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Revisiting black hole thermodynamics in massive gravity: charged particle
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Abstract: In this study, we apply two methods to consider the variation of massive black holes in both normal and

extended thermodynamic phase spaces. The first method considers a charged particle being absorbed by the black

hole, whereas the second considers a shell of dust falling into it. With the former method, the first and second laws of

thermodynamics are always satisfied in the normal phase space; however, in the extended phase space, the first law is

satisfied but the validity of the second law of thermodynamics depends upon the model parameters. With the latter

method, both laws are valid. We argue that the former method's violation of the second law of thermodynamics may

be attributable to the assumption that the change of internal energy of the black hole is equal to the energy of the

particle. Finally, we demonstrate that the event horizon always ensures the validity of weak cosmic censorship in both

phase spaces; this means that the violation of the second law of thermodynamics, arising under the aforementioned

assumption, does not affect the weak cosmic censorship conjecture. This further supports our argument that the as-

sumption in the first method is responsible for the violation and requires deeper treatment.
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1 Introduction

Through quantum effects, energy can be emitted from
the horizon of a black hole in the form of Hawking radi-
ation [1-3]. Thus, a black hole can be treated as an actual
thermodynamic system, exhibiting traditional thermody-
namical behavior [4]. This similarity has led to the defini-
tion of Bekenstein-Hawking entropy, which is propor-
tional to the area of the event horizon [5-8]. Understand-
ing this entropy production is crucial for quantifying
black hole thermal systems. Such systems are important
for comprehending the concepts of black hole physics,
and they also serve to stimulate new research ideas. Re-
cently, the relationships between gravitation, thermody-
namics, and quantum theory have been attracting consid-
erable attention.

A recent development in black hole thermodynamics
has been the construction of an extended phase space
within a black hole [9-11]. The idea is to treat the cosmo-

logical constant as the pressure of the black hole thermal
system, with its thermodynamical volume being the ther-
modynamical  conjugate of pressure; that is,
V =(0M/dP)ls o; [12, 13]. This volume is regarded as
that enclosed by the event horizon of a black hole, and
the gravitational mass is regarded as enthalpy rather than
energy. Using this framework, many remarkable black
hole characteristics have been studied, including Van der
Waals behaviors [14], solid/liquid phase transitions and
triple points [15], re-entrant phase transitions [16],
holographic heat engines [17], and Joule-Thomson ex-
pansion [18]. This research field has been generalized as
black hole chemistry (for a review, see [13]). In these
studies, the four laws of thermodynamics play a signific-
ant role; thus, it is interesting and important to explicitly
discuss their validity in the extended thermodynamical
phase spaces of black holes.

Furthermore, the first law's validity does not always
entail that the second law and weak cosmic censorship
conjecture (WCCC) are equally valid. The WCCC states
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that a singularity should be hidden by the event horizon
(except at the Big Bang); thus, it is invisible to outside
observers. Cosmic censorship was proposed to avoid the
breakdown of causality [19-21]; it remains a well-known
open problem. Thus, the validity of cosmic censorship is
still an active discussion topic in black hole physics. One
common method is to consider a particle being absorbed
by a black hole, to determine whether the horizon still ex-
ists; if it does, this validates the WCCC (see, e.g., [22])
and its extension to other test fields [23-25]. Since its pro-
posal, the WCCC has been widely studied for various
black holes, through particle absorption and test field
scattering techniques [26-32]. Previous studies have
shown that the validity of the WCCC depends on both the
state of the black hole and the perturbation method; thus,
there is no general framework with which to discuss the
conjecture.

More recently, Gwak investigated horizon variations
and thermodynamical laws in the extended phase space
for charged particle absorption; the validity of the WC-
CC was also verified [33]. It was shown that the second
law of thermodynamics is violated by the PV term's con-
tribution, though the WCCC remains valid. This work
was soon extended to other gravitational theories [34-46].
Here, we extend this work to include massive gravity, a
theory that modifies gravity at large distance-scales.

Black holes are important theoretical tools for explor-
ing general theories of gravity, because they provide a
practical environment for testing them. Moreover, the
graviton is known to be massless in Einstein's theory of
general relativity. More recently, cosmologists have pro-
posed the idea of using a massive graviton to modify gen-
eral relativity, to verify the theory's reliability. The first
attempted construction of massive gravity was performed
by Fierz and Pauli; however, their construction did not re-
cover general relativity in the limit of mgrayiton =0 [47].
Later, Vainshtein proposed a nonlinear model for massive
gravity [48]; however, it suffered from Boulware-Deser
(BD) ghosts [49, 50]. More recently, greater numbers of
nonlinear terms have been introduced into massive grav-
ity to prevent this instability [51-60]. Various phenomen-
ologies of massive gravity have been studied. In particu-
lar, its thermodynamical phase transitions (and the relev-
ant studies in extended phase space) have been addressed
in [61-75].

In this paper, we revisit thermodynamics and the WC-
CC in four-dimensional massive gravity with a negative
cosmological constant [61, 76]. First, we implement
Gwak's proposal by considering a charged particle being
absorbed by a black hole; then, as an alternative method,
we consider a shell of dust falling into it.

This paper is organized as follows. In Section 2, we
briefly review the AdS black hole solution for massive
gravity. In Section 3, we study the thermodynamics of

massive-gravity black holes by considering the absorp-
tion of charged particles in both normal and extended
phase spaces. In Section 4, we investigate the laws of
thermodynamics for a shell of infalling dust. Finally, in
Section 5, we focus on the WCCC under the charged-
particle absorption, through which we demonstrate that
the horizon always exists. Our discussion and conclu-
sions are presented in Section 6.

2 Black hole with spherical
massive gravity

horizon in

The action of the four-dimensional massive gravity
theory considered here is given by (in the units ¢ =G =
h=kp=4dney=1)[76]

s= i [deyglre S Lr Zcfu(gf) (M)

16

where m, is the graviton mass in the theory. In this equa-
tion, the last term represents the massive potentials asso-
ciated with the graviton; these break the diffeomorphism
invariance in the bulk theory and generate momentum re-
laxation in the dual boundary theory. The coupling para-
meters ¢; are constants, f denotes the reference metric,
and U; denote symmetric polynomials of the eigenvalues
for the 4x4 matrix K% = +/g"® f,,,, which are expressed
as

=[K1, U, =[KT*-[K],
Us = [KT - 3[KI[K] +2[%7],
Uy = [KT* - 6[ KK + 8K I[K] + 3[K2]* - 6[ K],
2
where [K] = ‘K" and the square root in K is defined as
(VIL(VKY, =
The static spher1cal black hole solution of the above
action yields [61]

= —f(rdf* + }1( 5

Following [76], we take the reference metric as f,, =
diag(0,0,c2h;j). Then, combining this with the ansatz (Eq.

+r2(d6? +sin® de?). 3)

(3)), we obtain U, =2co/r, Up=2c}/r*, and
U3 = Uy = 0; thus, the field solutions are
Foy=0,A,—0,A,, A= —%dt, 4)
2 2M g cocml
f()_1+l—2—7+i’—2+ e, (5)

According to the Hamiltonian approach, the parameters
M and ¢ relate to the mass and charge of the black hole
as [61]

Va

Q=14 (6)

Vs
M=
4n M, 4
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where V, is the volume of the two-dimensional space.
Using f(r)l,=r, =0, where r, denotes the horizon radius,
we derive the mass as
2 3
_Th g L, 5 1 20, "
M= 5 + 2 + 5 C0C2M T + Jcoc1myry + 7k N
The Hawking temperature and entropy of the black hole

arc

2 2 2
_fw) _ coamy 1 qemy @ 3,

T

4 4 4rry, 4rtry, 47rr2 4n2’
®)
1 (OM
S:f dr—(—) =7}, 9)
0 T (9}" alc
respectively.

The thermodynamics of massive black holes have
been studied in [61-75]. Here, we study the thermody-
namics of massive gravity black holes using two meth-
ods: one in which the black hole absorbs a charged
particle and one in which a shell of dust falls into the
black hole. We primarily focus on the validity of the ther-
modynamical laws in both the normal and extended phase
spaces.

3 Thermodynamics under charged particle
absorption

In this section, we study the thermodynamics of
massive gravity black hole, by considering their absorp-
tion of a charged particle.

3.1 Energy and momentum of a particle absorbed by
the black hole

If we assume that a charged, massive-gravity black
hole is perturbed by absorbing a charged particle, then its
mass, charge, and AdS radius (which relates to the ther-
modynamic pressure and volume) can be shifted. During
the process, changes to the black hole's conserved quant-
ities are identical to those of the charged particle. Thus,
the relation between the conserved quantities of the black
hole following particle absorption can be simultaneously
obtained by analyzing the corresponding relations of the
particle. We start with the Hamiltonian of the charged
particle,

1
H = 3 (P, —eA,)(P,—e€A,), (10)
and the Hamiltonian-Jacobi action,
1
S = Emzﬁ—Et+L¢+Sr(r)+Se(9), (11)

where the four-momentum P, of the particle is defined as
P, =0,S. Here, m?, e, and A denote the mass and charge
of the particle and an affine parameter, respectively. Be-

cause of the symmetry of the metric (Eq. (3)), the quantit-
ies E and L are conserved with respect to ¢ and ¢and de-
note the energy and angular momentum of the particle,
respectively. To proceed, we combine Eq. (3) with Egs.
(10-11) to deduce

= fr) B = e+ £0)(8,50)
+ r_2<(6gS g)z +sin? 9L2) =0. (12)

The angular term of the above expression can be defined
separately as

2
K =(00S () +sin 0L = —m’r?
2

r 2
o CE=eA =P (oS, ) . (13)

Thus, Eq. (11) is rewritten as

S :—Et+L¢+fdr\/I_€+fd9\/6, (14)

where
S,Efdl‘\/ﬁ, SgEfdg\/é, ® =K —sin26L?,
(15)
1 g2 22 1 i_ _ 2
R= K em rzf(r)(f(r)( £ eA’))'
(16)

Subsequently, the radial momentum P" and angular mo-
mentum P? can be computed as

K —m22? —E —eA;)?
Pr:grrarsr(r):f(r)J l"zf’(/:l')r ( f2(i) ) ’
(17)
1
P’ =g%4S(0) = - \[K~ —5-L* "
8" 09S6(6) = — sin” 0 o

Following [33], we assume that the charged particle is
completely absorbed by the black hole upon passing
through the outer horizon. As a result, it is impossible for
an observer outside the horizon to distinguish the con-
served quantities of the particle from those of the black
hole. In particular, a relationship between the conserved
quantities and momenta at any radial position can be de-
rived. Then, the limit (Eq. (17)) at the outer horizon gives
us the following relation between the conserved quantit-
ies and radial momenta:

E=Leq P (19)

Th
The above equation implies that both the momentum and
electric charge of the particle contribute to the energy.
For simplicity, we hereafter denote |P"| as the radial mo-
mentum at the horizon. We note that ¢/r, is the electro-
magnetic potential at the event horizon. To ensure that
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the particle flows into the black hole in a positive flow of
time, |P"| should be positive. When electrical attraction
acts upon the particles, their total energy can be negative.
Here, we simply choose the signs in front of E and |P"| to
be positive, as was performed in [33, 36, 37, 77].

The relation concerns the interactions between the
particle and the black hole, and we assume that no en-
ergy is lost during the process. Namely, the charge of the
particle e is equal to the charge variation dQ of the black
hole. In Eq. (19), the energy of the particle is expressed in
terms of e and |P’| near the horizon. We must find a cor-
responding thermodynamical term that also contains the
variation of e and |P"|. Following Gwak [33], we assume
that the energy of the charged particle changes the intern-
al energy of the black hole as it is absorbed. Here, we
check the validity of the thermodynamical laws in both
the normal and extended phase spaces, under the assump-
tion that £ =dU.

3.2 Thermodynamics in the normal phase space

We first study the validity of the thermodynamical
laws for massive black holes in the normal phase space;
in such spaces, the mass of the black hole represents its
internal energy; thus, with the assumption of £ = dU, Eq.
(19) can be rewritten as

E=dUu=dM=Les 1P|, (20)
I

To analyze the first law under particle absorption, we re-
write the variation of entropy from the Bekenstein's area
law as dSj = 2xr,dry,. The event horizon variation dry, is
determined by the charge, energy, and radial momentum
of the absorbed particle and directly contributes to the
changes of the function f(r). Then, the change of f(r)
results in a relocated event horizon ry, +dr,. More expli-
citly, we can express the difference between the initial
state f(M, Q, r,) and final state f(M +dM, Q +dQ, r, +dry,) as

f(M+dM’Q+dQ9rh+drh)_f(M7Q7rh)

_Ofn Ofn Afn
_6MdM+ 0QdQ+ arhd”“ (21)
where dM,dQ,dr, represent the variation of the charge,
energy, and horizon of the black hole, respectively. At the
event horizon, f(M,Q,r;)=0 and f(M+dM,Q+dQ,
rp+dry) =0 should be satisfied; thus, we deduce that
df(rp) = dfy, = 0; that is,
Ofn Ofn Ofn
=2 apM+ 2240+ =2 dr, = 0. 22
dfy aMd + anQ+ Brhdrh 0 (22)
Using Egs. (20) and (22), we can obtain dr, and thereby

ds,, as
247|P" |r2

ds, = .
h 3c0c1m§r,3[ +12Mr, + 12;'2/12 - 1242

(23)

Combining Egs. (8) and (23) gives us the relation

TdS, =|P"|. With this, Eq. (19) becomes E =eq/r,+
TdS . Subsequently, because E = dM and e = dQ, we ob-
tain the form of the variation as

dM = TdS , + DdQ, (24)

which is the first law of thermodynamics for massive
black holes in normal phase space.

Next, we use Eq. (23) to check the validity of the
second law of the thermodynamics, which states that the
entropy must increase after particle absorption.

First, for the case of the extremal massive black hole
(in which the temperature vanishes), applying 7 =0 in
Eq. (8) gives us the marginal mass

3
M,=r,+ c(z)czmz,re + Zcoclmz,rz +2r P, (25)

where r, denotes the horizon of the extremal black hole
and can be readily reduced as a function of ¢,/,¢cy,c;, and
c2; we omit these steps here for simplicity. Substituting
Eq. (25) into (23), we deduce that dS; = co holds for the
extremal black hole.

In the case of a non-extremal black hole, dS, re-
mains positive for any c¢;(i =1,2). We plot the relation
between dS;, and the values of ¢; in Fig. 1. It can be seen
that the value of dS, always exceeds zero. More explicit
relations between dS, and cy,c; are shown in Fig. 2.

Thus, the variation of entropy is always positive in
the normal phase space. Expressed otherwise, the second
law of thermodynamics is valid in the normal phase space
under particle absorption. In the next subsection, we con-
sider the case for the PV term.

3.3 Thermodynamics in the extended phase space

The PV criticality, characterized by treating the pres-
sure as P = 3/8x1%, has been studied in [62-64]. Here, we
briefly review the main properties of the extended phase
space; then, we check the validity of the thermodynamic-
al laws under the absorption of a charged particle.

In the extended phase space, the corresponding con-
jugate quantity of the pressure P =3/8xl> is treated as
volume V [9,10]. Then, the mass (Eq. (7)) and temperat-

Fig. 1. (color online) dS, near the horizon with respect to
c1,¢; for a non-extremal black hole in normal phase space.
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ure (Eq. (8)) are respectively rewritten as

M= ¢ 1, 5 1 2.2 4P 3 26
=5 + Z_rh + §C0C2mgl’h + Zcoclmgrh + 3 T (26)
2 2 2 2
coC1my 1 CoCammy q 2
T = + + - +2Pry, S =nr;.
4r dnry  Anry Anr; h "
27)

The other conjugate quantities of the intensive paramet-
ers P,Q,cy, and ¢, are

M 4 5 oM _ 4

oP 37" 40
oM _cmirh oM _dmin o
_acl B 4 ’ h (96‘2 B 2 ’

respectively, where we consider the coupling constants c;
and ¢, asthermodynamical variables. Here, the conjug-
ate variables V, A and B are defined by the differential of
the enthalpy M. It is noticed that Kastor and Ray defined
the thermodynamic conjugate variable in terms of a
Killing potential in [9]; And the Hamiltonian method was
applied to study the normal thermodynamics in massive
gravity in [61]. It would be interesting to develop an al-
ternative method to define those thermodynamical vari-
ables and understand their deep physics in our model. We
hope to address this topic in the future. All thermodynam-
ical quantities satisfy the extended first law of thermody-
namics

dM =TdS + ®dQ+ VAP + Adcy + Bdc;, (29)
and the generalized Smarr relation is
M =2TS -2VP+®Q - Ac. (30)

We note that in the extended phase space, M plays the
role of enthalpy rather than the internal energy of the
thermodynamical system; that is, we have

M=U+VP+Ac| + Bc,. 3D

In this case, the energy flux entering the event hori-
zon will alter the internal energy of the black hole, which

ds,,

0.6

0.4+

02t /

. . . .
-20000 -10000 10000 20000 30000 '

(color online) (left) the relationship between dS, and ¢, with fixed ¢; =5; (right) the relationship between dS, and ¢; with

can be given as a function U(Q,S,V,ci,c2). From Eq.
(31), the conserved energy and charge of the particle are

E=dU =d(M-PV —Ac, - Bcy), e=dQ. (32)
Consequently, the energy relation near the horizon (Eq.
(19)) can be expressed as

dvu = Lag+P'). (33)
I'n

Similar to the analysis of the previous subsection, the
slight variations of the redshift function are
Of Ofn Ofn
dfy =7——dM + —d
In=om ™ 5092 9p
O Ofn Ofn
Sl Pl 2 4e, =0. 4
+6rh drh+c’)c1 de; +aczdcz 0 (34)
By combining Egs. (31) and (34), the contributions of the
dP,dM,dc;, and dc, terms can be directly eliminated;

thus, the above expression gives us

dry = 12(CldA +cdB+ |Pr|)}"h
—12M + rp(12 + 123 cam? + 9cocymiry + 16Prrd)”
(35)
Subsequently, we obtain the change of entropy and
volume as

dP

i 247(c1dA +c2dB+|P)r2

C—12M (12 + 12¢5camyg +9cocimgry + 16Pary) ’
(36)

167(c1dA + c2dB+|P|)r;
 —12M + (12 + 12ckcom? + 9coeymry + 16Prrl)
(37

From the aforementioned formulas and related thermody-
namical quantities, we obtain the relation

TdS — PAV - c;dA - c,dB = |P"]. (38)

Thus, the expression of the internal energy in Eq. (32) be-
comes

dU =®dQ+7TdS — PdV —c1dA —c»dB, 39)
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then, combining Eqgs. (31) and (39) gives

dM =TdS + ®dQ + VdP + Adc; + Bdc,, (40)

which is simply the first law of thermodynamics (Eq.
(29)) for a massive black hole in the extended phase
space. Expressed otherwise, the first law of thermody-
namics holds in the extended phase space under particle
absorption.

The next step is to analyze the sign of Eq. (36), to
verify that the second law is valid in the extended phase
space.

Taking the derivatives of A and B with respect to ry
in Eq. (28) gives us dA=comgrh/Zdrh,dec(z)mé/Zdrh;
then, substituting these into Eq. (36) gives us

i 247|P"|r?
 —12M + (12 +6cEcam? + 3cocimry + 16Prrl)

(41)

Because the numerator of the above expression for dS is
always positive, we must consider only the sign of the de-
nominator, which we label as AS ;. The value of AS; de-
pends on the model parameters ¢; and ¢,. As a trial, we
set co =100,m, =0.01,p=1,P" =1 and list the values of
AS; for different ¢, under a fixed value of ¢; =5 in
Table 1. It can be seen that certain values of ¢, convert
the sign of AS| from positive to negative as it increases.
Moreover, in Fig. 3, we plot the boundary lines (cy¢,ca.)
for which AS| — 0. Hence, for parameters below the
lines, AS; is always positive, which indicates that the
second law of thermodynamics is maintained; however,
for the parameters above each line, one always obtains
AS | <0, which implies a violation of the second law. It is
also evident from the figure that the borderline depends
upon M and Q, and that the parameter range in which the
the second law is maintained is narrower for smaller M
but bigger Q.

— M=2
— M=2.01
— M=2.02

4.00 - - —

390 - T g

385 9
-10 -5 0 5 10

Fig. 3.

Table 1. Numerical results of AS for different ¢, under fixed
cp=5.

M (0] cy (&) 7 AS

2 0.5 5 3.6931 0.5099 0.1171

2 0.5 5 3.7931 0.5049 0.0587

2 0.5 5 3.8931 0.5 2.88058 x 10~°
2 0.5 5 3.9931 0.4951 -0.0589

2 0.5 5 4.0931 0.4903 -0.1181

Notably, AS| =0 indicates that the change of entropy
dS diverges at the points (cy.,cz.) on the critical line. Ex-
pressed otherwise, for a given c;, there exists a certain
¢ that brings about the divergence of dS, as shown in
Fig. 4. However, this is a trivial result because the im-
portant information is contained within the change of sign
in dS. Furthermore, the number of degrees of freedom is
maximized as ¢, approaches c;., which is denoted by the
vertical line in the figures. In fact, the critical point of ¢,
is non-physical; as such, the black hole will not reach this
point because it violates the second law of thermodynam-
ics.

Here, we consider the case of the extremal massive
black hole. We substitute the marginal mass (Eq. (25)) in-
to Eq. (41); thus, we obtain

4n|P"|r,

coclmgre + céczmg +8nPr?

ds extremal = — (42)
Because the denominator of dS exyemar 1S always positive,
we follow the strategy used in the non-extremal case and
define the numerator as AS,. For the fixed values
co=100,m, =0.01,p=1,9g=1/2, we list the numerical
result of AS, in Table 2. The result is similar to the case
described above, which states that the violation of the
second law of thermodynamics depends on the model
parameters.

400 i -

3.80 [t I I I -

-10 -5 0 5 10

(color online) The diagrams of critical ¢; and ¢, values for different M(left) and Qvalues (right).
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20+

Fig. 4. (color online) dS with M =2,0=0.5,c; =5 near the
critical point cy,.

Table 2.  Numerical results of AS, for different ¢, under fixed
¢y = —2 in the extremal case.
Cl 2 Te AS,
-2 —6.07319 0.493109 —0.0833
-2 —6.17319 0.49656 —0.0414
-2 —6.27319 0.5 1.93433x107°
-2 —6.37319 0.50343 0.0410
-2 —6.47319 0.506849 0.0816

Here, we briefly summarize the results obtained for
the absorption of a charged particle by a massive black
hole. (i) Both the first and second laws of thermodynam-
ics hold in the normal phase space. (ii)) When we con-
sider the extended thermodynamics case by introducing
the PV term, the first law is always saved but the second
law can be violated depending on the model parameters.
This violation may be brought about by the assumption
that the internal energy of the black hole is equal to the
energy of the particle.

In the next section, as an alternative strategy to
particle absorption, we consider a thin shell falling into
the massive black hole. We calculate the mass of the shell
when it arrives at the horizon of the black hole and then
revisit the validity of the laws of thermodynamics in both
the extended and normal phase spaces.

4 Thermodynamics for a shell of infalling dust

By considering a thin shell approaching the horizon
and using the techniques presented in Appendix A, we

obtain the external surface of the shell in terms of
(M,Q,P,r,c1,c2)

2 1

8P 2 Q* cocim |’
1+—r2—;+r—2+ > gr+c(2)czm§+RJ
I’l: = B s (43)
8nP , 2M g¢* cocimy
1+Tr —T+r—2 > r+cycamg

and the internal surface of the shell is denoted in terms of
M+dM,Q+dQ,P+dP,r+dr,cy +dcy,cr +dcp)

2
- :_(1 _2AM+dM) (Q+;1Q) | 8x(P+dP) ,
r I 3

co(cy +dcl)m§

5 r+c(ca +dey)my + RZ] . (44)

Subsequently, as the shell approaches the horizon, its
mass can be calculated using

8P , 2M
Rl el

u=—Rn™* —n")= —R(l +
,

2

0? Cocimyg
+—2 +
r

r+ coeamy + Rz]

2
—R(l B 2(M +dM) . (Q+;iQ) N 87r(P+dP)r2
r r 3
2

co(cr +denm D)
fgr +ck(er+ dcz)mf, + Rz) , (45)

where dP denotes the variation of the shell's pressure. To
vary the values of dc; and dc;, we can interpret them as
special charges, labeled Q. and Q. respectively. The
terms containing c¢; and ¢, in the above equation above
can be treated as a special form of energy, similar to the
charge Q.

To ensure that the particle does not recoil to outside
the horizon and falls into the black hole successfully, the
absorption condition, stipulating that the energy of the
thin shell of dust must exceed a minimum threshold
value, should be satisfied. Using the condition
n* —n" >0, the minimum energy can be derived as

dM > @ + dz—Q
r 2r2
where the second term is the negligible self-interaction of
the particle. In Eq. (45), we have R = dR/dt = u”; thus, we
can solve for M and calculate the variation as

(46)

1 1
dm =—c(2)m§rdcz + —comgrzdcl

2 4
4 dQ)? :
L NP C ng B @
3 2r r 2r
Here,
1 M 8 2
n = \/1 +ckeoml+ Ecoclmgr— —+ §77Pr2 + Q—z +R2,

(43)
where u and n” denote the rest mass and radial velocity of
the shell, respectively. We take the latter as a positive
value, to ensure that the shell arrives at the black hole ho-
rizon. The higher orders of u and dQ represent the self-
interactions of particles and can be neglected in the cur-
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rent context. Thus, Eq. (45) can be re-written as

4 d 1
dM ==nr3dP + % + —com2r2d01
3 r 478
1
+ zcgmérdcz +un’. (49)

Here, we discuss the thermodynamical properties un-
der a variation of mass, as calculated using the shell in
the extended phase space. The increase in energy relates
to the black hole's mass. Hence, we can discuss the viola-
tion of thermodynamics using the expression of dry,
which can be found by inserting Eq. (49) into (34). Then,
we can delete dM directly. Interestingly, dQ,dc;,dc, can
be simultaneously cancelled out; thus, we obtain the ex-
pression for dry, near the horizon, as

12un"r
—12M + r(lZ + IZC%czmg + 9Coclm§r + 647TPV2) .
(50)
Using the relationships connecting the entropy and

dry, =

volume with the radius (i.e., dS =2nr,dr, and
dV = 4/3ar;dr,, respectively), we obtain
ds, = 24mun’r? ,
—12M +r(12+ 12c3com? + 9cocym3r + 647 Pr?)
(51)
dv, = 167un’r .
—12M + r(12 + 1ZCSC2m§ + 9coclm§r + 647rPr2)
(52)

From these formulas, we obtain dM = TdS , + ®dQ + VdP+
Adc; + Bdc;, which implies that the first law of thermody-
namics is recovered for the case of infalling dust.

Here, we discuss the validity of the second law via the
entropy variation expressed in Eq. (52). For an extremal
black hole in which T =0, by substituting Eq. (25) into
(52), we can deduce that dS;, = co. For a non-extremal
black hole, the event horizon should exceed r;,. We plot
the denominator of dS;, for the fixed parameters
c1=5,¢0=100,m, =0.01,p=1,M=2,0=0.5 for differ-
ent values of ¢;; from this, we conclude that the denom-
inator of dS, always exceeds zero, as shown in Fig. 5.

From Fig. 6, we can see that dS; remains positive, re-
gardless of the values of ¢; and c¢,; thus, the entropy of
the black hole will not decrease. This demonstrates that
the second law of thermodynamics is also valid.

From the above discussion, we concluded that for in-
falling dust (considered in the extended phase space), the
second law of thermodynamics is always valid. This con-
clusion significantly differs from that of Section 3, where
we treated the black hole mass as an enthalpy that is re-
lated to the internal energy via U = M — PV —Ac| — Bcy;
there, the entropy variations were determined by the
value of ¢; and c¢,. This indicates that the results differ

ds,
200

150 -
100 -

e

I L L L L I L L L L L L L L I L L L L I G

-10 -5 5 10

Fig. 5.

(color online) dS, for given ¢; =5.

Fig. 6. (color online) The dependence of dS;, on ¢; and ¢,
after infall of dust.

considerably between the two methods. However, in the
normal phase space, the conclusions are very similar be-
cause the variation of energy in both cases relates to the
black hole's mass without the PV term. For simplicity, we
omit the detailed calculations here.

5 Weak cosmic censorship conjecture

In this section, we briefly discuss the WCCC under
charged particle absorption. The WCCC states that no na-
ked singularity can be seen by an observer at the future
null infinity. This means that the singularity should be
hidden by the event horizon of the black hole. We con-
sider the variation that occurs as a charged particle is ab-
sorbed by a massive black hole, to ensure that the event
horizon exists and that the black hole is not destroyed.
We primarily follow the strategy used in [33].

There always exists a minimum value of the function
f(r) for radius r,,. If the event horizon exists, the condi-
tion f(r,) < 0 should be satisfied. At r,,, we have

f|r:r,H = fm =0< 0, 6rf|r:r,,, = fn’1 = 07 (6r)2f|r:r,,, = f;;{ > 0.
(53)

For extremal conditions, 6 =0 should satisfied; other-
wise, ¢ is a small quantity. After the charged particle has
been absorbed by the black hole, the minimum point be-
comes ry, +dr,. Correspondingly, the variation of f(r) at
r=r1pyls
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arf|r=r,”+dr,,, = fn/q + dfn//l =0. (54)
In the extended thermodynamical phase space, we have
o o é’f
df; 2dM + —2d - dP
o M 5590
fm
6rm B, dcz =0. (55)

The physical parameters of the black hole vary from the
initial state (M,Q,P,ci,cp,r,) to the final state
(M+dM,Q+dQ,P+dP,cy +dcy,cp +dca, ry+dry,); this fi-
nal state can be expressed as

Ofm gy 4 OIm

fm+dry) =fu+dfn=0+ (9M _QdQ
6fm Ofm Ofm
+ SRAP+ S ey + S ey (56)

where
Ofm _ 2 Ofn 20 Ofm 3 87Tr,2n
M lr=r, ~ rm 00 lr=r, B r,zn 9P =, 3
6fm Comf,rm afm 2 2
= , — = 57
ocy lr=r, 2 0cy lr=r, = CoM: 57

The crucial information is contained in the sign of Eq.
(56). First, we discuss the case for the extremal black
hole, where we have § = 0. We deform dM using the con-
dition f;, = 0; thus,

oM oM oM

dm ——dP @dQ+ —dc1
6M oM
—d dry, 58
+ 96 cz+arm (58)

By combining Eq. (58) with (32), dr,, can be written as

r(=20dQ+2c;rdA + 2rcpdB + 2r|PT| + C2 2 r2de, + comy 2r3de; + 87rr4dP)

- 59
m 202+ coeym2r’ + 24P7rr4 (>9)
Then, inserting Eq. (58) into (55), we deduce that dr,, = 0. Applying Eq. (59), we have that
20dQ - r(2c1dA +2¢ dB+2|P’|+c rdc +cmr2dc)
dp = Qdo 1 2 2+¢o 1 60)
8Pnrt
Substituting Egs. (60) and (59) into (56), the transforma- com§ o ,
tion f(r, +dr,) can be expressed as dcy +8pnrydry, +4nr, dP |
2P| 2
o+ dfm=— : 61 com 30?
S+ Qo n 61 +[ 04gdc1+4P7rdrm—2%drm+g3dQ
r e
The negative value following the absorption of a charged "
particle implies that the final state of the extremal black +47rrmdP)ez +0(e)’. (62)
hole is a non-extremal black hole. This means that the
event horizon always exists, which implies that the WC-  Inserting Eq. (62) into (56), we obtain
CC is valid in the extended phase space for the extremal L) )
cocamy 0 1
black hole. df, = (_ - C()Clm —87Pry+ — — —]drm
For the case of a near-extremal black hole, the minim- T ), Tm  Tm
. . . ’
um value of ¢ is a small guanhty, which we label as 4 _Com§ dej— 078 dC2 + _3Q dQ - 87r,,dP
f(M,P,Q,c1,c2,rm) = 6. Besides this, the value of f'(r,,) p
is very close to zero. Thus, we use r, =ro(1—¢€) to en- COClm2 2Q2
sure a near-extremal case, because Eq. (32) cannot be o s r—+ 167rP)drm]e
used directly; here, 0 < e < 1. Then, we expand Eq. (32) ) "
. : comg 20 8P 30 2
near the minimum point as +|- dey ——dQ—8rdP - ———|dry |€
2"‘m r;‘n 'm rgl
cimlr com2r? 4773 3
m=Lag+ W0m g, L m g g p +0(e)’.
1,40+ 3 3 (63)
2. 2 2
1 + 0“2 Q2 2 . cocimtelm +4prr2 |dry, We solve the expression for P using f’(r,,) = 0, obtaining
2 2 22 2 " 2,2 22,2 2,3
B O —r — CoC2Mg Ty, = COCIMGT,
c(z)mg Coclm§ 0? 0 pP= S . (64)
+ 5 dey + > d +—31drm—de m

Thus, the expression of dP reads
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2,2 2

0 0"g Cony
dP = 7 dQo- 5 dep — dc
4rr, 8nr2, 8nr
—2¥m— 2c(z)czm§rm - 36‘061”12 2
+
8mrd

Q2 — r2 - céczm2 2 coclm2 3

- dry,. (65)
27ry,

Substituting Egs. (64) and (65) into (63), we obtain

2 2m?
Coryg Co'M 40 60 1
dfy, = de dey— —2dQ+| = - =
/ (2 T S P )
C com
0~ ¢ Jdrm]e +0(e)’, (66)
such that
2 2.2
com
Fntdfy =0 +| —2de;) + LEde, - —QdQ
2rm 2
2 0o 2
6 1 cic
+—Q——— 0% dr,, |€® +O0(e)?
r?ﬂ rl%‘l rm
2 cocim? com? c2m>
[8P7r+g g]62+[ gdcl+ Ozgdcz
rm 2”m 2rm m
405,621 coeamg
-—do+ - - dr,, |€* +0(e),
rm ﬂ’l r;’l’l rm
(67)
where in the second line we have introduced 6. = —(8Pr+

Q? /1y, +coc1m? [ 2r,)€* +O(e)® for the near-extremal black
hole. EVidently, d¢ 1s always negative, its leading term is
5. ~ €2, and the leadmg order of df,, is in the form of
dlﬁerentlal quantities x €2. In Eq. (67), the coefficients ex-
pressed as differential quantities in the second term can-
not be compared with the negative finite coefficient in the
first term; hence, its total value is always negative, which
implies that weak cosmic censorship remains valid for
near-extremal black holes.

Thus, under particle absorption, although the second
law of thermodynamics may be violated for certain mod-
el parameters, the WCCC remains valid in the extended
phase space.

We proceed to verify the WCCC in the normal phase
space. To this end, we write the changes in the black
hole's conserved quantities as (M +dM, Q +dQ); thus, the
locations of the minimum value and event horizon can be

written as r,+dr, and r,+dr,, respectively.  Sub-
sequently, the variation of f(r,, +dr,,) is obtained as
m a m
Frm+dry) = futdfy =6+ idM+ %dQ (68)

At r,, +dr,, the variation of f(r) is defined as df,,; then,
considering f;, = 0, we have

’ afm afm 6fm
dfy, = 5 dM + QdQ+6

Furthermore, using the condition
and subsequently dM as

dri. (69)

” =0, we obtain M
Q2 20
2

1
dM =dR —Ecoclmgr— 8nPrr— = |+ —=do.  (70)

Inserting Eq. (70) into (69), we get
2r(|P"|r— QdQ)

coclm§r3 +167PrH* +202°

dR = (71)
Combining Egs. (70) and (68), we obtain an expression
for the minimum point, as

fm+dfm ==

which is identical to the result (Eq. (61)) for the extended
phase space. We do not repeat the discussions here.

From the above analysis, we can conclude that under
particle absorption, weak cosmic censorship holds in both
the extended and normal phase spaces, even though the
second law of thermodynamics may be violated for cer-
tain model parameters. Thus, the violation of the second
law of thermodynamics (under this assumption) does not
affect the WCCC. Hence, we argue that the assumption in
the first method may be the cause of second law's viola-
tion and requires careful further treatment.

2IP"|

(72)

6 Conclusion and discussion

In this paper, we studied the thermodynamical laws of
massive gravity black holes, using two methods. First, we
investigated their thermodynamics properties by consid-
ering a charged particle being absorbed by a black hole,
and we checked the validity of the thermodynamical laws
in both the normal and extended phase spaces. Under this
method, the first law remained valid, whereas the expres-
sion of the entropy could be negative depending on the
model parameters; furthermore, the second law of ther-
modynamics could be violated in an extended thermody-
namical phase space in which the cosmological constant
is treated as the pressure of the black hole. For the case
with normal thermodynamics (i.e., without the PV term),
this violation does not occur.

Then, we applied a second method that considers a
shell of dust falling into a massive gravity black hole;
here, the mass of the shell could be directly calculated as
it approached the black hole horizon. We found that the
expressions for the horizon and entropy always exceeded
zero, which implies that the first and second laws of ther-
modynamics are always valid in both cases, with or
without the PV term. We summarize our results in Table 3.

We argued that the violation of the second law in the
extended thermodynamical phase space may be a con-
sequence of the assumption in the first method, which
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Table 3.

Summary of the validity of the first and second laws of thermodynamics in the normal space and extended spaces.

Thermodynamics of black hole ~ Thermodynamic laws

Method with charged particle absorbed

Method with shell of dust falling

First Law Satisfied Satisfied
Normal
Second Law Satisfied Satisfied
First Law Satisfied Satisfied
Extended
Second Law Entropy could be negative depending on model parameters Satisfied

states that the particle affects the internal energy of the
black hole. Thus, this assumption should be treated care-
fully.

Finally, we verified the WCCC for the first method.
Our analysis showed that weak cosmic censorship is al-
ways valid in both the normal and extended phase spaces.
This further supports our hypothesis that the aforemen-
tioned assumption may contribute to the violation of the
second law of thermodynamics.

In [78], it was argued that under this assumption,
when the particle energy increases M, it simultaneously
increases V; as a result, the increase in internal energy is

less than the increase in enthalpy, and the assumption is
not appropriate. Moreover, the second law of thermody-
namics is known to play a fundamental role in physics.
Thus, its violation in extended black hole thermodynam-
ics deserves careful investigation of several questions; for
instance, what are the underlying physics of the viola-
tion? Is it natural to treat the cosmological constant as a
variable in extended thermodynamics? Further investiga-
tions pertaining to these issues are called for.

We are thankful to De-Chang Dai,Yen Chin Ong, and
Jian-Pin Wu for helpful discussions.

Appendix A: Technique for calculating infalling shell

In this appendix, we present the technique used for calculating
the massyu of the shell, which is equal to the change in mass dM of
the black hole when the shell of dust infalls near the horizon, as
proposed in [79]. Considering 7 to be the proper time measured by
an observer at rest in the dust, and specifying the shell motion as
r(7), the metric of the shell can be expressed as

ds? = —d7? + R?(7)(d6? + sin® 6d¢?), (A1)

where R(t) = r(r) and 47R? denotes the surface area of the shell at .
We consider the continuity equation,

do ; : 1y 1
0= +ouli= ()l =P /P92, (A2)

where o is the surface mass density and ®g is the determinant of
the 3-dimensional metric. Combining this with «*=1 and
®g = R*r), we obtain that (¢R?), =0, which implies that the rest
mass of the shell is a constant with 47R20- = .

The discontinuity in extrinsic curvature K is defined as
[Kij] :8no’(uiuj+%(3)gij) (see [79] for more details), where u de-
notes the 4-velocity. To proceed, we calculate the[Kgy] component
as

1

[Koo] = 87?0'(“9“9 +3 899) =410 gge = . (A3)

On the other hand, the component Ky can be computed from the
definition as

1
Koo = —ngg = ”argg = _Enrgﬁﬁ,r =-rn'. (A4)

Then, the discontinuity term can be derived as

(Kol = pt = —r(n"™ =n""), (A5)
where n* and »"~ denote the radial components of the normal
evaluated in the exterior and interior geometries, respectively.

When the shell falls into the black hole, we can calculate the
external components n'* in the exterior geometry as well as the in-
ternal components »"~ in the interior geometry. More specifically,
by employing u.n=0 and n.n = —u.u=1, we can evaluate the com-
ponents of « and n. Thus, on the shell's exterior we have

1= f(W' ) = U1 £(), (A6)
0=nu" +nul, (A7)
1= £ @) + f() ()™ (A8)

After eliminating «’,n,, we obtain

1+ 2]
o

Moreover, we have r=R(r) and «" =dR/dr =R on the shell; thus,

+ _

r

(A9)

outside the shell, the contravariant component of » is

1
n grrn:- — (f(r)+R2)2 lss -

(A10)
1
With the same method, one can obtain n'~ = ( f(r)+1'?2)2 ls—. There-
fore, Eq. (77) can be re-evaluated as
j= RO =07) = -R|(FO+ ) Lo =G+ L] a1

which is treated as the dM, the change of the mass when the shell
approaches the horizon.
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