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Abstract: We present a model for tail wavelets, a phenomenon known as “echo” in the literature. The tail wavelet

may appear in signal reconnaissances in the merger of binary compact objects, including black holes and neutron

stars. We show that the dark matter surrounding the compact objects lead to a speculated tail wavelet following the

main gravitational wave (GW). We demonstrate that the radiation pressure of the main wave is fully capable of push-

ing away the surrounding matter to some altitude, and splashing down of the matter excites the tail wavelet after

ringing down of the main wave. We illustrate this concept in a simplified model, where numerical estimations are

conducted on the specific distribution of dark matter outside the black hole horizon and the threshold values in ac-

cordance with observations. We study the full back reaction of the surrounding dark matter to the metric and find that

the effect on to the tail wavelets is insignificant. We reveal the fine difference between the tail wavelets of a dressed

and a bare black hole. We demonstrate that the tail wavelet can appear as a natural phenomenon in the frame of gen-

eral relativity, without invoking modified gravities or quantum effects.
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1 Introduction

The observation of gravitational waves (GWs) from
binary compact objects symbolizes the beginning of an
era of GW astronomy as a branch of observational astro-
nomy with considerable precision. In terms of funda-
mental physics, we finally have the experimental observ-
ables at our disposal for testing whether a quantum the-
ory of gravity is plausible. The GW is an incisive tool for
the study of the structure of the black holes and other
compact objects. In particular, it may unwrap the enigma
about the quantum structure of the spacetime beyond the
horizon. With regard to the quantum effects, it is be-
lieved that the spacetime is no longer a smooth manifold;
it may possess a specific non-trivial structure when the
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quantum fluctuations become significant [1]. In fact, a
structure of the black hole horizon was suggested to solve
the black hole information problem, for example, in terms
of the fuzzball model [2] and the firewall model [3, 4].
Such a speculated structure may be detected by the GWs
emitted from binary black holes [5].

In these models, the horizon is not a smooth sphere,
but a shell with a finite thickness. Consequently, tail
wavelets referred to as "echoes" may appear after emis-
sion of the main GWs [6-9]. The waveform of the echo
model suggested in [6] may be ruled out by analysis in
[10, 11]. However, the tail wavelet may assume a differ-
ent form compared with Ref. [6]. This problem can be
dealt with from an opposite direction, that is, to find what
happens if there is absolutely no signal in the data after
the main wave [10, 11]. A detailed analysis in Ref. [12]
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demonstrates that signals appear for several GW events
with a p-value of order 1% or occasionally significantly
less. Further approaches for the signal reconnaissance of
tail wavelets are presented in Ref. [13]. In this context,
observation of the tail wavelets in GW events of the bin-
ary neutron stars, besides those of binary black holes, is
surprising. While explanations are given in terms of the
resulting black hole remnant [14], the observed events
also imply the possibility that the tail wavelet may be re-
lated to specific generic properties of the binary system
rather than the near-horizon quantum structure [15]. In
fact, it is quite challenging to interpret the appearance of
tail wavelets in terms of the properties of the horizon if
the latter does not exist in the first place.

Following this train of thought, we proceed by dis-
cussing some of the generic properties of compact ob-
jects, which might potentially give rise to tail wavelets.
Generally, a black hole/neutron star is surrounded by dark
matter, whose density is significantly higher than that of
the average value in the universe. We show later that dark
matter distributed in the vicinity of the compact object
can provide a mechanism for the observed tail wavelets.
Further quantitative studies of the wavelets may be help-
ful to extract the distribution of dark matter around the
compact objects. Extensive studies were conducted on the
distribution of dark matter around celestial bodies. Some
pioneering studies [16, 17] explored specific properties of
the dark matter distribution in the halos of various mass
scales. A remarkable feature of the distribution of the
dark matter is its universality. Halos of different scales,
namely, from the mass of the celestial body to that of a
cluster of galaxies, all exhibit similar distributions [18,
19]. The density profile of supermassive black holes in
elliptical galaxies and barred/ordinary spiral galaxies,
such as our Milky Way, is studied quantitatively [20, 21].
For the stellar mass black holes, direct observation of the
dark matter halo is still absent. The distribution of dark
matter around neutron stars, whose space environment is
very similar to stellar mass black holes, was studied in
detail [22—24]. Regarding the universal distribution of
dark matter halos, it is reasonable that binary compact
stars/black holes are immersed within them.

Our proposed scenario is described as follows. The
passage of the main GWs from the binary system merger
pushes up the dark matter to a certain altitude. After the
initial waves traverse through, the matter falls back to-
wards the black hole region and subsequently produces
the tail wavelets. The relevant physical quantities include
the energy density, pressure, energy flux of the GWs. For
linear plane GWs with frequency w and ampliztude A, the
oAl +ad),
while the energy flux b in the direction of propagation

energy density p is found to be [1] p=

reads b= %(A3+Ai). The above expressions are the
T

same with the Landau-Lifshitz pseudo-tensor for GWs.

In a general case, the stress-energy tensor for the
GWs can be defined as a second order perturbation of the
Einstein tensor. The general definition of GWs in the
strong field region leads to some uncertainties, which de-
pend on the specific choice of the background for the
GWs in question. For example, the obtained waves exhib-
it different forms when the metric about a Minkowski
spacetime is expanded as compared to about a Schwarz-
schild spacetime. Nonetheless, the relation between
power per area S = b and the pressure P satisfies

P=S/c, (1)

for massless fluctuations (gravitons). Here, we recover
the Iuminous velocity c¢. Notably, Eq. (1) is valid for
GWs in a general sense, independent of the background
metric. The total energy radiated from a binary object can
be calculated, enabling determination of the correspond-
ing pressure. In what follows, we estimate the order of
magnitude of the pressure by considering the GW150914
event as an example. The system emits an amount of en-
ergy equivalent to three solar masses in about 0.1
seconds. The GW emission is "directional". However, its
directivity is significantly weaker than electromagnetic
radiation, as the lowest order radiation is of the quadru-
pole. Thus, if the GWs’ directivity is omitted, the emis-
sion can be approximated as isotropic, and the pressure of
GW at the horizon is estimated by

w 3%x10%

P= ~ =23%10"Pa. (2
dnric 4n(62X3x 1032 X3 108 2 )

With regard to the comparisons, the pressure at the cen-
ter of a neutron star can reach 10> to 10°*Pa. Thus, the
estimated value of the GW pressure is found to be com-
parable to those of the interior of stellar systems.

At the region near the horizon, the Newton gravity
fails. We only make an assumption to determine which
force, i.e., pressure or attraction, dominates for an object
around the black hole. Considering an object whose mass
is 1 kg and area is 1 m?, for GW150914, it is attracted
by the black hole with force at the horizon

F :Gmsz _

senses is F' =2.3x 10N when the main wave passes.
The repulsive force is clearly significantly larger than the
attractive force for this object. Both the repulsive and at-
tractive force decrease with 2. Thus, at large distances,
the ratio between the repulsive and attractive force is ex-
actly F’/F, if the wave is completely absorbed by the ob-
ject.

Furthermore, we assume that the surrounding matter
can only absorb a tiny fraction of GW. A rigorous treat-
ment of the scattering between the graviton and matter
demands a full-fledged theory of quantum gravity, which
remains unknown. Tree level calculations may also be af-

2x10'"'N. At same time, the pressure it
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fected by loop corrections. Nevertheless, some prelimin-
ary studies on the scattering of gravitons have been car-
ried out, for example in studies of Refs. [25, 26]. By very
generic arguments, similar to those for earlier approaches
of quantum physics, one can estimate the lower bound of
total cross-section of a graviton scattered by a matter
particle o ~107%¥m? [27]. According to known GW
events, a typical event emits energy of several solar
masses, and the characteristic frequency of the GW is
about 100 Hz. Thus, for a typical GW event, the number
3xMee®

=10". We
estimate the number of collisions of a graviton. The grav-
iton-dark matter system is significantly different from an
ordinary molecular system in thermal equilibrium. The
graviton does not walk randomly, but almost in a straight
line, as it only losses a tiny portion of its momentum with
every collision. Thus, the number of collisions is simpli-
fied to the number of dark matter particles in such a cyl-
inder, whose bottom is a disk with a radius of the half-
wavelength of the graviton, and the height is the thick-
ness of the dark matter in consideration. An unavoidable
problem of further calculations is that the mass of the
dark matter particles is unknown. It may be from several
TeV to even 10 “'eV. We take 100 GeV as an example.
Further, we assume the mass of the surrounded dark mat-
ter is 0.3M. As we point out in the following section, this
is sufficient to excite the tail wavelet. For more detailed
numerical calculations, we assume that the thickness of
the dark matter is 10’ km, and that it distributes homo-
geneously. With these assumptions, we obtain an upper
bound for the number of collisions of a single graviton is
7% 10°3, in which we assume that the graviton interacts
with every particle in the travelling cylinder. The lower
bound is 10'7, where we assume that the graviton collides
with only one particle in one step. The total scattering
cross-section between gravitational radiations and dark

of gravitons is approximately N ~

matter is therefore, 10* to 10® m’. In comparison, the
total scattering section of the radiation emitted by the sun
in 0.1 seconds is 10'° m’. The radiation pressure in the in-
terior of the Sun is about 10 of the total pressure. The
momentum per solar photon is 5x10'? times the mo-
mentum per graviton. This is equivalent to stating that we
need a cross-section of gravitons of 10" m’ to support the
mass of the sun. We estimated the total cross section to
be about 10™ to 10* m’. An accurate value requires de-
tails of the interaction between graviton and dark matter
particles, which remains unknown. Nevertheless, it is
highly possible that the gravitons can push away dark
matter around one solar mass for GW150914. Further-
more, the sunken region of the gravitational potential may
concentrate a large number of dark matter particles, as
studied in numerous previous studies. Therefore, the total
energy transferred from GW to the surrounding dark mat-

ter can be considerable.

Because a rigorous approach is not yet feasible, in the
remainder of the present study, we carry out a phenomen-
ological approach to investigate this interaction between
GWs and dark matter.

2 Characteristic waveform of tail wavelets

The surrounding dark matter may lead to modifica-
tions of geometry (backreaction). Various modifications
were studied in detail in a fairly sophisticated study [28].
The result indicates that environmental effects do not
spoil main waves from binary compact objects. In this
study, we take two typical modifications to study pos-
sible corrections to the tail wavelet QNMs. The first one
is Schwarzschild-de Sitter, which describes a black hole
with a small amount dark matter (compared to the black
hole mass) as a fine approximation,

ds? = —fdr* + f7'dr* +2dQ%, 3)

where f=1-2M/r— Aegr*/3. The effective cosmologic-
al constant is related to the density of dark matter,

OpM = %. We call it the SdS case.

The second one is a short-hair black hole, which de-
scribes non-homogeneous fluids [29], where

f=1=2M/r+Q*/r*. 4)

Here k is the equation of state of the dark matter paramet-
er. The density and pressure of dark matter are
om = 2k—1)Q%/(87r***?) and P,, = kp,,, respectively. The
softest matter with k = —1 is a cosmological constant, and
the stiffest matter with k=1 mimics electromagnetic
fields.

We estimate the amplitude of the GW around the ho-
rizon. The energy density is proportional to the inverse

square of the distance from the source 7. Thus, around
2

L

the horizon, we obtain b _ —3,
PL r

distance from the Earth to the Source of GW150914. If

the energy loss of the GWs is insignificant, the energy

density is inversely proportional to the square of the dis-

A, Lo

= —. For the event
L T

GW150914, we have r, =1.8x10° m, Ly =1.2x10% m,
and Az, = 10721, Here, A;, is the amplitude measured on

where L, denotes the

tance from the center, namely,

. 1 .
the Earth. Then, one obtains A,, = —. Hence, it is reason-

able to consider that the amplitude of the initial main
GWsis A, ~0.1.

From previous studies on tail wavelets (echoes), we
estate that the amplitude of the wavelet is one tenth of the
main wave or smaller. Thus, the energy carried by the
wavelet is about 0.03M~ or smaller. The energy conver-
sion from the rest mass energy to the gravitational wave
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energy can be very efficient in the process of splashing
down, i.e., up to 42% [30]. As a conservative estimate,
we assume that 10% of the total rest mass of the dark
matter is transferred to the gravitational energy of the
wavelet. Thus, the mass of dark matter involved to excite
the wavelet is approximately 0.3M ). Using this paramet-
er, we obtain the exact form of backreactions of dark mat-
ter to a Schwarzschild black hole and present the wave-
form of tail wavelets in the cases of SdS and a short-
haired black hole, respectively. We find the fine distinc-
tion between the cases of a dressed black hole and a bare
one, although it is insignificant.

Before presenting the waveform of the wavelet, we
explore the time scale between the emission of the main
GWs and tail wavelets. This can be estimated by simply
investigating the equation of motion of a free-falling
particle from a given height. For simplicity, we consider
motions along radial geodesics. The results are presented
in Fig. 1. There, we consider a particle splashing down
from an initial altitude of R towards the horizon r,. The
epoch is observed to be slightly advanced in the modi-
fied geometries. The dark matter halo strengthens gravity.

The waveform of the tail wavelet generated by the in-
falling of the matter is similar to that of the ordinary

1007, 100 100
M, =4r f drr2p(r) = 4r,37r f dxx2p(x) = 47rr2p0 f d
7, 1 1

h

We require that the total amount of the dark matter is
equivalent to the previous homogeneous case, where the
total mass is

1007, 4
Map =p0h47l'f drr? =p0h?106r2.
Ly

Given a relation between py and pg;, we obtain a corres-
ponding K. For example, we assume py = 10pgs, and thus
we obtain r;, = 0.0254R;.

In this section, we present numerical calculations of
the waveform associated with the gravitational perturba-
tion of the metric owing to the infalling of matter.

®)

h

R=2.7x10%m
R=2x10%cm
~~ R=1x10%m

0.8 S "
\\ Schwarzschild case

0.6 .
0.4

0.2

quasinormal modes [31-33]. Therefore, in our model, the
observed tail wavelets are also a manifestation of the
black hole quasinormal modes. However, there is a sub-
tlety. Because the infalling process is continuous, the ini-
tial disturbance period carries the information not only on
the black hole itself, but also on the matter distribution
surrounding it. It is therefore expected that the waveform
in the initial disturbance period will be characteristically
different from the ordinary quasinormal modes. The Nav-
arro-Frenk-White (NFW) profile is the mostly studied
distribution of dark matter around galaxies and clusters
[18, 19]. As a more realistic study, we consider an NFW
distribution of dark matter around the hole. The NFW
distribution can be described by,

£0

p(r) = 5. S))

r r

— |1+ —

)

Setting x = r/r;, K = r;/R,, we obtain,
Lo
= 6

PO = e+ Ko ©)

We assume that dark matter suffuses between r;, and
100r;,. Thus, the total mass of dark matter (including the
mass gravitational field) reads [34],

2

X————————————— =
Kx(1+ Kx)?

1 1

o ) 1 L 100K
WO\ T+ 100K 1+K

1+K

O]

The radial master equation of the gravitational fluctu-
ation around the black hole reads [35, 36]
v\ 1 0*®
o) % 2
Here, V denotes the potential of the black hole. V is rather
complicated; for even and odd modes, the exact form of
V is provided in Refs. [31-33]. f(r) takes different forms
in the cases of Schwarzschild, SdS, and short-hair black
holes, as shown above.

Based on the analysis in the previous sections, we as-
sume the following initial conditions. For convenience,

0
5 (f (r)

R

R=2.7x10%m
R=2x10%m
R=1x10%m

R=2.7x10%m
R=2x10%m
R=1x10%m

RN case
N
"S._ SdS Case

0.0 0.5 1.0 15 2.0 25

Fig. 1.

(color online) Estimation of epochs of tail wavelets after the main GWs. Left panel: case without backreaction, i.e., Schwarz-

schild. Middle panel: Black hole with DM halos, i.e., case of SdS. Right panel: Black hole with short-hair. Location of event horizon

is depicted by horizontal dashed purple line.
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we choose 1 = ct/r; and consider the following different
cases:

Case I, ® =0.01 as n € (0,5).

Case II, ®=0.01 as n=0.

The first case denotes dark matter that is initially in a
homogeneous distribution. For comparison, we plot the
second case, which displays a pulse excitation that is the
ordinary QNM of the black hole. Figs. 2 and 3 demon-
strate the waveforms of the odd and even fluctuations for
all geometries, including the Schwarzschild, the geo-
metry with backreaction of dark matter halos (SdS), and
the geometry of a short-hair black hole. According to the
present estimations, the magnitude of the tail wavelets is
at most ~10% of the main GWs [12, 13]. Thus, we take
the initial perturbation to be ® = 0.01 for our calculations.
We observe that the waveforms generated by some distri-
bution of dark matter are different from those triggered
by a pulse, where the latter corresponds to the ordinary
quasinormal mode, which only carries information on the
black hole itself. Furthermore, the effects of geometry
modifications are not significant compared to the case of
a Schwarzschild black hole. In particular, the two modi-
fications present almost the same wavelet, which is
slightly different from a "bare" Schwarzschild wavelet.

We expect that forthcoming data with a better resolu-

Log(®)

5 10 15

Case | with odd mode

Schwarzschild case

SdS Case

RN Case

Fig. 2.
black holes, i.e., SdS and short-haired black hole.

Log(®)

5 10 15 20

Case | with even mode

Schwarzschild case

Sds Case

RN Case

Fig. 3.
black holes, i.e., SAS and short-haired black hole.

tion for the waveform, especially those from the third
generation GW detectors like the Einstein Telescope [37,
38] and Cosmic Explorer [39], may shed light on the
feasibility of the present model.

Generally, the astrophysical black hole is a Kerr black
hole. We study the Schwarzschild black hole as an ap-
proximation of the realistic case. Hence, we present a pre-
liminary investigation of rotating black holes. We plot the
corresponding wavelets for the Kerr holes in Fig. 4 and
Fig. 5.

3 Concluding remarks

The data analysis implies that there might be tail
wavelets occurring after the main GWs from the merger
of binary systems. These tail wavelets exist not only for
the GW events of binary black holes, but also for those of
binary neutron stars. Therefore, it is speculated that the
physical mechanism behind the phenomenon might not
be related to the quantum structure of the black hole hori-
zon, but is rather associated with certain generic proper-
ties of the collapsing binary system. The main character-
istic of our approach is that the explanation is given with-
in the framework of Einstein’s general relativity, rather

Log(®)

U/
20

Log(

7

ct/m
5 10 15 20

Case Il with odd mode

Schwarzschild case

SdS Case

RN Case

(color online) Waveform of odd gravitational fluctuations, including cases of a bare Schwarzschild black hole and dressed

)

5 10 15 20

Case Il with even mode

Schwarzschild case

SdS Case

RN Case

(color online) Waveform of even gravitational fluctuations, including cases of a bare Schwarzschild black hole and dressed
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Log(®P)

Log(®P)
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am=1/10

2k

-4

-5

Fig. 4.

ct/r,

am=1/3
am=1/5
am=1/10

(color online) Even modes of wavelets for rotating black hole. Left panel depicts wavelets corresponding to shell initial distri-

bution, and right panel depicts wavelets corresponding to homogeneous distribution. The even mode is sensitive to the rotating para-

meter.

Log(®)

» ct/n,

Log(®)

- - am=0
am=0.001
am=0.002

Fig. 5.

» ct/r,

- - am=0
am=0.001

-2 am=0.002

-3

-4

-5

(color online) Odd modes of wavelets for rotating black hole. Left panel depicts wavelets corresponding to shell initial distri-

bution, and right panel depicts wavelets corresponding to homogeneous distribution. The odd mode is not sensitive to the rotating

parameter.

than originated from a modified theory of gravity or
quantum effect.

Following this line of thought, in this work, we
present a more natural and straightforward scenario for
the generation of tail wavelets. In our model, the cause of
the phenomenon is attributed to the matter or dark matter
surrounding the binary system. In particular, the dark
matter distribution around a compact object has been
studied at different scales for many years. We carefully
investigate the pressure of the GWs and demonstrate that
they can perturb and even push away the matter distrib-
uted around a compact star. After the main wave tra-
verses through, the matter falls back towards the black
hole horizon, which in turn excites the tail wavelets.
Based on our analysis, we assume four different initial
conditions for the related gravitational perturbations and
evaluate the corresponding waveforms. Furthermore, we
make a preliminary exploration of the wavelet for Kerr
black holes.

In this study, we concentrate on the physics after in-
spirals. We explore the effects of energy emission in the
merge process and particularly the splashing down of
dark matter to the black hole. This is not closely related

to the physics before merging. According to the previous
studies of intermediate-mass-ratio inspirals (IMRI)
without dark matter [40], and especially an upcoming
study [41], there is almost no wavelet in IMRI. However,
we show that dark matter in such a system can produce
significant tail wavelets in the merger of binary compact
objects. The effect of dark matter in the inspiraling stage
of the IMRI system was investigated in Ref. [42], which
demonstrates that dark matter significantly enhances the
merging process. We show that dark matter has a signi-
ficant effect after the merging process.

We look forward to testing the proposed model
against forthcoming data from the GW detectors of the
third generation. Further studies concerning specific dark
matter distributions are in progress. Furthermore, in the
frame of this model, we investigate the distribution of
dark matter surrounding the black holes by analyzing the
waveform of the tail wavelet from the forthcoming data at
better resolution, especially those from the third genera-
tion GW detectors.

Our heartfelt thanks to Professor Anzhong Wang,
Zhoujian Cao, and Wenbiao Han for helpful discussions.
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