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Effect of null aether field on weak deflection angle of black holes
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Abstract: We study light rays in the static and spherically symmetric gravitational field of the null aether theory

(NAT). To this end, we employ the Gauss-Bonnet theorem to compute the deflection angle formed by a NAT black

hole in the weak limit approximation. Using the optical metrics of the NAT black hole, we first obtain the Gaussian

curvature and then calculate the leading terms of the deflection angle. Our calculations indicate how gravitational

lensing is affected by the NAT field. We also illustrate that the bending of light stems from global and topological ef-

fects.
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1 Introduction

According to the theory of general relativity (GR) [1],
gravity affects space-time geometry, and the gravitation-
al field produced by matter can be powerful enough to
drastically alter the ordinary causal structure of space-
time and produce a region, the so-called black hole (BH),
in which even light is held and no part can escape to in-
finity. Therefore, scientists have been studying BHs in
detail over the years [2-6].

The event horizon of a BH is the limit to which events
cannot impact an observer on the opposite side. That is, it
is the gravitational point of no return, and nobody can
really "see" a BH. In fact, the event horizon is a null sur-
face that separates the rays of light that reach infinity
from those falling into singularity. On the other hand, as-
tronomers can observe this curvature in space-time in the
form of light from distant objects that gets bent while go-
ing around objects in the foreground. In particular, if a
BH is immersed in a bright region, like a disc of glowing
gas, it creates a dark region similar to a shadow [7, §].
This shadow, caused by gravitational bending and cap-
ture of light by the event horizon, reveals a lot about the
nature of these massive objects. From this information,
the position and mass of the BH can be determined. For
static and spherical symmetric spaces, suitable coordin-
ate systems can be introduced to determine the location of
the event horizon by considering the points at which the
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local light cones tilt over. This means that the existence
of the event horizon (i.e., BH) is related to the local
Lorentz invariance of time. Therefore, it is of signific-
ance to study the properties of BHs in the context of grav-
ity theories that address the local Lorentz invariance viol-
ations. For example, in GR, the existence of BHs de-
pends on the causal structure, which originates from both
the Lorentz symmetry in matter fields and the local flat-
ness theorem. Therefore, it is natural to examine whether
or not BHs will still be formed in the absence of Lorentz
symmetry; if they exist, it is even more essential to ana-
lyze their physical features, as the signatures of Lorentz
violations appear in the regime of strong gravity. On the
other hand, when the Lorentz symmetry is broken and the
causal structure is modified in the most radical way, BH
solutions surprisingly do exist. In these new BH solu-
tions, the event horizon is replaced by the universal hori-
zon to be able to capture any mode independently of the
propagation velocity [9, 10]. Some BH solutions have
already been found in restricted Lorentz-violating gauges,
such as spherical symmetry [9, 11] and slowly rotating
backgrounds, both in lower dimensions [12] and four di-
mensions [13-16]. Generally, numerical solutions to the
equations of Hofava gravity and the Einstein-aether the-
ory admit such BHs. Nevertheless, analytical solutions
are rare for such theories. However, these solutions are
obtained in symmetry-restricted scenarios for various
asymptotics [17]. In the Einstein-aether theory, the vec-
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tor field is timelike everywhere, and it explicitly breaks
the boost sector of Lorentz symmetry, which has been
studied extensively in the literature (see, for instance,
[18]). In particular, acther models present themselves as
phenomenological probes to test for the presence of
Lorentz symmetry breaking (LSB) in astrophysical ob-
jects and cosmology. Aether models are nothing but vec-
tor inputs to the Lagrangian density of a system having a
nonvanishing vacuum expectation. Because of this prop-
erty, the vector field dynamically selects an opted frame
at each point in space-time and automatically breaks the
Lorentz invariance. This is a mechanism that resembles
the breaking of local symmetry in the Higgs mechanism
[19] and serves as a phenomenological representation of
the LSB terms in the gravitation sector of the Standard
Model Extension [20].

The null aether theory (NAT) is one of the new vec-
tor-tensor theories of the modified gravity theory [21]. In
this theory, the dynamical vector field acts as the aether,
and an exact spherically symmetric BH solution with
charge is possible [22]. It was also discussed in [22] that
the NAT fields affect the solar system dynamics when the
Eddington-Robertson-Schiff parameters g and y, which
appear in the perihelion precession and light deflection
expressions, are extracted for the NAT BHs. Further-
more, it was shown that in the post-Newtonian order, al-
though there is no contribution from the NAT field to the
deflection of light rays passing near the BH (as in GR),
the NAT field contributes to the perihelion precession of
planetary orbits. Later remark can play a role on solar
system observations. The physical features (singularity
structure, ADM mass, and thermodynamics) of the NAT
BH are also analyzed in [22]. Moreover, the NAT charge
is able to reduce the horizon thermodynamics to that of
the Reissner-Nordstrom-(A)dS BH of GR and modify the
circular orbits of massive and massless particles around
the BH. To utilize the differential deflection exhibited by
weak lensing, the first weak deflection angle is calcu-
lated. It depends on the mass distribution of the gravita-
tional lensing system. Gibbons and Werner reported that
it is possible to calculate the deflection angle in weak
field limits using the Gauss-Bonnet theorem (GBT) and
optical geometry [23, 24]. In this method, they focus on
the domain outside the trajectory of light. The optical
metric has geodesics, which are spatial light rays, such
that the focusing of light rays is considered as a topolo-
gical effect [25]. At the present time, the GW method has
been applied to various space-time metrics of black holes
and wormholes (see, for example, [26-61] and the refer-
ences therein). We can define the domain surface as
(D, x,g) using the Euler characteristic y and a Riemanni-
an metric g. Thus, the GBT can be formulated as follows
[23]:

Kds d i = 2nv(D), 1
fL +£DK Z+Za/ my(D) (1)

where «; is the exterior angle with the ith vertex, K rep-
resents the Gaussian curvature, and « represents the
geodesics curvature. This method only works for asymp-
totically flat space-times and is expressed as follows [23]:

@:—ffDde. ©)

In this study, our main purpose is to explore the ef-
fects of NAT on gravitational lensing. To this end, we or-
ganize the paper as follows: In Section 2, we briefly re-
view the BH space-time of the NAT. Section 3 is de-
voted to the computation of the deflection angle by NAT
BH using the GBT in a weak field regime and in the
plasma medium. We conclude our results in Section 4.
Natural units are used throughout this paper: A=c=1.

2 NAT BH space-time

The line element of the asymptotically flat NAT BH
is expressed as [22]

d 2
ds? = —h(r)di® + Tr) +r7d6” + Psin’ 0dg®,  (3)
r

where
2a1by  2a3by 2/
b 3 l_rl_‘*'q_ﬁ_T (forq;tO),
n= o O
1-— (for g =0),

r

where a,, az, i, and m are integration constants and

q= /9+80—1,
€23

1 1
b = §[C3 =3cr+enql, by = §[63 =3cy—cnql,  (5)

in which ¢y, ¢, ¢3, and c¢p3 = ¢ +¢3 are dimensionless
constant parameters. Furthermore, the constants /m and m
are the mass parameters of the solutions.

As is evident from Eq. (4), in the case ¢ = 0, the met-
ric is nothing but the well-known Schwarzschild space-
time, which is asymptotically flat. However, in the case
g # 0, to achieve asymptotically flat boundary conditions,
one should consider the following cases separately (by
definition, g > 0 [22]):

forO0<g<1
(ifa; #0and a; # 0) or (if a; =0 or by =0),
/’l(l") Irﬁoo: 1
forO<gq
(if ay =0orb; =0).
(6)

In this study, we shall consider the case of a, =0.
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Thus, the metric function A(r) and the scalar acther field
¢(r) take the following forms:

2a2b1 2m

_ i

h(r)=1- TR (7
¢ = on (3)

The location of the event horizon ry is given by h(rp) = 0
and the area of the event horizon is A =4nr]. Setting
a; = GQrg’_l)/ 2, where O is the NAT "charge," Egs. (7)
and (8) become

2G20% -1 2
h(r):l—#(m) -, ©)
r r r

G (g-1)/2
o) ="2 ()" (10)
At the location ry, we have
22
Wy =1- 222012, (1)
o 4]
G
¢(ro)=—Q. (12)
ro

It is worth noting that the horizon condition (11) is inde-
pendent of the parameter ¢. In addition, the scalar aether
field ¢(r) resembles the electric potential at r = ry.

Using the asymptotically flat solutions of the NAT
black hole given in [22], taking ¢ = 1, the metric function
and scalar aether field are expressed as

2a’b 7

By =1- 20021 (13)
& r

o) = 5. (14)

The deflection angle of photon can be calculated us-
ing the following formula (ry is the distance of closest ap-
proach) [62]:

0 1
&(ro) = —7r+2f dr— (15)
T rzfgro) —h(}")

However, in most cases, it is not easy to solve this integ-
ral. For example, in the case of 2 < 1, the deflection
angle is found to be too small, Wthh is known as weak
lensing. Moreover, & grows as ry approaches the photo-
sphere until it diverges and converts into strong lensing.

3 Calculation of weak deflection angle of
NAT BH

3.1 Weak deflection angle and GBT

In this section, we calculate the weak deflection angle
of NAT BH using the GBT. First, for simplicity, we as-
sume that 6 =n/2 for the equatorial plane and use the
space-time metric given in Eq. (13) to write the optical

metric as follows:

d 2 2
i = d + r d¢*.  (16)

1_2a§b1 2 : I_Za%bl 2
r2 r r r
Next, we calculate the Gaussian curvature of the optical
NAT BH space-time:

R m bl (2?71—)’)&12

K=—~-2—+6 17
2 r3 r a7

Here, using the above Gaussian curvature of the optical
NAT BH space-time in the GBT, we obtain the deflec-
tion angle. The GBT provides the relation between the in-
trinsic geometry of space-time and the topology of the re-
gion Dy in M, with the boundary dDg = y; UC [23]:

deS +9§Kdl+26, 2my(Dp). (18)

0Dy

Note that x = g(V;7¥,¥)represents the geodesic curvature,
where 2(7,¥)=1 and ¥ is the unit acceleration vector,
and ¢ corresponds to the exterior angle at the i vertex.
As r— oo, both jump angles reduce to x/2, and it is
found that 6y +6s — n. Because Dy is not singular, the
Euler characteristic is y(Dg) = 1. Hence, the GBT is ex-

pressed as
fdeS+SEKdr+9 = 2my(Dg), (19)

0Dy

in which y; is a geodesic and 6; =n denotes the total
jump angle. Therefore, we have «(y;) = 0. After recalling
the Euler characteristic number, which is y =1, we find
that the remaining part yields «(Cg) = V¢, Cgl| as r — oo.
The radial component of the geodesic curvature is calcu-
lated as follows:

RN . . . 0\2
(Ve,Cr) = Ch0,Cr+T0,(Ch) (20)
At very large R, Cg := r(¢) = r = const, and we have
) 1
(Ve,Cr) = —=. 1)

,
It is noted that the geodesic curvature does not depend on
topological defects, x(Cg) — r~!. Thereafter, from the op-
tical space-time metric (16), one can see that dr=rde;
thus,

k(Cr)dt = d . (22)

Using the above results, the GBT equation reduces to the
following form:

T+
fdes +56Kdtr2” fdeS+fd¢p. (23)
Dy Cy S 0

In the weak deflection limit, one may assume that the
light ray is expressed as r(f) = u/sing at the zeroth order.
Thereafter, we use the straight line approximation [23]
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r =u/sing, where u is the impact parameter, and Eq. (2)

becomes
T 00
&z—ff Kds, (24)
0 v

where dS = rdrd¢. Note that we ignore the higher order
terms. Hence, Eqgs. (17) and (24) are simplified to the fol-
lowing expression for the deflection angle of the NAT
BH in the second order owing to weak lensing:

a12b1 T

a=3/2 +4%, (25)

02
where the deflection angle is in full agreement with Eq.
(115) in the paper [22]. Here, one realizes that depending
on the sign of the aether field parameter b;, the light de-
flection can be more or less than the GR value expressed
by the first term in Eq. (25). For b; <0, the aether field
decreases the light deflection angle relative to the
Schwarzschild case in GR. This is similar to the effect of
charge in the Reissner-Nordstrém solution [63, 64] for
the weak-field limits. Thus, in the presence of the b; >0
NAT parameter, the acther increases the deflection angle,
and the deflection angle reduces to that in the case of the
Schwarzschild BH when b; = 0. The deflection angle in
the leading order terms is seen to be in agreement with
[22].

3.2 Weak deflection angle of NAT BH in plasma medi-

um

To consider the effects of plasma [38], in this subsec-
tion we shall examine the case in which light travels from
vacuum to a hot, ionized gas medium. Let v be the velo-
city of light through the plasma. Then, the refractive in-
dex n(r) is expressed as follows:

c 1
=-= e=1}L 2
n(r) =~ ad {ve=1} (26)
Thus, we obtain the refractive index n(r) for a NAT BH:
[38]
2 2a%b; 27
n(r):\/l—w—;(l—#——m), 27)
Weo & r

where w, and w., are the electron plasma and photon fre-
quencies measured by an observer at infinity, respect-
ively. The line element (13) can be rewritten as

do? =gP'dx'dx/

2 2
n=(r) dr 2.0
= @b 2n b 2m +rodg”|. (28)
| 2abi 2w | 2aibi 2
r2 r r2 r

The optical Gaussian curvature can then be expressed as

PO L

4 m
3 . +(—6r +12r_5

3
m

er)wez)alzbl. (29)

On the other hand, it follows from Eq. (28) that

+(—10 ! +52

Weo21* Weo

1/2
dor| | w? | 2a2b1 2 r

dole, wZ r? r)l1-2ab _2m )

(30)
and we have
do

li — =1. 31
R 8 de|c, G

For the limit R — oo and using the straight light approx-
imation r = u/sinp, the GBT is then expressed as [38]

T+ d T R
lim [ —G} dgo:n—limff?(dS. (32)
0 Ce R— ) ﬁ

R— Ke d(’p
Consequently, the deflection angle yields
) = 2 2 2
mw, m  Sa;"biw. m 3abirm
4— , 33

UWe? T 212 Weo? M) (33)
where the photon rays are moving in a medium of homo-
geneous plasma. Note that in the absence of plasma
(we =0) or (w,/ws — 0), this deflection angle reduces to
the vacuum case calculated in Eq. (25). It is clear that for
the photons propagating in a homogeneous plasma for the
case of frequency w,/we =6x1073 [65], the deflection
angle increases. However, the effect of the plasma medi-
um cannot be detected easily owing to its small value in
near-future observations.

A

a=~6

4 Conclusions

In this study, we have examined the weak gravitation-
al lensing of NAT BH, which is a solution of the new
vector-tensor theory. After integrating the deflection
angle integral (24), analytically, we have illustrated that if
r@o < 1, the deflection angle becomes too small. The lat-
ter remark is an evidence of weak lensing. Remarkably, &
increases as ry approaches the photosphere until it di-
verges to produce strong lensing. The aether field para-
meter b; modifies the gravitational lensing in such a way
that when b; < 0, the aether field decreases the light de-
flection angle relative to the Schwarzschild BH of GR.
This result is analogous to the effect of charge in the Re-
issner-Nordstrom BH [63, 64] in the weak-field limit. On
the other hand, the positive NAT parameter increases the
deflection angle, which reduces to the case of the
Schwarzschild BH when b; = 0. Further, in the existence
of plasma (w, = 0), the photons propagate in a homogen-
eous plasma for the case of frequency w,/we =6x 1073
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[65-71], and the deflection angle increases. However, it
seems that the effect of the plasma medium will not be
detected in the near future owing to its infinitesimal value
[72].

In future work, we plan to study our topological
framework on the gravitational lensing of rotating NAT
BHs, which can be obtained using the Newman-Janis al-

gorithm [73], similar to the Kerr and/or BTZ algorithms,
which are accepted as more realistic BH geometries.
Spraying the particles from their ergosphere affects the
moving photons around the rotating BH's photon sphere.
Therefore, it will be interesting to analyze the deflection
angle of the rotating NAT BH. We believe that the res-
ults to be obtained will shed light on future observations.
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