions  of  the
rapidity  in  the  WS model  for  Au+Au collisions  at  various
collision  energies.  The  impact  parameter  is  set  to .
The cutoff in  at a collision energy is set to .

σNN

Y = 0 b = 1.2RA

Table 2.    Inelastic nucleon-nucleon cross-section  at different collisions energies (first two rows). The numerical results of the av-
erage SLM at  in Au+Au collisions at different collisions energies (last two rows). The impact parameter is set to  corres-
ponding to 20%-50% centrality in experiments.
√

sNN /GeV 200 62.4 54.4 39 27 19.6 14.5 11.5 9.2 7.7

σNN /mb 42.0 36.3 35.2 33.6 32.8 32.3 31.8 31.4 30.9 30.6⟨ dln f (Y,x)
dYdx

⟩
x,HS

0.0471 0.0602 0.0622 0.0678 0.0753 0.0833 0.0925 0.101 0.111 0.121⟨ dln f (Y,x)
dYdx

⟩
x,WS

0.0374 0.0460 0.0472 0.0507 0.0558 0.0614 0.0678 0.0739 0.0809 0.0876
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1/YL

1/YL

κ0

κ0
Λ

find that the energy dependence of our results in both the
HS and WS models can be well fitted by  behavior,
but as in both the HS and WS models, it fails to describe
the data  at  200 GeV. The reason why we look at  such a
behavior is because there is a prefactor  in the SLM,
as shown in Eq. (37), while the rest of the SLM depends
weakly  on  collision  energies.  As  our  second  option,  we
use the energy-dependent  to fit  the data in the energy
range  of  7.7-62.4  GeV,  including  200  GeV.  The  results
are  shown in  the  right  panel  of Fig.  11.  We will  choose
the energy-dependent  to calculate the rapidity depend-
ence of the global polarization of  hyperons.

Λ

κ0
⟨pT ⟩

Λ

As a test of the model, we calculate the global  po-
larization  at  200  GeV  as  a  function  of  centralities  and
compare it with the STAR data [14]. We use the value of

 at  200 GeV and a centrality of 20%-50%. The values
of  also depend  on  the  centralities  and  are  determ-
ined  by  Table  7  in  Ref.  [35].  The  correspondence
between the impact parameter and the centrality is given
by  Table  2  in  Ref.  [35].  Then,  the  main  source  of  the
centrality dependence of  the global  polarization is  the
average SLM. The calculated result  is  shown in Fig.  12.
We see that the theoretical result increases with the cent-
ralities  and  agrees  with  the  data  very  well.  We  also  see
that  in  most  central  collisions,  the  global  polarization
vanishes, which indicates a vanishing SLM [1].

κ0

Λ

κ0

κ(Y) ⟨pT ⟩

Once the values of  are constrained by the polariza-
tion data at  mid-rapidity,  we can predict  the polarization
of  hyperons at  a  larger  rapidity.  In our  prediction,  we
use  the  WS  model  and  the  energy-dependent , as  de-
termined in the right panel of Fig. 11. Because we do not
know the exact rapidity dependence of  and , we
will consider four cases and make corresponding predic-
tions for  the  rapidity  dependence  of  the  global  polariza-
tion:

κ(Y) = κ0 ⟨pT ⟩(a) Both  and  are taken to be constants
in  rapidity.  Therefore,  the  rapidity  dependence  of  the

Y

global  polarization comes solely  from the average SLM.
This result is shown in Fig. 13(a). We see that the polariz-
ation  increases  slighly  with  at  each  collision  energy.
The positive slope in rapidity (the increase rate of the po-
larization  per  unit  rapidity)  decreases  with  the  collision
energy.

κ(Y) = κ0
⟨pT ⟩
⟨pT ⟩

⟨pT ⟩

⟨pT ⟩

Y

(b) Only  is assumed to be constant in rapid-
ity, while  depends on the rapidity. The mid-rapidity
values  of  are  taken  from  the  kaon  data  in  Au+Au
collisions  in  the  collision  energy  range  of  7.7-200  GeV
[35, 36]. The rapidity dependence of  is given by fit-
ting the kaon data in Au+Au collisions at  62.4 GeV and
200 GeV [37, 38]. For the explicit form of  as func-
tions  of  rapidity  and  collision  energy,  see  Appendix  C.
The result is shown in Fig. 13(b). We see that the polariz-
ation decreases with  for each collision energy. At lower
energies,  the  decreasing  slope  (the  absolute  value  of  the
slope) is larger than that at higher energies. At 200 GeV,
the polarization is almost a constant of rapidity.

⟨pT ⟩(c)  A  rapidity  constant  is  adopted,  which  takes
its  value  at  mid-rapidity  at  each  energy,  but  the  rapidity

Λ Λ

b = 1.2RA

Λ Λ κ0 κ0

Fig. 11.    (color online) Global polarization of  and  at mid-rapidity in the HS and WS models in Au+Au collisions at different col-
lision energies. The impact parameter is set to , corresponding to a centrality of 20%-50%. The STAR data are represented by
the solid ( ) and open ( ) circles [13, 14]. (a)  is a contant of the collision energy. (b)  depends on the collision energy.

 

 

ΛFig. 12.    (color online) Global  polarization as a function of
centralities in comparison with the STAR data [14].
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κ(Y)dependence  of  is  assumed  to  take  the  form  in  Eq.
(42). The result is shown in Fig. 13(c), where the polariz-
ation increases with rapidity. As the collision energy de-
creases,  the  slope  increases.  This  increasing  trend  is
stronger than that in cases (a) and (d) for the same colli-
sion energy.

κ(Y) ⟨pT ⟩
⟨pT ⟩

κ(Y)

(d)  Both  and  depend  on  the  rapidity.  The
rapidity  dependence  of  is  the  same  as  that  in  case
(b), while the rapidity dependence of  is the same as
that in case (c). The result is shown in Fig. 13(d). At high
energies, the polarizations increase weakly with rapidity,
while they  are  almost  constants  of  rapidity  at  low  ener-
gies. The result of this case is our main prediction.

κ(Y)
µB ≲ 0.45

µB

Note  that  the  form of  in  Eq.  (42)  used  in  cases
(c) and (d) is valid for  GeV; however, it is bey-
ond such a  limit at 7.7 GeV. Therefore, the curves of
7.7 GeV in Figs. 13(c,d) are not shown because they are
not reliable.

V.  SUMMARY

d3NAA/d2rT dY

We propose  a  geometric  model  for  hadron  polariza-
tion  in  heavy  ion  collisions,  with  an  emphasis  on  the
rapidity dependence. This model is based on the model of
Brodsky, Gunion, and Kuhn as well as the Bjorken scal-
ing model  [25].  The starting point  is  the  hadron rapidity
distribution  as a function of the transverse

rT

Y

d3NAA/dxdY
x
d3NAA/d2rT dY
y

d3NAA/dxdY f (Y, x)
⟨pz⟩

dln f (Y, x)/dY⟨
Ly

⟩
x Y

α(Y)
⟨
Ly

⟩
= κ(Y) ⟨pT ⟩ ⟨dln f (Y, x)/dYdx⟩x,Y=0 α(Y)

κ(Y)

κ(Y)

κ

Λ

Λ ⟨pT ⟩

position  in  the  overlapping region of  colliding nuclei
and  the  rapidity .  We use  the  hard  sphere  and  Woods-
Saxon  models  for  the  nuclear  density  distribution,  from
which the thickness function is obtained. The rapidity dis-
tribution  depending on the in-plane position

 in  the  overlapping  region  can  be  derived  from
 by integration over  the out-plane position

. The average rapidity of hadrons can be obtained from
the  normalized  distribution  or .  The
collective  logitudinal  momentum  is  proportional  to

. Then, the average local orbital angular mo-
mentum  is proportional to the average shear of lon-
gitudinal  momentum  over ,  which  is  a  function  of .
The hadron polarization is assumed to be proportional to

,  where 
and  are  unknown  rapidity  functions  characterizing
transfer  coefficients  from the  orbital  angular  momentum
in  the  initial  state  to  the  hadron  polarization  in  the  final
state. We make an ansatz for  based on the similarity
in hadron production between the  case  at  forward rapid-
ity and higher collision energy and that at central rapidity
and  lower  collision  energy.  While  the  similarity  is  true
for hadron production, it needs to be tested for hadron po-
larization by experiments. The parameter  at mid-rapid-
ity  can be  constrained by the  polarization data  of  and

. The rapidity dependence of  is obtained by fitting
the  data  of  kaons  obtained  by  the  BRAHMS and  STAR

Λ Λ

κ0

b = 1.2RA

Fig. 13.    (color online) Global polarization of  (including ) in the WS model as functions of rapidity in Au+Au collisions at differ-
ent collision energies. We use the collision energy-dependent , as determined in the right panel of Fig. 11. The impact parameter is
set to , corresponding to a centrality of 20%-50%. The results in cases (a), (b), (c), and (d) are presented in panels (a), (b), (c),
and (d) respectively.
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collaborations.  Finally,  we  make  predictions  for  the
rapidity dependence of the hadron polarization in the col-
lision  energy  range  of  7.7-200  GeV.  These  predictions
can  be  tested  by  beam-energy-scan  experiments  at  the
Relativistic  Heavy  Ion  Collider  of  Brookhaven  National
Lab.
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APPENDIX A: DERIVATION OF SLM FOR HARD
SPHERE DISTRIBUTION

dln f (Y, x)/In this appendix, we will  derive the SLM 

dYdx
C±1 C±2

 in the HS model for the nuclear density distribution
from  Eqs.  (17)  and  (18).  The  definitions  of  and 
are

C±1 =
∫ ym

0
dy

[
R2

A− (x∓b/2)2− y2
]1/2
, (A1)

C±2 =
∫ ym

0
dy

[
R2

A− (x∓b/2)2− y2
]−1/2
, (A2)

ym y xwhere  is the maximum of  at a fixed 

ym =
[
R2

A− (|x|+b/2)2
]1/2
. (A3)

C±1The analytical expressions of  are

C+1 (x) =


π

4

R2
A−

(
x− b

2

)2 , −(RA−
b
2

) < x ⩽ 0

1
2

√
R2

A−
(
x+

b
2

)2 √
2bx+ I−(x), 0 < x < RA−

b
2

(A4)

C−1 (x) =


π

4

R2
A−

(
x+

b
2

)2 , 0 ⩽ x < RA−
b
2

1
2

√
R2

A−
(
x− b

2

)2 √
−2bx+ I+(x), −(RA−

b
2

) < x < 0

(A5)

I±(x)where the function  is defined as

I±(x) =
1
2

[
R2

A− (x±b/2)2
]
arctan

√
R2

A− (x∓b/2)2

√
∓2bx

. (A6)

C±2The analytical expressions of  are

C+2 (x) =


arctan

√
R2

A− (x+b/2)2

√
2bx

, 0 < x < RA−b/2

π

2
, −(RA−b/2) < x ⩽ 0

(A7)

C−2 (x) =


π

2
, 0 ⩽ x < RA−b/2

arctan

√
R2

A− (x−b/2)2

√
−2bx

, −(RA−b/2) < x < 0

(A8)

C±1 C±2
ln f (Y, x) Y
In  terms  of  and ,  we  obtain  the  derivative  of

 with respect to  as

dln f (Y, x)
dY

=
dln(dNpp/dY)

dY
+

1
Y

− 1
Y

[
1+

Y
YL
·
C+1 −C−1
C+1 +C−1

]−1

, (A9)

dln f (Y, x)/dY
x
after which the derivative of  with respect to

 is

dln f (Y, x)
dYdx

=
1

YL

[
1+

Y
YL
·
C+1 −C−1
C+1 +C−1

]−2 {
−

x(C+2 −C−2 )− (b/2)(C+2 +C−2 )
(C+1 +C−1 )

+
(C+1 −C−1 )

[
x(C+2 +C−2 )− (b/2)(C+2 −C−2 )

]
(C+1 +C−1 )2

−2
√

2b|x|(|x|+b/2)
√

R2
A− (|x|+b/2)2

C+1 θ(−x)+C−1 θ(x)
(C+1 +C−1 )2

}
, (A10)
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where we have used

d
dx

∫ a(x)

0
dyb(x,y) =

∫ a(x)

0
dy
∂b(x,y)
∂x

+b(x,a(x))
da(x)

dx
.

(A11)

κ(Y)APPENDIX B: RAPIDITY DEPENDENCE OF 

κ(Y)

There is a similarity in hadron production between the
case  at  forward  rapidity  and  higher  collision  energy  and
that  at  central  rapidity  and lower  collision energy.  Thus,
the  baryon  number  density  or  baryon  chemical  potential
is the relevant physical quantity in both cases. Therefore,
if we neglect the system size effect, we can make an an-
satz for  based on this correspondence.

κ0 ≡ κ(Y = 0)
By fitting the data in Fig. 8(b), we find the following

energy behavior for ,

κ0 =
2.8(

0.05+
√

sNN/200
)0.6 . (B1)

The collision energy dependence of the baryon chem-
ical potential at mid-rapidity can be given by [39]

µB(0) ≡ µB(Y = 0) =
1.3075

1+0.288
√

sNN
GeV. (B2)

√
sNN µ(0)

BWe can solve  as a function of  and obtain

κ0 =
2.8[

0.05+ (1.3075/µB(0)−1)/57.6
]0.6 , (B3)

µ(0)
B ≲ 0.45in  the  range  of  GeV, i.e.,  in  the  collision  en-

ergy range of 7.7-200 GeV. We can generalize the above
expression to other rapidity values as

κ(Y) =
2.8[

0.05+ (1.3075/µB(Y)−1)/57.6
]0.6 , (B4)

µB(Y)by taking the following parameterization of  [40]

µB(Y) = µB(0)+
(
0.09527−0.01594log

√
sNN

)
Y2. (B5)

⟨pT ⟩APPENDIX C: RAPIDITY DEPENDENCE OF 

⟨pT ⟩
⟨pT ⟩

The  average  transverse  momentum  also  has
rapidity dependence. The  data for kaons at different
rapidities are measured by the BRAHMS collaboration at
200 and 62 GeV [37, 38], which can be parameterized as

⟨pT ⟩Y ≈ ⟨pT ⟩0 exp
− Y2

2Y2
L

 , (C1)

⟨pT ⟩0 ≡ ⟨pT ⟩Y=0
⟨pT ⟩0

where  denotes the average transverse mo-
mentum at mid-rapidity; see Fig. C1. Here,  also de-
pends on the collision energy and can be parameterized as

⟨pT ⟩0 = 0.41634+0.030644s1/4
NN −0.0011547s1/2

NN , (C2)
√

sNN =

⟨pT ⟩0 s1/2
NN

following  STAR  data  for  kaons  at 7.7-200  GeV
[35, 36],  where  the  unit  of  is  GeV  and  takes
the  dimensionless  value  of  the  collision  energy  in  GeV;
see Fig. C2.

⟨pT ⟩Fig. C1.    (color online) Average transverse momentum  for kaons as functions of rapidity in central Au+Au collisions.
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