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Abstract: In this study, the mathematical expression formulated by Bohr for the moment of inertia of even-even nuc-

lei based on the hydrodynamical model is modified. The modification pertains to the kinetic energy of the surface os-

cillations, including the second and third terms of the R-expansion as well as the first term, which had already been

modified by Bohr. Therefore, this work can be considered a continuation and support of Bohr's hydrodynamic model.

The procedure yields a Bohr formula to be multiplied by a factor that depends on the deformation parameter. Bohr's

(modified) formula is examined by applying it on axially symmetric even-even nuclei with atomic masses ranging

between 150 and 190 as well as on some triaxial symmetry nuclei. In this paper, the modification of Bohr's formula is

discussed, including information about the stability of this modification and the second and third terms of the R-ex-

pansion in Bohr's formula. The results of the calculation are compared with the experimental data and Bohr's results

recorded earlier. The results obtained are in good agreement with experimental data, with a ratio of approximately

0.7, and are better than those of the unmodified ones.
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1 Introduction

The problem of calculating the moment of inertia
(MOI) of even-even nuclei has received considerable at-
tention since the 1950s [1-3]. The hydrodynamical model,
first introduced by Bohr [4], considered the nucleus as a
droplet of incompressible irrotational fluid. As a con-
sequence, the collective motion of the nucleus was pic-
tured as a quadrupole of classical oscillations similar to
those of the liquid droplet discussed in detail by Rayleigh
[5]. This description of Bohr led to a simple relationship
between the moment of inertia J and the deformation
parameter 3, J = 3B3*, where B is the inertial parameter.
This relationship is referred to as Bohr's formula. In the
particular case of small oscillations and, hence, R(6,¢),
the radial coordinate of the surface at the polar coordin-
ates (0,¢) can be approximated as Ry, i.e., the radius of
the spherical shape of the liquid drop at esquilibrium.

Rayleigh's calculations indicated that B = pTO. The val-
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ues of the MOI calculated using Bohr's formula with the
values of B derived by Rayleigh are five times smaller
than those obtained experimentally. Furthermore, one
cannot explain the MOI of deformed nuclei by consider-
ing the extreme case of a rigid deformed shape [6].

An alternative approach used to describe the MOI of
deformed nuclei was based on the cranking model intro-
duced by Inglis [7]. In this model, the kinetic energy of
rotation is obtained by considering the motion of the nuc-
leons in the rotating self-consistent field. In contrast to
the hydrodynamical model, the resultant values for the
cranking model are found to be 2-3 times larger than
those for the experimental ones. Therefore, both models-
Bohr's hydrodynamical model and Inglis's cranking mod-
el-have been modified by several authors [2, 8-14]. Re-
cently, a valuable thorough quantitative comparison of
predictions for both form factor and moment of inertia
obtained using four different models (Hartree-Fock,
cranking model, rigid rotator, and irrotational fluid flow)
for the rare earth nuclei ’*Sm, ’°Gd, %Dy, 100168y
and '"*Yb was proposed in [9]. The authors of [9] exten-
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ded their work to observe the electromagnetic form
factors for some Hf isotopes of odd masses [15].

In this study, we assumed that Rayleigh's approach
within the approximation of R to Ry is the reason for the
poor agreement of Bohr's results. Accordingly, we expan-
ded R about R, and worked out the second and third
terms of this expansion in addition to the first one, which
has already been discussed by Rayleigh. The obtained
equation, which is referred to as the modified form of Bo-
hr's relationship, is verified on axially symmetric nuclei
of atomic mass ranging between 150 and 190 as well as
on a number of triaxially symmetric nuclei. The results of
both the modified and original formulas of Bohr are com-
pared with the experimental data presented in Table 1 as
well as with the numerical values proposed in [9], as
presented in Table 2. It is found that, even though the
agreement with experimental data as well as with numer-
ical ones is not so good, the enhancements in the results
are remarkable-the ratios of the modified Bohr results
(current work) to the experimental results are approxim-
ately 0.6 to sometimes 0.7 instead of 0.2 in the case of
Bohr's original work.

2 Formalism

The surface of the nucleus that is represented in polar
coordinates by R(0,¢) can be expanded in spherical har-
monics as follows [1]

R@@ﬂ%nipmw@ﬁ, (1
U

where Ry is the radius of the spherical nucleus (i.e., when
all a), have vanished). Because of the reality of R,
aj‘lﬂ = (-1)a,—, and because R is rotationally invariant,

Q= ZD;EV(G/')G/}V, where Dﬁv(ej) is the transformation

(V[ Y2u(0.0)]-

operator, «,, and a;, are the deformation parameters in
space-fixed [16] and body-fixed coordinates, respect-
ively, and 6; are the Euler angles connecting the space-
fixed and rotated frames (where j=1,2,3) [17,18]. The
functions Y, are spherical harmonics of the order A, 4.

If we consider only the quadratic deformation of or-
der 2 (i.e., 1=2) and choose the rotating coordinates to
coincide with the principal coordinates, then one can eas-
lly Verify that ap; = a-1=0, ap=ay_»#0, and ayy #0
(we will drop the index 2 =2 from the deformation para-
meters henceforth). Therefore, we are now left with only
two parameters ap and a, to describe the shape of the
nucleus and three Euler angles to specify the orientation
of the principal axes of the nucleus. Sometimes, it is more
convenient to use B and y instead of ap and a, with the

definition ag=8-cos(y) and a, = £~sin(y), referred to
as the Bohr notation [19].

3 Hydrodynamical model

The hydrodynamical model assumes the irrotational
flow (¥ x v(r) = 0) and the incompressibility V- v(r) =0 of
the nuclear matter [20]. Hence, the velocity of the volume
element dr can be derived from the scalar potential
x(r) as v(r) = Vy(r). Therefore, ,\((r) is the general solu-
tion of the Laplace equation V2y(r)=0 [6,17]: x(r)=

ZggﬂrZYzﬂ(H, @) = 3 Zc‘y;ﬂrzYzﬂ(H, ¢), where & is a para-
Iz . H . .
meter that is related to & (the time derivative of a)

R
through the relation & = ﬁa* If the oscillations are as-

sumed to be small, then R can be approximated as Ry and

1 .
&, becomes ~ ;. Therefore, the kinetic energy of the en-
tire liquid drop with constant density pg is

V| Y2 0.9)|)

. 0Y2, Yoy 5 Y2, Yoy R(0.0) )
gpogcmaﬂ dQ{[4Y2uY2/1’+ 90 o0 sc“0 (9(]5 [j¢ L ~dr
1 R(6,0) .
gpoza; Q{I:(“'_/J,u’) Y2/1Y2/1’ _L+Y2ﬂL7Y2ﬂ,]fOV r dr}’ (2)
g

. .. 0 1 : .
where we have used the identities 50" E(L+e"¢—L_e“¢)
1 . . ..
and i cotQ% = §(L+e_‘¢ +L_e"?) [21] to obtain line 3

from line 2. The integration over r in Eq. (2) can be ex-

panded as

5
R(6,0) RS R
44._ % _ 70 *
l; Fdr = 5-5[1+2;%J@A&¢ﬁ
RS
[?0 N Y20+2R(5)Za:‘rafr,YggY2¢r+...). 3)
o oo’

114107-2



Chinese Physics C  Vol. 44, No. 11 (2020) 114107

3.1 Rayleigh's and Bohr's original work

As the oscillations are assumed to be small, R(6,¢),
the upper limit of the integral in Eq. (3) can be approx-

imated as Ry, and the integral results in —, which is the

first term in the expansion of Eq. (3). The integration in
Eq. (2) along with only the first term of Eq. (3) was car-
ried out by Rayleigh. He obtained

1 .2
T= zB;laﬂl i %)

5
where B is the inertial parameter expressed as B = pO—RO.
Eq. (4) describes the kinetic energy of the surface os-
cillations of a classical liquid droplet in space-fixed co-
ordinates. According to Bohr, for deformed nuclei, the
collective motions should be of vibrational and rotational
modes. To distinguish between these two modes, Bohr re-
wrote Eq. (4) in terms of ap, a,, and the three Euler
angles. For this purpose, we use (c‘y/lﬂ = EvDﬁvézAﬁ

Dia /w)- Therefore,

1
_ 2% 12 2% 152
T ‘EBZZ D%LDY iy + DD ayal
noow
vibration rotation
2% 2 2 12
DﬂvDﬂya a, DﬂyDﬂva ay |. &)

Cross terms

The three terms in Eq. (5) represent the vibrational,
rotational, and cross terms, respectively, where the cross-
terms should vanish according to the properties of the
transformation matrix [1,16]. Further, the time derivative
of rotational transition in the second term of Eq. (5) is ex-

pressed as [22]

m'k
where k = 1,2,3 represent the body-fixed axes. By substi-
tuting Eq. (6) into Eq. (5) and considering only the rota-
tional part, we obtain

Tr(,[:%BZZ( > D DR, miL2Y’

uowW Smam' kk

</lm |LilAmywy, (6)

@' |Lp 12VYa,ay wrwy ) 7
Using the unitary property of the transformation mat-

rix [23] D (ie., Zpﬂ* D!

um™~ um’

= 6mm )> EQ. (7) can be re-

written as

Trot = BZZ<2V|L2|2V Yy w _—Zskw 8)

where k =k’ because v and v should be even. Further,

this leads to an MOI along the axis k:
I = B Y VL vasay. ©9)

We refer to this relationship as the original form of Bohr's
formula.
Till now, we he;ve briefly presented the well-known

Bohr results, with?0 being the first term of the radial dis-

tribution in Eq. (3). The full algebraic details can be ac-
cessed from the works of Preston [16], Eisenberg [17],
and Pal [21]. Further, JBohr, gBohr "and gBohr (that is the
MOI along each of the three body-fixed axes) can be sim-
plified using the identities of Ladder operators [24,25] as
follows:

gher =B " v/ |13 2v)avay

w

1 ,
=18 ;(Zv L2 +12 +2L,L_2V)aya,

:B(Z V6aga, + 2a§ + 3a(2)) . (10)
Similarly,
5]230hr _ B(—2 \/anaz + Za% + 361(2)) . (11)
g = B> (L3 2v)aya, = 8Bal. (12)
v
In general,
gBohr — 4BB2 sin ( 273rk). (13)

For the special case of axially symmetric nuclei
(y=0) and 35 =0

SBohr SBohr 3Bﬂ S?}?ohr =0. (14)

However, the values of the MOI calculated using Eq.
(13) are nearly five times smaller than those measured by
the empirical fitting of the first few low-lying levels. We
estimate that this poor agreement can be attributed to the
assumption that the oscillations are small, to the extent
that R has been approximated as Ry at several places in
Rayleigh's work, in which this assumption is verified by
considering the second and third terms in Eq. (3). The
second term of the integration in Eq. (2) will be dis-
cussed in Subsection 3.2. The third term will be dis-
cussed in Subsection 3.3.

3.2 First-order modification of MOI

Let us denote the integration in Eq. (2) with the
second term in Eq. (3) as 7”; thus,

:—pOR Z ,Za;fdg

X {[(4— VYo Yo = Lo YouL You | Yo} (15)
In Eq. (15), using the property @}, = (-1} @, of the
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deformation parameter, and because ¢, and &, represent

two arbitrary components for the velocity at a given point

on the surface of the nucleus, the expression
@, @, = Zc‘y; (=1 @, should be zero unless u = —u’'

M e

(orthogonal property of «). This result can be written

mathematically as

i = > @ (=1 by (16)
e

e

Substituting this result in Eq. (15), we obtain

T :ngRSZaﬂ (=1 by e Y
e o

f dQ{[d— VYo You — L YouL Yo | Yo} (17)

Using the identity L, =(A+u)(A+u+1))Yy,4. and
replacing each ¢ by —u in Eq. (17) indicates that the
summation over y’ is removed and Eq. (17) becomes

;1 . .
r :gpokégiaﬂf;%
fdﬂ{

~Q2-w)B+w) Yo (=DF Y2,—(y+1):|Y0'}- (18)
e

24041

A+uH) Yoy (-1 Yoy,
N ——

As the subscript index p+ 1 in the second part in Eq.
(18) is a dummy variable, it can be replaced by u without
any change in the value of the integration. This leads to

’ 1 . * *
T :ngR(S);|aﬂ|2;a’0’(10+#)fdQYZO'YZﬂYZM

=CBY || e (220u1210), (19)
o

5 1 .
A / E<2200|20> and B = E,ooRg. To obtain the
second line of Eq. (19) from the first, we use the identity
QA +1)2A+1)
dQY, Y1, Y, =4——————————
f A L opn 4 \/ 47.[(2/13_’_1)
(A1 dopt1 2| A3 3 )21 4200]230).

5
here C = =
where >

(20)
Therefore, we get
, R s
T =CBZ|%| @ (220u2u), (21)
u
5[5 1
where C == /-—(2200]20) and B= spoR;. In body-
2 V4rn 2

fixed coordinates, the rotational kinetic energy part of Eq.
(19) can be written as

Tho =CB Y > DivD%, Dy ap(220u/2u1)

u wo

=CBY. > DlnD2, D3 (220u2u)-

wo kmkm u

=(22m’ o2m)
@mlLy|2v)" 2m|Lg 12V )ayay agwrwie, (22)
where k' = k, as v and v’ can only be even. Using this

condition together with the identity ZDﬁileﬁzyzDﬁivx

(A Dot ol A3pz) = (A1 A2V v2|A3v3) [24,26], we obtain
Trot' =2CBZ Z<22m0|2m><2v|Lk|2m>

v km

X 2m' |Li|2vYa,a,, aowk =5 Z Skwk, (23)

where J; in the last line of Eq. (23) is referred to as the
first-order modification in the value of the moment of in-
ertia along the body-fixed axes &, and it can be defined as

91 = 2CBZ Z<22m0|2m><2v'|L,§|2v>avay,a0. 24)

To extract 37, 3/, and 3} from Eq. (24), it should be

noted first that the allowed choices of v,v,m are

v=0,2,-2,v =v,vy+2, and m = v,v £ 1, respectively. The

first correction in MOI corresponding to k=1 can be ob-
tained as

1 =2CB )" > (22m02m)(2v'IL}12v)avay ag

w. o m

1
=1 % 2CBZ Z(22m0|2m)
2% m

V(L3 + L2 + 2L, L) 2v)ayay ag

2
=2CB \/;{251%610 - 3a(3) - \/gaga(z)} .
Similarly,

2
3, =2CB \/;{2(1051% - 3a(3) - \/Eaza(z)} ,

94 =2CB Z<22vo|2v><2v|L§|2v>aoa3

(25)

(26)

—2CBZ<22VO|2V><2V|2V>V a;, o

=2CB{ \/g(Z)Zaoag— \/g(O)za%ao + \/7 (2)%a _zao}
=16 \/7CBa0a2

In the case of axial symmetry, we have y =0, a; =0,
and ag =, and the values of 37,3/, and J/ are as follows:

27
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9, =9, = 6\/§CB,B I, =0 (28)

3.3 Second-order modification of MOI

Similarly, Eq. (2) with the third term 2RJZqq X
a. Y2, Ys of radial integration, which is denoted by 7,
can be written as

——poR Za ,Zw;wj;

x [ a0{[( ¥y - LoV LYoy VoY
=%B;|@ﬂlzglwclz

x [0 a1 Vo b 178, .

(29)

1 . . . .
where B= —poR) is the inertial parameter, which was

mentioned in Section 3. Each pair Y,,Y>_, and Y,,Y>_, in
the second line of Eq. (27) can be coupled using the iden-
tity [25-27]

’2]'1 +1
leml szmz = T

4 .. . )
x; 3747 Vit jzmumaljm)j1120010).

2j2+1

Therefore, the integration in Eq. (29) becomes
A1) Voo Vs (1 VoY) = 22 (~ 17
ol2,-0 L2, —p 4
1 ) . .
Z2.—<22/1—u|10><2200|10><22cr—0|10>. (30)
i j+1

If we use the identity
Z(}l j2m1 m2><j1 .]2m,1 m,2> = 6m,m; 6mzm; s

jm
one can easily verify that the summation over j in Eq.
(30) is unity. Substituting this result into Eq. (29), we ob-

tain
] 2
&% 5BZ|aﬂ| Yot (10

As u runs from -2 to 2, the summation over u should
be zero. Finally, 7" can be simplified as

BZ|aﬂ| Z|oz(,|2 20, 31)

In body-fixed coordinates, the rotational part of the

quantity Z |(;'x,,|2 has been treated in detail in Subsection
u

2.1, and the result is Z(Zv’ |Lk|2v)avav/w,%, from which it
wk

can be easily verified that Z lag* = B%. Therefore,

250
T/ = BZ(Q.V Ll 2v)ery @y 07

vwk
1 7
=§ZS w?, (32)
k

where the quantities J,” are referred to as the second
modification to MOI; they can be obtained as

I = 125,8 BZ(ZV ILel 2v)ay @y, (33)
wk
.
or
9" = IZEﬂZSEOh‘. (34)
T

The values of S,‘f“’hr are already known and the
second-order modification of MOI can be obtained by

multiplying IP"" by a factor of . ﬁz For the special

case of axial symmetry,

SI//: // 750ﬁ4 S //: (35)

4 Results and discussion

The total MOI including the first and second correc-
tions can be obtained for the special case of axially de-
formed nuclei as follows:

Total _ ¢yBohr ’ ’”
3,00 =8+ 9, + Ty

=3BB> - 6CB \/§ﬁ3 + @Bﬁ“
SBohr[ ZC\/iﬁ 250 ] (36)

which is simply SB"‘" multiplied by the modification
2 2
factor (1 -2C \/;ﬁ ﬂ[ﬁ

A comparison of the ca)culated results and experi-
mental data of MOI for the even-even axially deformed
nuclei is presented in Table 1. The first column of the ta-
ble denotes the nucleus, whereas the second column rep-
resents the B deformation coefficients, which are extrac-
ted from the associated electric quadrupole transitions
[22]. The third column presents the experimental values
of MOI, which are deduced from the experimental en-
ergy spacing of the ground-state rotational bands [22].
The fourth, fifth, and sixth columns represent the calcu-
lated values using Egs. (14), (21), and (30) to determine
Bohr's (Sf"h‘) first- (3”) and second- (3””) order modific-
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ations to the MOI, respectively. The seventh column
presents the total MOI value obtained from Eq. (36), as
glowl = gBohr + 3/ + 3, All values of the MOI, Iy, in
Table 1 are presented in units of I, = Byig(1+0.315),
where Byig = 0.01384%31%/MeV and 3., is the MOI for a
rigid body having the same volume, shape, and density of
the nucleus. One can see from Table 1 that there is a large
enhancement in the calculated values of J[°%. It is equal
to 0.6 in the case of the experimental ones instead of 0.2
in the case of the unmodified ones. It is remarkable to
note that the second modification (J") to the MOI con-

Table 1. Comparison of calculated results 3@ with experimental data JE*P- [22] and Sg

fications of MOI for even-even axially deformed nuclei.

tributes 224 times more than the Bohr value (38°"). On
the other hand, the first modification (3”) is quite negli-
gible. These phenomena are depicted clearly in Fig. 1a)
and b); Fig la) depicts only the contribution of the first
modification.

In order to illustrate the effects of the first and second
corrections separately on Bohr's results, we draw a curve
only for the first correction plus the values of Bohr and
another curve for Bohr's values plus only the second cor-
rection (the orange curves in Fig. la) and b)); as func-
tions of the deformation parameter 3.

ohr

’ ” .
varo.model 35 well as values of first 3’ and second J” modi-

Nuclei ﬂ §yexp. SBohr RY R ngal
1529 0.290 0.380 0.069 0.018 0.116 0.203
154G 0.336 0.551 0.092 0.028 0.206 0.325
15454 0.280 0.373 0.065 0.016 0.101 0.182
156Gq 0.320 0.498 0.083 0.024 0.170 0.277
1584 0.346 0.547 0.097 0.030 0.231 0.358
160Gq 0.354 0.561 0.032 0.252 0.385
160Dy 0.301 0.490 0.074 0.020 0.134 0.228
162py 0.320 0.512 0.083 0.024 0.170 0.277
164y 0.334 0.558 0.090 0.027 0.201 0.319
164, 0.306 0.456 0.077 0.021 0.143 0.240
1665, 0.323 0.496 0.085 0.025 0.176 0.286
1685, 0.320 0.496 0.083 0.024 0.170 0.277
1705, 0.310 0.484 0.078 0.022 0.150 0.250
170y 0.304 0.455 0.076 0.021 0.139 0.235
172y 0.311 0.477 0.079 0.022 0.152 0.253
174y 0.308 0.475 0.078 0.022 0.146 0.245
176y, 0.301 0.445 0.074 0.020 0.134 0.228
176 ¢ 0.300 0.410 0.074 0.020 0.132 0.226
178 4¢ 0.310 0.380 0.078 0.022 0.150 0.250
180g¢ 0.270 0.380 0.060 0.015 0.087 0.162
182y 0.280 0.340 0.065 0.016 0.101 0.182
184vy 0.250 0.310 0.052 0.012 0.065 0.128
186y 0.259 0.272 0.056 0.013 0.074 0.143
186y 0.201 0.247 0.034 0.006 0.027 0.068
188y 0.191 0.214 0.005 0.022 0.059
1900 0.180 0.180 0.027 0.004 0.018 0.050
19209 0.160 0.160 0.022 0.003 0.011 0.036
194p¢ 0.152 0.097 0.020 0.003 0.009 0.032
196 p¢ 0.122 0.089 0.013 0.001 0.004 0.018
198Pt 0.130 0.076 0.015 0.002 0.005 0.021

Continued on next page
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Table 1-continued from previous page

Nuclei B Syexp. §yBohr RY R §yTotal
222Ra 0.184 0.223 0.029 0.005 0.019 0.053
224Ra 0.171 0.291 0.025 0.004 0.014 0.043
226Ra 0.197 0.351 0.033 0.006 0.025 0.064
228Ra 0.212 0.400 0.038 0.007 0.034 0.079
226TH 0.220 0.330 0.041 0.008 0.039 0.088
228 0.225 0.403 0.042 0.009 0.043 0.094
230 0.233 0.433 0.045 0.010 0.049 0.104
232 0.243 0.450 0.049 0.011 0.058 0.118
234Th 0.233 0.467 0.045 0.010 0.049 0.104
230y 0.245 0.443 0.050 0.011 0.060 0.121
232y 0.257 0.470 0.055 0.013 0.072 0.139
234y 0.251 0.516 0.052 0.012 0.066 0.130
236y 0.263 0.485 0.057 0.014 0.079 0.150
238y 0.268 0.480 0.059 0.014 0.085 0.159
238py 0.271 0.493 0.061 0.015 0.089 0.164
240py 0.278 0.488 0.068 0.018 0.111 0.196

*All values of the moment of inertia are in terms of rigid body moment of inertia B.ig where Sr;g = (1+0.318)Byig and Byig = 0.013845/3 Mh—;,

0.8 0.8
a) b)
® Exp. data B Exp. data
Bohr Bohr
08 Bohr + 1st Correction .- 0.5 = Bohr + 2nd Carrection
L |
L L n |
k= [} o m 2
7] 2
Q 0.4 ~._ 0.4
2 2
0.2 0.2
L B -
0 0 1 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.1 0.15 0.2 0.25 0.3 0.35 0.4
B B

Fig. 1.
Bohr + second modifications.

The graph includes curves for the original formula of
Bohr and the experimental results for comparison. It is
clear from this figure that for all 8<0.15, the effects of
both of them are small enough to be neglected. As
B>0.15 the contribution of the second correction in-
creases more rapidly than that of the first one and it be-
comes greater than the zeroth order when g =0.3. This
means that for nuclei with large deformation parameters,
the assumption of small oscillations suggested by
Rayleigh is not adequate. That means the first term is not

(color online) Variation of J/3,, with respect to deformation parameter g for axially deformed nuclei: a) Bohr + first and b)

enough to represent the situation of the nucleus.

A comparison of the results obtained using the modi-
fied form of Bohr's relationship (the current work
gCure), Eq. (34), and the results of Bohr's original rela-
tionship, Eq. (14), with the numerical calculations
(gNum) presented by Berdichevsky et al. [9] as well as
experimental data for a few nuclei are listed in Table 2.
The numerical values were calculated based on the crank-
ing model with the Sk-3 field.

Two features can be noted from Table 2:
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Table 2. Comparison of values of J for some rare-earth even-even axially deformed nuclei (all values of I in units #2/MeV).

Nuclei B122] JExp. gy Num. syBohr syCurr.
154Sm 0.336 36.59 24.54 6.20 2191
1%6Gd 0.320 3373 31.11 5.69 19.20
158Gd 0.346 33.73 29.88 7.84 25.26
1Dy 0.334 40.88 30.27 6.73 23.87
166y 0.323 37.22 28.69 8.47 21.77
168y 0.320 28.12 28.12 6.4 21.49
174yb 0.308 39.22 3113 7.13 20.09

i) In general, the results of the modified form of
Bohr's relationship are much closer to the numerical res-
ults than of the original ones for all nuclei in question.

ii) The results of this work for the nuclei '*Sm and
158Gd are close to the numerical ones (the ratio of the dif-
ference is nearly 8% for '3*Sm and 16% for '38Gd,
whereas it becomes large for the remaining nuclei).
However, there are significant enhancements owing to
the modification factor.

The ratio J/3, with respect to S deformation for
axially even-even deformed nuclei are illustrated in Fig. 2.

The filled squares denote the experimental data,
whereas the red line represents the 3B°"" values, which lie
quite far from the experimental data [22]. Our results for
Bohr + first modification and Bohr + second modifica-
tion are represented with the blue line, which shifts to-
wards the experimental data drastically. The shifting in-
creases rapidly with an increase in 8, mainly owing to the
second modification to the MOL

0.8
€ Exp.data Bohr + Total Correction
Bohr
0.6
. L 204
o [ L 0* ?‘
2 L
L 04 *e *
&2
0.2
0 ]
0.1 0.15 0.2 0.25 0.3 0.35 0.4
p
Fig. 2. (color online) Variation of J/3,;, with respect to de-

formation parameter g for axially deformed nuclei. Bohr +
first + second modifications.

For an average value of 8=0.27 in the listed axially
deformed nuclei, the Bohr estimates are only 18% of the
experimental value, whereas the Bohr estimates with the
first modification improve by 4%-5%, reaching 22%-23%
of the experimental value. As soon as we include the
second modification to this, the MOI values improve to
beyond 53% of the experimental value. In mathematics,
this occurs because of the symmetry properties of spher-
ical harmonics. One can notice even number of ¥, oper-
ators involved in the Bohr estimates and the second modi-
fication, whereas an odd number of Y,, operators are in-
volved in the first modification. Physically, it supports
the large amplitude of vibrations at the nuclear surface for
deformed rotating even-even nuclei. Further improve-
ments have been predicted when a similar exercise is car-
ried out for the next higher order terms, particularly with
the next-to-next term having an even number of Y, oper-
ators involved, which is going to be very complicated in
nature and is in progress. Furthermore, we can obtain the
total MOI in three coordinates for triaxial nuclei, as fol-
lows:

S"]Fotal :slISOhr + 5/1 + Sl//
2 2 2
=4B@sin[y- Z|{1+2C \/jﬁcosy + 205
3 7 4
2
—2CB\/;ﬁ3cosy(3 \/gﬁsiny+6cosy), 37
Sgota] :Sgohr + 5/2 + 52//
4 2 2
=4B@sin[y- = |{1+2C \/jﬁcosy + 205
3 7 4n
2
-2CB \/;33 cosy(—3 \/gﬂsiny+6cosy), (38)

S”3l“otal :5]330hr + 5; + 53//
2 250
=4BB*sin’(y) {1 +2C \/;ﬁcosy + Eﬁz} , (39

where we have used Egs. (10), (11), and (12) to calculate

114107-8



Chinese Physics C  Vol. 44, No. 11 (2020) 114107

Table 3. Comparison of calculated results of total MOI with experimental data [28] and Bohr estimates JB°" for triaxial nuclei, respectively.

A B y SIIEXD 5llsohr SlTotal
10Ry 0.283 29.0 22.0 333 9.164
150Nd 0.283 10.4 275 4.96 13.982
156Gd 0.330 7.9 55.0 6.97 23.952
166y 0.346 9.2 42.2 8.65 31.660
168y 0.345 8.4 42.6 8.67 31.666
172y 0.331 4.9 383 7.88 27.281
182y 0.241 10.0 35.9 4.94 11.602
184yy 0.234 113 30.6 4.82 10.955
1860 0.207 20.4 32.4 4.16 8.286
1880 0.193 19.9 265 3.67 6.872
1900 0.184 22.1 24.1 3.44 6.163

A B v Ssxp. SzBohr 5;01&1
10Ry, 0.283 29.0 8.1 0.88 2.540
150N 0.283 10.4 19.8 3.24 9.307
156G 0.330 7.9 21.2 5.05 17.609
166 0.346 9.2 333 5.94 22.096
168y 0.345 8.4 33.6 6.16 22.818
172y 0.331 4.9 37.9 6.46 22.567
182y 0.241 10.0 25.7 3.28 7.852
184yy 0.234 113 24.1 3.03 7.034
1860 0.207 20.4 16.3 1.74 3.587
1880 0.193 19.9 15.1 1.57 3.044
1900 0.184 22.1 11.7 1.32 2.459

A B y Sg:xp SsBohr Sgolal
10Ry 0.283 29.0 3.88 0.783 1.858
150Ng 0.283 10.4 1.96 0.18 0.427
156Gd 0.330 7.9 1.78 0.15 0.440
166 0.346 9.2 2.64 0.25 0.778
168y 0.345 8.4 2.52 0.21 0.656
172y 0.331 4.9 1.39 0.07 0.202
182yy 0.241 10.0 1.64 0.17 0.328
184wy 0.234 113 231 0.21 0.388
1860 0.207 20.4 2.78 0.52 0.873
1880 0.193 19.9 3.45 0.44 0.692
1900 0.184 22.1 4.08 0.50 0.754

the Bohr values of the MOI, represented as calculated using Eqgs. (37), (38), and (39). A comparison

gBohr ggBohr gBohr “respectively. The first modifications to
the MOI are obtained using Egs. (25), (26), and (27), re-
spectively, and Eq. (34) is used for the second-order
modification to the MOI.

The total MOI, Szo‘al, for the triaxial nuclei has been

of the calculated results with the experimental data and
Bohr estimation (SB"hr) is presented in Table 3. All the
experimental values for the moments of inertia J;,J,, 33
along the 1—, 2—, and 3— body axes, respectively, as well
as the deformation parameters (8,y) have been acquired
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from Allmond and Wood [28]. Our calculated results are
clearly in better agreement with the experimental data as
compared to the original Bohr estimation.

5 Conclusion

A detailed theoretical extension to the hydrodynamic-
al model has been presented in view of the contributions
arising from the higher order terms of the radial distribu-
tion. Such calculated MOI values are found to be in bet-
ter agreement than the original model for both axially de-
formed and triaxial nuclei. This highlights the crucial ap-
proximation involved in the irrotational picture of the li-
quid droplet in terms of small amplitude vibrations and
further supports the large amplitude vibrations at the nuc-
lear surface. Such investigations strengthen the irrotation-
al and collective picture of even-even deformed nuclei.
Further improvements to this extension are in progress.

It should be mentioned that the real value of &y

L . . . R .
which is presented in Section 3, is &= =0 This

2Rd2ﬂ'

quantity was approximated by Rayleigh to %d;ﬂ by set-
ting R = Ry. Another modification can be carried out here
by expanding up to R and then treating the higher terms.

In the future, we plan to predict the values of the
parameters of inertia and rigidity within the hydrodynam-
ic model using a simple harmonic potential.

The results obtained are compared with the experi-
mental data as well as with Bohr's results and indicate
good agreement with the experimental data, with ratios
up to approximately 0.6 to sometimes 0.7.

We thank Prof. Ph.N. Usmanov, Prof. Dr. Abdul
Kariem Bin HJ Mohd Arof, and all members of the De-
partment of Science and Engineering for discussions that
were very useful in improving our calculations. We also
thank the MOHE, Fundamental Research Grant Scheme,
FRGS19-039—-0647 as well as OT~F2~2017/2020 by the
Commiittee for the Coordination of the Development of
Science and Technology under the Cabinet of Ministers
of the Republic of Uzbekistan for supporting this re-
search.

References

1 A. Bohr, The coupling of nuclear surface oscillations to the
motion of individual nucleons, Munksgaard, 1952

2 J. Griffin and M. Rich, Physcal Review, 118: 850 (1960)

3 G. Scharff-Goldhaber, C. B. Dover, and A. L. Goodman, Annual
review of nuclear science, 26(1): 239-317 (1976)

4 A. Bohr and B. R. Mottelson, Dan. Mat. Fyz. Medd, 30(1): 1-24
(1955)

5 L. Rayleigh, Proc. R. Soc. London, 29: 71-97 (1879)

6 W. Greiner and J. A. Maruhn, Nuclear Models, Springer, 1996

7 D. Inglis, Physcal Review, 103(6): 1786-1795 (1956)

8 S. Beliaev, Nucllear Physics, 24(2): 322-325 (1961)

9 D. Berdichevsky, P. Sarriguren, E. M. de Guerra et al., Physical
Review C, 38(1): 338-358 (1988)

10 S. M. Harris, American Journal of Physics, 45(3): 373-375 (1977)

11 S. Hayakawa and T. A. Marumori, Progress of Theoretical
Physics, 18(4): 396-404 (1957)

12 A. Kerman, Annals of Physics, 12(2): 300-329 (1961)

13 J. Kunz and J. Nix, Nuclear Physics A, 426(2): 353-378 (1984)

14 C. W. Ma and C. F. Tsang, Physical Review C, 11(1): 213-227
(1975)

15 P. Sarriguren, D. Sprung, E. M. de Guerra et al., Physical Review
C, 40(3): 1414-1428 (1989)

16 M. A. Preston, Structure of the Nucleus, CRC Press, 2018

17 J. M. Eisenberg and W. Greiner, Nuclear theory, North-Holland
Publishing Company, Amsterdam, 1987

18 D.J. Rowe, Nuclear collective motion: models and theory, World
Scientific, 2010

19 A. N. Bohr, Copenhagen: Munksgaard,10-30 (1954)

20 W. Hornyak, Nuclear structure, Elsevier, 2012

21 M. K. Pal, Theory of nuclear structure, Scientific and Academic
Editions, 1983

22 J. P. Davidson, Reviews of Modern Physics, 37(1): 105-154
(1965)

23 D. Brink, B. Buck, R. Huby et al., Journal of Physics G: Nuclear
Physics, 13(5): 629-649 (1987)

24 A. R. Edmonds, Angular momentum in quantum mechanics,
Princeton university press, 1996, Vol. 4

25 L. D. Landau and E. M. Lifshitz, Quantum mechanics: non-
relativistic theory, Elsevier, 2013, Vol. 3

26 D. Brink and G. Satchler, Angular Momentum, 2nd edn,
Clarendon, Oxford, 1968

27 R. M. Diamond, F. S. Stephens, and W. J. Swiatecki, Phys. Lett.,
11(4): 315-318 (1964)

28 J. M. Allmond and J. L. Wood, Physics Letter B, 767: 226-231
(2017)

114107-10


http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRev.118.850
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1146/annurev.ns.26.120176.001323
http://dx.doi.org/10.1098/rspl.1879.0015
http://dx.doi.org/10.1103/PhysRev.103.1786
http://dx.doi.org/10.1016/0029-5582(61)90384-4
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1103/PhysRevC.38.338
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1143/PTP.18.396
http://dx.doi.org/10.1016/0003-4916(61)90008-2
http://dx.doi.org/10.1016/0375-9474(84)90112-X
http://dx.doi.org/10.1103/PhysRevC.11.213
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/PhysRevC.40.1414
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072
http://dx.doi.org/10.1103/RevModPhys.37.105
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1088/0305-4616/13/5/012
http://dx.doi.org/10.1016/0031-9163(64)90345-2
http://dx.doi.org/10.1016/j.physletb.2017.01.072

