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Abstract: Spontaneous fission (SF) with a new formula based on a liquid drop model is proposed and used in the cal-

culation of the SF half-lives of heavy and superheavy nuclei (Z = 90—120). The predicted half-lives are in agreement

with the experimental SF half-lives. The half-lives of a decay (AD) for the same nuclei are obtained by using the

Wentzel-Kramers-Brillouin (WKB) method together with Bohr-Sommerfeld (BS) quantization condition considering

the isospin-dependent effects for the cosh potential. The decay modes and branching ratios of superheavy nuclei (Z =

104-118) with experimental decay modes are obtained, and the modes are compared with the experimental ones and

with the predictions found in the literature. Although some nuclei have predicted decay modes that are different from

their experimental decay modes, decay modes same as the experimental ones are predicted for many nuclei. The SF

and AD half-lives, branching ratios, and decay modes are obtained for superheavy nuclei (Z = 119-120) with un-

known decay modes and compared with the predictions obtained in a previous study. The present results provide use-

ful information for future experimental studies performed on both the AD and SF of superheavy nuclei.
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1 Introduction

The a decay (AD) of nuclei is an important tool to
study the structure of light, medium, and heavy, as well
as superheavy nuclei produced at the accelerator centers
around the world [1-8]. When superheavy nuclei are pro-
duced in the laboratory, they transition from the excited
state to the ground state through the « decay chains. The
observation and counting of these @ particles provides in-
formation about the identification of the new synthesized
superheavy nuclei. The spontaneous fission (SF) is anoth-
er key decay energetically feasible for heavy and super-
heavy nuclei (Z > 90) [9, 10]. It was first proposed by Bo-
hr and Wheeler [11], and subsequentl;/ observed by Fler-
ov and Petrjak [12]. Since the SF of U was discovered,
many actinide nuclei with this type of radioactive decay
have been reported in the experiments [13]. More re-
cently, the SF half-lives of many superheavy nuclei were
observed in different laboratories [14—16]. In fact, SF is
an important limiting factor that describes the stability of
synthesized superheavy nuclei. Theoretically, AD and SF
comprise the same physical mechanism, i.e., the quantum
mechanical tunneling effect.

Received 27 February 2019, Published online 22 May 2019

DOI: 10.1088/1674-1137/43/7/074102

In recent years, the studies on the AD of heavy and
superheavy nuclei have become interesting and popular
[17-26]. Many models and methods have been applied to
investigate the AD of nuclei, such as the liquid drop mod-
el [27, 28], the cluster model [29], empirical formulas
[30—32], and others [33—35]. It is difficult to model the
interaction between nucleons in nuclei, as nucleus is a
many-body system that contains numerous nucleons. In
the cluster model, especially in terms of binary clustering,
the many-body system can be reduced to a two-body (the
core and surrounding « particle) system, and the problem
can be easily solved [36, 37]. In this sort of model, « is
assumed as to already exist in the nucleus before the de-
cay, and it can be tunneled through the Coulomb barrier.
This phenomena can be described as quantum tunneling.
In the Gamow model, a formula between the half-life and
(Q-value was proposed, and followingly this relation and
the formula were also produced by Geiger and Nuttall
[38—40]. More recently, a two-potential approach has
been applied to calculate the half-lives of ADs for even-
even nuclei [41], odd-A nuclei [42], and doubly odd nuc-
lei [43]. In these studies, authors have used cosh-type
nuclear potential including the isospin effects to calcu-
late the AD half-lives of nuclei.
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The SF half-lives were obtained by using macroscop-
ic-microscopic methods over the deformation parameters
and nuclear shapes [44—47]. Because the case of SF is
more complex than the AD, and many difficulties in the
fission arise such as the mass and charge numbers of the
two fragment nuclei and the number of emitted neutrons
[48], the complete microscopic explanation of such a
multidimensional system is extremely hard. The most
realistic calculations of the SF half-lives can be per-
formed by investigation of the multidimensional deform-
ation space [45, 46]. Another method applied to calculat-
ing the SF half-lives is the phenomenological technique.
A systematic study of the relation between the proton
number (Z) and the mass number (4), as well as the half-
lives, should make it possible to achieve a deep under-
standing of this phenomenon. There are different models
employed to compute the SF half-lives in the literature
[49, 50]. A semi-empirical formula was proposed by Swi-
atecki [51], upon which it was applied to obtain the SF
half-lives of even-even, odd-4, and odd-odd nuclei. By
using this formula, the author successfully reproduced the
experimental data. Recently, a generalized Swiatecki for-
mula [52, 53] with a set of new parameters was used to
reproduce the experimental SF half-lives of the heavy and
superheavy nuclei. Another possible decay mode in this
region is the multicluster-accompanied fission, investig-
ated in Ref. [54].

The study in Ref. [55] has shown that among the for-
mulae used to calculate AD half-lives, the SemFIS2 for-
mula performs the best in this prediction. In addition, the
UNIV2 formula with the fewest parameters, as well as
the VSS, SP and NRDX formulas with fewer parameters
work well in the prediction of the AD half-lives of super-
heavy nuclei [56—64]. With regard to the cluster decay,
there are many different studies on the calculations of
cluster decay half-lives of nuclei considering various ap-
proaches in the literature [65—69].

Xu et al. [70] systematically investigated the AD and
SF half-lives for heavy and superheavy nuclei with a pro-
ton number Z > 90. The AD half-lives were obtained by
the deformed version of the density-dependent cluster
model (DDCM). The SF half-lives of nuclei from **Th to
114 were calculated with the parabolic potential ap-
proximation by considering the nuclear structure effects.
The competition between the AD and SF was analyzed in
detail, and the branching ratios of these two decay modes
were predicted for the unknown cases.

Bao et al. [71] obtained the AD half-lives of super-
heavy nuclei within the framework of the unified fission
model (UFM) and the analytical formula. A modified for-
mula based on Swiatecki's formula was proposed for ex-
plaining of the SF half-lives, which included the shell
correction and isospin effect terms inside. The stability of
superheavy nuclei against AD and SF, as well as the com-

petition between them, were discussed. For nuclei with
Z = 119-120, they interpreted the existing experimental
decay modes and predicted decay modes of yet unknown
nuclei.

Santhosh et al. [72] attempted to reproduce the exper-
imental AD half-lives and modes of the decay of super-
heavy nuclei with the Coulomb and proximity potential
model for deformed nuclei (CPPMDN), which is a de-
formed version of the Coulomb and proximity potential
model (CPPM). A modified formula was proposed to ob-
tain the SF half-lives by including the microscopic shell
correction in the formula. A complete theoretical analys-
is on the half-lives was conducted, and the decay modes
of experimentally synthesized superheavy nuclei were
obtained for the first time. More recently, Santhosh et al.
have predicted the decay modes and half lives of all even
Z isotopes of the superheavy elements within the range
104 < Z < 136, and they have compared the results of the
AD half-lives with the SF half-lives [73].

The aim of the present study is to perform a compre-
hensive investigation of both the AD and SF half-lives
and to predict decay modes for superheavy nuclei with
the known and yet unknown experimental decay modes.
The half-lives are obtained for superheavy nuclei ( Z =
104-118), for the SF with the new formula and for the
AD using the WKB method together with the BS quantiz-
ation condition for cosh potential, including the isospin
effects. The new formula is used to obtain the SF values
of nuclei with Z = 108-120 and the logarithmic values of
the SF. These are then compared with the results of other
models. Branching ratios for the SFs and ADs are calcu-
lated, and the modes of decays are predicted for Z =
104-118 nuclei, which have the known experimental de-
cay modes. The predictions are in good agreement with
experiment. Branching ratios for the SF and ADs are like-
wise obtained, and the decay modes are predicted for Z =
119-120 nuclei with experimental decay modes that are
still unknown. Different decay modes from the predicted
ones in the literature are obtained for some nuclei.

In Section 2, the theoretical background and equa-
tions required for the SF and AD half-lives in the WKB
method together with BS are presented. The obtained nu-
merical results and discussion can be found in Section 3.
Section 4 is devoted to discussion.

2 Theoretical models
2.1 Spontaneous fission

Although the SF process is described as the quantum
tunneling effect in physics, it is difficult to solve such a
multidimensional penetration problem. This problem can
be simplified to a one-dimensional WKB approach. Sim-
ilarly to the AD, the only unknown term is the potential,
and the so-called Hill-Wheeler formula can be obtained
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in a parabolic potential [70]. By modeling the potential,
the following expression of spontaneous fission was giv-
en by Xu et al. [70]

In2 QlevreAre,Zre, 2 ve (N2~ 0ul | (1)

2

Z
where Qgp =0.13323—— 173 —11.64. Eq. (1) has five para-

meters that were obtained from fitting to the expenment—
al SF half-lives of 45 even-even nuclei from ~ Th to
*°114. These values are given in Ref. [70] as ¢ =
—195.09227, ¢; =3.10156, ¢, =—-0.04386, c3=1.40301x
1075, ¢4 = —0.03199.

In this study, moving from the idea of Xu et al. [70], a
new function is proposed and used by establishing simil-
arity with the nuclear liquid drop model. It is given by

TSF — eZn[aA+bA3/3+cZ(Z—l)/A‘/3+d(N—Z)Z/A+eZ4+fJ’ (2)

where Z, N and A are the proton, neutron and mass num-
bers of the parent nuclei, and a, b, ¢, d, e, f are the ad-
justable parameters that can be obtained by fitting to ex-
perimental SF half-lives. This equation is given in terms
of years.

Eq. (2) is a new semi-empirical formula proposed for
spontaneous fission half-lives. It can be considered as the
modified form of the formula of Xu et al. [70]. Hence,
this formula was inspired by the binding energy formula
of the liquid drop model. Each term in the liquid drop
model is assumed to correspond to a change of the SF
half-lives with Z, N, and 4. The a4 term, i.e., the volume
effect, is used to model an increase in SF half-lives with
A. The bA*3 term, which depicts the surface effect,
shows an increase of SF half-lives proportional to A2/3.
The ¢Z(Z-1)/A'/3 term, depicting the Coulombic effect,
is used to model an increase in SF with Z(Z—1)/A!/3, and
the d(N — Z)?/A represents the isospin effects. Finally, the
eZ* term is added to formula to consider a higher-order
correction of the Coulomb term, which describes the
transition from asymmetric to symmetric charge distribu-
tions for various fission nuclei [70]. Furthermore, the f
parameter is added to the expression to take into account
other contributions to SF half-lives. The obtained fitting
parameters are given by a = —10.0987592959, b =
119.319858732, ¢ = -0.516609881059, d
—9.52538327068, ¢ = 1.92155604207x10°, and f =
—1496.05967574. In the fitting used in the calculations,
the curve fit function was used in Scipy in Python 2.7
program language based on Spyder 2 with Anaconda
[74]. As the SF is considered to be dependent on the
binding energy of the nucleus and the Q-value, this can
be modeled in terms of the liquid drop model, as in Eq.
(2). It is not necessary to consider Qsr separately in Eq.
(2), as the equation already includes this term.

When comparing this new formula for the SF with the
formula of Xu et al. [70], there is one extra term, which

depicts the surface term, in the new formula that result-
antly comprises six parameters. However, this does not
include the Qsr term, which is within the formula of Xu
et al. [70]. Since all parameters include the atomic num-
ber A in this new form, the values of fitting parameters
are changed as well. Moreover, even if most of the para-
meters of this formula were inspired by the terms of the
binding energy formula of the liquid drop model, this
model produces the experimental SF values of similar
rms to the formula of Xu et al., which was obtained from
the basically effective potential, including the nuclear,
Coulomb, and isospin potential.

2.2  « decay

The AD half-life can be obtained using the following
formula

In2
T (3)

where T denotes the decay width for the decay. Accord-
ing to the semi-classical WKB method, the a-decay width

I is given by,
-2 f k(r)dr], (4)

L)

Tl/zzh

72
I'=P,F—exp
4u

where P, is the preformation probability of the a particle
in a parent nuclei [75, 76]. In the half-life calculations,
similar studies [77] and the experimental study, the pre-
formation probabilities are specified as P, = 1.0 for even-
even nuclei, P, = 0.6 for odd-A nuclei, and P, = 0.35 for
odd-odd nuclei. In Eq. (4), the normalization factor is

—1 f—drcos fk(r )dr’ _Z] 5)

where the squared cosine term might be replaced by 1/2
without significant loss of accuracy [75, 77]. In Egs. (4)
and (5), the wave number £(7) is given by,

2
k(r) = \/h—’j 10— Ve (), 6)

where Q is Q-value for the AD, and Vg (r) is the effect-
ive potential between the a and core nuclei that stems
from the binary clustering model that assumes the parent
nuclei as the « particle surrounding the daughter (core)
nuclei. Hence, the only unknown term in these equations
is the effective potential between « and the core, and it is
given by,

Vett(r) = Vn(r) + Ve(r) + Vi(r), (N

where r is the separation radius between the center of
mass of the @ particle and the daughter nucleus.

In this study, the modified form proposed by Brink
and Takigawa in Ref. [78] was used instead of the Cou-
lomb potential to solve the discontinuity in the Coulomb
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potential in WKB semi-classical calculations as follows

Zu4Z, e

3

where Z, and Z; are the charge numbers of the « and
daughter nuclei, and R is the Coulomb radius. In Eq. (7),
the last term is Langer modified centrifugal barrier poten-
tial [79] that is given by

T —pr—L(pr)?-0.35(r)’
Ve(r) = (1—e™¥" 3 (@r)*=0.35(pr) ),

2 (L+1/2)2

Vi(r) = 2

, ©

with the WKB being valid for one-dimensional problems,
the above modification from L(L+1) — (L+ %)2 is essen-
tial to ensure the correct behavior of the WKB wave
function near the origin as well as the validity of the con-
nection formulas used in Ref. [80]. In this study, L = 0 is
used in the calculations.

Although the forms of the Coulomb and centrifugal
potentials are known very well, the shape of the nuclear
potential in Eq. (7) is the only unknown term. As the ana-
lytical formula for the nuclear interaction between the «
and core nuclei cannot be written, various potential mod-
els, phenomenological or microscopic, should be used to
determine the nuclear interaction. In this study, the nucle-
ar potential is considered as phenomenological cosh po-
tential similar to Ref. [41]. The cosh potential was pro-
posed by Buck and Pilt [81], and it is a symmetrized form
of the Woods-Saxon form,

A
1+cosh(—)

a

cosh(f) +cosh(/—1)
a a

where Vj and a are the depth of the nuclear potentials and
diffuseness parameters, respectively. The studies using
this form of potential were conducted to obtain both the
AD and exotic decay half-lives of heavy nuclei [77, 82,
83]. Furthermore, A, the renormalization factor, is ob-
tained by the Bohr-Sommerfeld quantization. As the
isospin effect plays a important role in nuclear physics,
one should take into account isospin effect in AD calcula-
tions as well. If protons and neutrons in the nucleus have
a different nucleon density, the asymmetry of the isospin
might affect the motion of alpha particles on the surface,
and the nuclear interaction potential between the « and
core nuclei would be isospin-dependent. In Ref. [41], the
authors have added a parameter related to the isospin in
the depth of the nuclear potential to include it in their
considerations. They have used this potential form to in-
vestigate the isospin effects on the a-decay half-lives for
the even-even nuclei from Z = 62 to Z = 118 using the
two-potential approach. Considering this effect improved
the results by 6.8% in Ref. [41]. In this study, to be able
to consider the isospin effects on the AD as well as the
SF, the isospin-dependent potential parameter Vy = 192.42+

Vn(r)=-Vo , (10)

31.059(N - Z)/A MeV similar as Ref. [41] and a = 0.75
fm were used. V and a were obtained phenomenologic-
ally to obtain the best AD half-life values that are close to
the experiment.

Moreover, A is determined separately for each decay
by applying the Bohr-Sommerfeld quantization condition.
The A in the Eq. (10) can be calculated for every single
decay by using the Bohr-Sommerfeld quantization rule,

r 2
f\/h—ﬁ(g—veff(r))dr:(c;—u1>§, (1)

where G are global quantum numbers coming from the
Wildermuth condition [84], and they are used as follows
[75, 76]

G=22 (N> 126),
G=20 (82<N<126), (12)
G=18 (N<82).

In the semiclassical WKB approximation, there are three
classical turning points, which are ry, r,, and r3. They are
obtained by numerical solutions of the equation of
Ver(r) = Q, where Q is the @-decay energy for special de-
cays [77, 85].

3 Results and discussion

The SF half-lives of even-even nuclei with Z =
90—-114 were calculated using the proposed formula in
Eq. (2) to find how the present formula obtains experi-
mental SF half-lives. The obtained results and results of
other models (by Xu et al. [70], by Bao et al. [71], and by
Santhosh et al. [72]) are listed in Table 1. In Table 1, the
first column depicts the nuclei, the second column de-
picts the proton number Z and neutron number N for par-
ent nuclei, respectively. The Exp. column shows the ex-
perimental log,, Tsp values (in years) of spontaneous fis-
sion (SF) of nuclei with Z = 90-114, which are taken
from Refs. [13, 86]. The results obtained by Xu et al. [70]
(Xu), Bao et al. [71] (Bao), and Santhosh et al. [72]
(KPS) are also presented in Table 1.

To compare the results, the rms deviations of the
decimal logarithmic values are calculated using the fol-
lowing equation,

1 - 1 211/2
o= [nj;[1og]O(T§;)—1ogm(T§,§p)] 12, (13)

where n denotes the number of the related nuclei [32].
The rms deviation (0-) was computed for the present mod-
el calculations. The obtained value is presented in Table
2. In Table 2, o values were also presented for Xu [70],
Bao [71], and KPS [72]. As depicted in Table 2, o- = 1.22
was obtained for this present model.

The parameters obtained by fitting and Eq. (2) have
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Table 1. Calculated log;, 7'sk (in years) and results of other models for SF half-lives of nuclei with Z=90-114.
nuclei zZ N Exp.  Xu[70] Bao[71] KPS[72] present || nuclei 4 N Exp. Xu[70] Bao[71] KPS[72] present
232, 250.

Th 90 142 2108 2188 2222 2187 21.13 Fm 100 150 -0.10 -1.57 —-0.67 -035 -137
= 92 142 1618 1603 1604 1644 1587 | Fm 100 152 210 092 089 036 —0.77
U 92 144 1640 1656 1626 1636 1642 | Fm 100 154 020 098 -1.04 026 —0.92
'y 92 146 1591 1638 1604 1535 1617 | “Fm 100 156 -3.48 -176 371 -1.61 —1.83
MPu o4 142 948 971 965 1024 981 | “No 102 150 654 604 538 470 —6.00
pu o4 144 1068 1099 1024 1118 1118 | “No 102 152  -3.04 465 328 -3.12 —461
"Pu o4 146 1106 1155 1084 1140 1174 | No 102 154 477 397 472 290 -3.99
*pu o4 148 1083 1140 1092 1081 1151 | R 104 150 1214 -10.62 -935 -9.14 —10.74
*pu o4 15 1082 1054 1108 957 1052 | “Rf 104 152 -971 -848 —698 —673 -8.57
240 258

Cm 96 144 628 502 452 540 528 Rf 104 154 -935 -7.06 -774 563 —7.17
242 260.

Cm 9 146 685 633 534 662 665 Rf 104 156 -92 —636 -887 524 —6.54
244 262

Cm 9 148 712 692 669 700 723 Rf 104 158 718 —636 -832 520 —6.65
*Cm 96 150 726 680 735 674 703 | 'Sg 106 152 —10.04 —-1234 -9.63 —10.19 —12.48
*em 96 152 662 596 741 567 606 | Sg 106 154  -9.65 -10.17 -9.80 -831 —1031
em 96 154 405 441 461 337 435 | “Sg 106 156 932 872 -1041 -7.13 -89l
242 264

cf o8 144 -133  -127 -117  -071 —1.13 Sg 106 158  -893 -798 942 —630 -826
246 266

Ccf o8 148 326 212 209 275 243 Sg 106 160 -7.86 -796 -748 -580 835
248 264

cf o8 150 451 274 327 342 3.02 Hs 108 156 102 -11.02 -12.10 -9.14 —11.10
250 270.

cf o8 152 423 265 431 325 284 Ds 110 160 -86 -946 —-1022 -723 -9.39
252 282

cf o8 154 193 184 211 176  1.90 112 112 170 -1058 -939 -1128 -721 —9.40
254 284

cf o8 156 -0.78 032 —-082 —033 023 112 112 172 -85 -1143 -965 -8.14 -11.52
246. 286

Fm 100 146 —6.60 -501 —4.15 —4.14 —494 114 114 172 -808 -7.12 595 -445 —6.44
*Fm 100 148 —294 293 243 -192 -2.76

Table 2. Rms values for all models. al SF half-lives and predict the decay modes of nuclei.

o (rms values) Superheavy nuclei decay through the AD, followed by

Xu et al.[70] Bao et al[71] KPS [72] present the SF. If t.he half—hves of A]? are shorter than the SF,
- . o = then nuclei survive the fission and therefore decay

been used to calculate the SF half-lives and compare
them with the results of three different models for the
even-even superheavy nuclei with Z = 108, 110, 112,
114, 116, 118, and 120 as listed in Table 3, 4, and 5, re-
spectively. In these Tables, the Z, N, A depict the proton,
neutron and mass number of nuclei, respectively. The Xu
column lists the results of Xu et al. [70], the Bao lists the
results of Bao et al. [71], the KPS shows the results of
Santhosh et al. [72], and the "present" column depicts the
obtained log,, T'sr values in terms of second in this study.

As shown in the tables, even if the logarithmic values
of Xu, Bao, KPS, and the present study exhibit similar
behaviors of change according to the mass number of the
parent nuclei, their size is different. However, the results
of Bao et al. show slightly different behavior in comparis-
on to the others.

A successful model should produce both experiment-

through the AD. The « decay half-lives for even-even
nuclei from Z = 104 to Z = 118 were calculated within
the framework of the WKB method and BS quantization
rule by considering the isospin-dependent effects and the
SF half-lives using the proposed formula (Eq. (2)). The
obtained results are shown in Table 6. To make predic-
tions about which decay is dominant for each nuclei, the
branching ratios for SF (%) ((To/(Tsp+T,))x100) and «
decay (%) ((Tsp/(Tsk+T,))x100) were calculated, and
subsequently the modes of decays were predicted and
compared with the decay modes in Ref. [72] as well as
the experimental ones, as seen in Table 6. In Table 6, the
nuclei column shows the related superheavy nuclei, Qf"
shows the experimental Q-value taken from Ref. [87]. Tsp
and T, are the calculated values for SF and AD, respect-
ively. BRgr(%) and BR,(%) show the calculated branch-
ing ratio values for SFs and ADs, respectively. The
present column shows the dominant decay modes in
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Table 3. Comparison of calculated log;, 7T'sr (s) with other models
for Z=108 and Z=110.

Table 4. Comparison of calculated log;, Tsr (s) with other models
forZ=112,Z=114and Z=116.

4 N A Xu[70] Bao[71] KPS[72] present zZ N A Xu[70] Bao[71] KPS[72] present
108 150 258 —12.26 =7.71 -10.18  —12.46 112 158 270 —4.67 —8.33 —3.34 -3.95
108 152 260 —8.63 -5.32 -6.31 -8.72 112 160 272 —2.42 =59 -0.87 -1.79
108 154 262 =5.72 —4.77 -3.61 =5.77 112 162 274 —0.88 -3.51 0.98 -0.37
108 156 264 —3.53 —-4.47 -1.64 -3.60 112 164 276 -0.06 -3.53 1.64 0.31
108 158 266 —2.05 -3.18 —-0.04 -2.19 112 166 278 0.04 =5.7 1.17 0.28
108 160 268 -1.29 -0.89 1.23 -1.53 112 168 280 -0.57 -6.02 0.67 —0.46
108 162 270 -1.24 0.69 1.74 -1.61 112 170 282 -1.89 —4.02 0.29 -1.90
108 164 272 -1.90 —0.04 1.09 -2.40 112 172 284 -3.93 -2.29 —0.65 —4.02
108 166 274 —3.28 -3.43 -0.79 -3.90 112 174 286 —6.68 —-0.84 -2.11 —6.81
108 168 276 -5.38 —6.43 -3.07 —6.10 114 160 274 -2.56 -8.4 -1.8 —1.08
108 170 278 —8.18 —6.58 —5.08 —8.98 114 162 276 -0.29 —6.24 0.53 1.08
108 172 280  -1170  -540  -7.19  -12.52 114 164 278 1.28 -2.49 2.7 2.51
110 154 264 —8.63 =75 —6.68 —8.41 114 166 280 2.12 —-1.03 3.71 3.20
110 156 266 =5.69 =5.25 -3.94 =5.47 114 168 282 2.25 -0.4 3.97 3.19
110 158 268 -3.47 —4.76 —-1.63 -3.30 114 170 284 1.67 —-0.14 3.62 2.47
110 160 270 -1.96 -3.1 0.27 -1.89 114 172 286 0.38 1.13 3.05 1.06
110 162 272 -1.17 -1.04 1.61 -1.22 114 174 288 —1.64 2.95 2.16 -1.02
110 164 274 -1.1 —1.03 1.62 -1.27 116 168 284 5.47 0.21 6.04 7.58
110 166 276 -1.73 -2.41 0.38 —2.04 116 170 286 5.63 1.77 6.52 7.59
110 168 278 -3.09 -4.79 -1.26 —3.51 116 172 288 5.07 2.73 6.33 6.89
110 170 280 =5.15 —4.53 2.4 —5.67 116 174 290 3.81 3.58 5.64 5.52
110 172 282 =793 -10.27 -3.99 -8.50 116 176 292 1.82 5.34 4.74 3.48
110 174 284 -11.42 —7.65 -5.97 —12.00 116 178 294 —0.87 5.84 3.06 0.78
116 180 296 —4.28 5.39 0.72 —2.57
present calculatipps; Ref. [72] shows the predicted decay 16 18 208 g4l 455 D13 656
modes for nuclei in Ref. [72], and the Exp. column shows
the dominant decay modes in the experiment taken from 16 184 3000 ~1324 264 =565 ~1LIG
Ref. [87]. In the "present" column, the parenthesis is used 116 186 302 -1879 284 -1048  -1639
to depict the dominant decay mode. As can be seen in Ta- 116 188 304 2506 -9.05 -1586 -22.21

ble 6, the decay modes predicted in present calculations
are in very good agreement with the predicted decay
modes in Ref. [72] and the experimental ones, with the
exception of some nuclei. When the present results are
compared to Ref. [72], the predictions are different for
some nuclei even if all other predictions obtained in this
study are agreement with the ones in Ref. [72]. The SF
values of half-lives are observed to increase with the Z
number of parent nuclei, whereas the AD half-lives are
tend to decrease.

To be able to make the predictions for the unknown
decay modes of superheavy nuclei, the AD half-lives in
the WKB method considering the isospin-dependent po-
tential and BS quantization condition, as well as the SF
half-lives using the new formula proposed in this study,
have been calculated for possible AD chains from iso-

topes superheavy nuclei with Z =119-120. The calcula-
tions of the SF and AD for Z = 119,120 are obtained and
presented in Table 7. In Table 7, the nuclei column de-
picts the superheavy nuclei, Q; " shows the experimental
QO-value taken from Ref. [87], and Tsg and T, are calcu-
lated values for SF and AD, respectively. With regard to
BRsr and BR,, they show the calculated branching ratio
values for SF and AD, respectively. The "present"
column depicts the dominant decay modes in calcula-
tions, and the Bao [71] column shows the obtained decay
modes by Bao et al. [71]. In the "present" column, the
parenthesis is used to depict the dominant decay mode.
As seen in the table, similar behaviors have been shown
for nuclei with Z numbers ranging from 104 to 118.

It should be also underlined that the reason why the
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Table 5.

for Z=118 and Z= 120.

Comparison of calculated log;o7'sg (s) with other models

4 N A Xu[70] Bao[71] KPS[72] present
118 170 288 10.07 1.97 9.12 13.60
118 172 290 10.25 3.24 9.47 13.62
118 174 292 9.73 43 9.27 12.95
118 176 294 8.48 429 8.33 11.61
118 178 296 6.53 5.49 7.27 9.60
118 180 298 3.86 438 5.16 6.94
118 182 300 0.48 2.98 2.57 3.64
118 184 302 -3.62 0.92 —0.59 -0.29
118 186 304 —8.43 -4.5 =5.01 —4.84
120 172 292 16 3.25 12.69 21.38
120 174 294 16.21 4.63 13 21.42
120 176 296 15.71 4.45 12.42 20.78
120 178 298 14.5 4.78 11.53 19.46
120 180 300 12.57 3.58 9.8 17.49
120 182 302 9.93 2.07 7.57 14.87
120 184 304 6.57 —-0.23 4.73 11.62
120 186 306 2.5 —5.65 0.69 7.74

Table 6.

predictions for some nuclei are different from each other
in the presented SF values in Tables 6 and 7 would come
from the fact that the present model does not consider
shell effects, magic numbers, and also whether the mass,
proton and neutron numbers of the related nuclei are odd
or even.

4 Summary

The half-lives of the spontaneous fission (SF) were
obtained for heavy and superheavy nuclei with the new
formula and @ decay (AD) by using the Wentzel-
Kramers-Brillouin (WKB) method together with Bohr-
Sommerfeld (BS) quantization condition for cosh type
potential including the isospin effects. By comparing the
SF results with experimental values, rms values were cal-
culated. When the new SF function is used in the calcula-
tions to obtain the experimental SF half-lives, the rms
values become significantly better. The new formula is
applied to obtain the SF half-lives of Z = 108—120 nuclei,
and the logarithmic values of the SF are obtained and
subsequently compared with the results of other models.
Even if the logarithmic half-lives obtained by the formu-
las of Xu et al. [70], Bao et al. [71], KPS, Santhosh et al.

Calculated Tsg(s), To(s), BRsp(%), BR, (%), and the predicted decay modes of superheavy nuclei and their experimental modes for nuclei
with Z=104to Z=118.

nuclei O [87] Tse(s) To(s) BRsg(%) BR, (%) present Ref. [72] Exp. [87]
118 11.82 4.044e+11 1.976¢-03 0.000 100.000 @ @ @
17 11.18 2.118¢+06 8.768¢-02 0.000 100.000 @ @ @
117 11.32 2.638¢+07 2.340e-02 0.000 100.000 @ @ @
116 10.71 1.613¢+02 3.704¢-01 0.229 99.771 @ @ @
116 10.78 2.998¢+03 1.458¢-01 0.005 99.995 @ @ @
#1116 10.89 3.816e+04 1.271e-01 0.000 100.000 @ @ @
116 11.00 3.314e+05 4.029¢-02 0.000 100.000 @ @ @
115 10.41 1.084¢+01 1.814¢+00 14.336 85.664 @/SF(a) @ @
115 10.49 1.410e+02 6.436¢-01 0.454 99.546 @ @ @
115 10.63 1.250e+03 4.719¢-01 0.038 99.962 @ @ @
*11s 10.76 7.526e+03 1.270e-01 0.002 99.998 @ @ @
114 9.98 4.935¢-03 7.492e+00 99.934 0.066 SF @ @
114 10.07 9.620e-02 2.490e+00 96.280 3.720 SF @ @
114 10.17 1.279¢+00 2.175¢+00 62.956 37.044 /SF(SF) @ @
114 10.35 1.158¢+01 4215¢-01 3511 96.489 @ @ @=06,SF=04
114 9.492 7.104e+01 1.977¢+02 73.561 26.439 /SF(SF) @ @
#0113 9.79 2.013¢-03 2.018¢+01 99.990 0.010 /SF(SF) @ @
113 10.01 2.739¢-02 2.771e+00 99.021 0.979 SF a @
13 10.12 2.531e-01 2.338e+00 90.230 9.770 SF @ @
113 10.38 1.582¢+00 2.711e-01 14.626 85.374 @ @ @
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Table 6-continued from previous page

nuclei QP [87] Tsk(s) To(s) BRsg(%) BR, (%) present Ref. [72] Exp. [87]
113 10.78 6.671e+00 4.401e-02 0.655 99.345 @ @ @

112 932 4.670e-06 1.344¢+02 100.000 0.000 SF SF @

12 9.011 9.555¢-05 7.680e+02 100.000 0.000 SF SF SF

) 9.66 1.329¢-03 1.253¢+01 99.989 0.011 SF @ @=1,SF<0.01
112 9.481 1.254e-02 2.530e+01 99.950 0.050 SF SF SF

*12 10.46 7.997¢-02 7.891e-02 49.665 50.335 /SF(a) @ @

111 9.16 9.884¢-06 3.146e+02 100.000 0.000 SF SF @

*11 9.41 1.407¢-04 3.080e+01 100.000 0.000 SF SF @=0.1,SF=09
111 9.91 1.356¢-03 1.867¢+00 99.927 0.073 SF @ @

11 10.53 8.813¢-03 2.475¢-02 73.740 26.260 a/SF(SF) @ a

1 10.85 3.848¢-02 6.879¢-03 15.164 84.836 /SF(a) @ @

*1110 8.85 9.971e-08 7.932e+02 100.000 0.000 SF SF @ =0.07,SF =093
110 9.85 3.122¢-05 7.350e-01 99.996 0.004 SF SF @=0.1,SF =09
7110 10.72 2.037¢-03 4.009¢-03 66.306 33.694 a@/SF(SF) @ @

109 9.58 9.365¢-07 3.326e+00 100.000 0.000 SF SF @

1109 9.808 1.396¢-05 4.374e-01 99.997 0.003 SF SF SF

109 10.03 1.404e-04 1.852¢-01 99.924 0.076 SF @ @

109 10.48 9.495¢-04 7.420e-03 88.655 11.345 SF @ @

109 102 4.296¢-03 6.489¢-02 93.790 6210 SF @ @

108 8.808 3.512¢-08 1.963e+02 100.000 0.000 SF SF SF

108 9.45 1.211e-05 2.040e+00 99.999 0.001 SF @ @

108 9.73 8.586e-04 3.209¢-01 99.733 0267 SF @ @

107 8.94 1.254e-06 5.383¢+01 100.000 0.000 SF SF SF

107 9.18 2.059¢-04 9.634¢+00 99.998 0.002 SF @ @

107 9.42 1.448¢-03 1.089¢+00 99.867 0.133 SF @ @

107 9.06 6.799¢-03 2.195¢+01 99.969 0.031 SF @ @

1106 8.67 5.694¢-05 9.727e+01 100.000 0.000 SF SF a=06,SF=04
106 8.7 4.390e-03 7.621e+01 99.994 0.006 SF @ SF

105 7.965 1.742¢-05 1.958e+04 100.000 0.000 SF SF SF

105 7.365 3.137e-03 4.435¢+06 100.000 0.000 SF SF SF

*105 7325 2.299¢-02 3.774e+06 100.000 0.000 SF SF SF

105 7.495 1.119e-01 1.262¢+06 100.000 0.000 SF SF SF

*104 6.995 2.382¢-03 3.900e+07 100.000 0.000 SF SF SF

104 7.115 2.001e-01 1.122e+07 100.000 0.000 SF SF SF

Table 7. Calculated Tsg(s), To(s), BRsg(%), BRy (%), and the predicted decay modes of superheavy nuclei without known experimental decay modes
and predictions of Bao et al. [71].

nuclei xp- Tsg(s) To(s) BRgg(%) BR, (%) present Bao [71]
120 1331 3.096¢+17 6.485¢-06 0.000 100.000 a @
296

118 11.75 3.973¢+09 2.872¢-03 0.000 100.000 a @
120 13.25 3.613¢+18 1.384¢-05 0.000 100.000 a @
295

118 11.90 4.841e+10 2.195¢-03 0.000 100.000 a @
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Table 7-continued from previous page

nuclei xp- Tsr(s) To(s) BRsg(%) BR, (%) present Bao [71]
120 13.00 2.895¢+19 2.502¢-05 0.000 100.000 @ @
120 13.14 1.588+20 2261e-05 0.000 100.000 @ @
118 12.24 2.297e+12 3.981e-04 0.000 100.000 @ @
*116 11.17 1.954¢+06 2511e-02 0.000 100.000 @ @
114 1027 7.092e+01 1.079¢+00 1.499 98.501 @ @
*112 10.48 7.984¢-02 6.848¢-02 46.167 53.833 a/SF(a) @/SF
120 1334 5.947+20 5.638¢-06 0.000 100.000 @ @
118 1223 8.893¢+12 2.392e-04 0.000 100.000 @ @
116 11.28 7.825¢+06 7.948¢-03 0.000 100.000 @ @
114 10.57 2.938+02 1.090e-01 0.037 99.963 @ @
112 10.86 3.425¢-01 4.694¢-03 1.352 98.648 @ SF
120 13.27 1.514e+21 1.266¢-05 0.000 100.000 @ @
118 12.41 2.332e+13 1.666¢-04 0.000 100.000 @ @
*116 11.28 2.115¢+07 1.364e-02 0.000 100.000 @ @
114 10.87 8.193e+02 3.054e-02 0.004 99.996 @ @
112 11.41 9.854¢-01 3.949¢-04 0.040 99.960 @ a/SF
120 13.24 2.612e+21 8.579¢-06 0.000 100.000 @ @
2118 12.59 4.132e+13 4262¢-05 0.000 100.000 @ @
116 1131 3.849¢+07 6.930e-03 0.000 100.000 @ @
114 11.37 1.532¢+03 1.189¢-03 0.000 100.000 @ @
12 11.77 1.894+00 3.879¢-05 0.002 99.998 @ SF
119 12.57 4.747¢+10 2.849¢-04 0.000 100.000 @ @
117 11.50 4.415¢+03 1.549¢-02 0.000 100.000 @ @
115 9.93 2.049¢-02 3.954¢+01 99.948 0.052 SF @
113 9.34 3.446e-06 4.439¢+02 100.000 0.000 SF @
111 8.68 1.529¢-08 1.177e+04 100.000 0.000 SF a/SF
109 8.69 1.308¢-09 1.842¢+03 100.000 0.000 SF SF
119 12.76 1.192e+12 6.767e-05 0.000 100.000 @ @
117 11.29 1.165¢+05 2.730e-02 0.000 100.000 @ @
P15 10.19 5.687¢-01 4.198e+00 88.069 11.931 /SF(SF) @
113 9.34 1.006e-04 2.585¢+02 100.000 0.000 SF @
11 9.02 4.706e-07 5.065¢+02 100.000 0.000 SF SF
119 12.71 2.066e+13 1.454¢-04 0.000 100.000 @ @
119 12.42 2.463¢+14 3.271e-04 0.000 100.000 @ @
119 12.47 2.013e+15 4359¢-04 0.000 100.000 @ @
117 11.75 2.241e+08 4.043¢-03 0.000 100.000 @ @
119 12.75 1.125¢+16 6.731e-05 0.000 100.000 @ @
17 11.71 1.299¢+09 2.772¢-03 0.000 100.000 @ @
15 10.50 7.514e+03 5.951e-01 0.008 99.992 @ @
113 10.40 1.580e+00 2303e-01 12.722 87.278 a/SF(a) @
111 10.59 8.799¢-03 1.682¢-02 65.648 34352 a/SF(SF) @/SF
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[72], and the present study exhibit a similar behavior of
change according the mass number of the parent nuclei,
their size is different. However, the results of Bao et al.
[71] show a slightly different behavior in comparison to
others. The proposed formula, comprising six parameters
and excluding the Qsg value, produces the experimental
value of SF of nuclei in reasonable rms values.

The branching ratios for SFs and ADs were obtained,
and the modes of decays were predicted for Z = 104—-118
nuclei with known experimental decay modes. The decay
modes extracted in calculations are in very good agree-
ment with the experimental ones. Although theoretical
predictions of the decay modes of many nuclei are the
same as experimental ones, the predictions of decay
modes for some nuclei are nevertheless different from ex-
perimental results. Furthermore, the branching ratios for
SFs and ADs were obtained, and the modes of decay for

Z =119 and Z = 120 nuclei, which have the unknown ex-
perimental decay modes, were predicted. The decay
modes are predicted for 45 nuclei that do not have experi-
mental decay modes, and they compared with the predic-
tions of Bao et al. [71]. Even if the predictions of two dif-
ferent models are same for many nuclei, the predictions
of decay modes obtained in present study for some nuc-
lei are different from the results of Bao et al. [71]. These
are the de%g‘y modes of ~*1 12, 1 12, 21 15, 51 13,
115, and ~ 113 nuclei.

In this study, different decay modes are obtained for
some nuclei in comparison to the predictions provided in
the literature for some superheavy nuclei. The present
results provide useful information and knowledge for im-
proving theoretical models and possible future experi-
mental studies on superheavy nuclei in terms of both half-
lives of the a decays and spontaneous fission.
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