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Abstract: In order to describe charge exchange reactions at intermediate energies, we implemented as a first step the

formulation of the normal eikonal approach. The calculated differential cross-sections based on this approach devi-

ated significantly from the conventional DWBA calculations for CE reactions at 140 MeV/nucleon. Thereafter, im-

provements were made in the application of the eikonal approximation so as to keep a strict three-dimensional form

factor. The results obtained with the improved eikonal approach are in good agreement with the DWBA calculations

and with the experimental data. Since the improved eikonal approach can be formulated in a microscopic way, it is

easy to apply to CE reactions at higher energies, where the phenomenological DWBA is a priori difficult to use due

to the lack, in most cases, of the required phenomenological potentials.
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1 Introduction

Charge exchange (CE) reactions, with hadronic
probes such as (p, n), (3He, t), (12C, 12N), are used as one
of the powerful tools for nuclear structure studies. The re-
lated interesting topics include the Gamow-Teller (GT)
transitions in regions of excitation energy inaccessible to
B-decay [1-4], spin-dipole transitions [3], isovector giant
monopole resonances [2, 5], symmetry energy [2, 6],
isospin symmetry breaking force in asymmetric nuclear
matter [6—8], the Gamow-Teller giant resonance and the
Landau-Migdal parameter [8]. In particular, GT strengths
are crucial for understanding various issues such as the
late stellar evolution, neutrino nucleosynthesis and neutri-
noless doubleB-decay [1, 3, §]. It is known that heavy-ion
probes allow a better extraction of the GT strength com-
pared to the (p, n) reactions due to higher energy resolu-
tion, as well as stronger absorption at the surface of the
target nucleus [1-4].

Recently, more attention has been paid to the experi-
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mental studies of CE reactions at intermediate energies (>
100 MeV/nucleon) [2, 3, 8]. Systematic investigations in-
dicate that the reaction mechanism at these energies is
dominated by the one-step process, so that more precise
extraction of the weak transition strengths, or of the nuc-
lear structure information, can be obtained as long as the
appropriate theoretical tools can be applied to describe
the data [9]. However, few theoretical formulations and
calculation tools exist for intermediate and high energies
[4, 10, 11], although at lower energies (< 100 MeV/nucle-
on) the CE reactions have been successfully described by
the conventional Distorted-Wave-Born-Approximation
(DWBA) [12—-16]. It is difficult to apply the DWBA
method to CE reactions at intermediate energies since the
required phenomenological potential is rarely available
[4, 17]. Therefore, we try to follow the eikonal approxim-
ation, which can be formulated microscopically by using
the nucleon densities and the bare nucleon-nucleon (NN)
interaction [18]. As a first step, we follow the Normal
Eikonal Approach (NEA) [18, 19], where the eikonal ap-
proximation is applied both to the relative motion and to
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the structural form factor. The results based on NEA
show a considerable discrepancy compared with the con-
ventional DWBA calculations for CE reactions at 140
MeV/nucleon. It was found that this is caused by the ap-
proximate treatment of the form factor, which carries the
sensitive nuclear structure information. As the second
step, we develop the Improved Eikonal Approach (IEA),
in which the eikonal (straight-line) approximation is still
applied to the relative motion, while it is removed from
the structural part, so that the form factor remains a strict
three-dimensional function in coordinate space. Based on
IEA, the calculated differential cross-sections (DCS) are
in good agreement with the conventional DWBA calcula-
tions and with the experimental results for CE reactions at
140 MeV/nucleon.

2 Theoretical description

The DCS for the CE reaction A(a, b)B is usually ex-
pressed as [17, 20]:

do 1

_ 2
0?= (2Ja+ D)2+ 1) Ag; rof. (M)

MM,
where J; and M; are the spin and magnetic quantum num-
ber of the particle i (i = a, b, A and B), respectively. At
intermediate energies, the difference between the amp-
litudes of the initial and final momentum can be neg-
lected, and thus the scattering amplitude f(6) in DWBA
approach can be defined in terms of the interaction mat-
rix element [17, 20]:

f(0) = %zcv;?)ae)@b@g V] 0,0ax (R,  (2)

where p is the reduced mass of the reaction system,
Y*®(R) the incoming (+)/outgoing (-) distorted wave
function, k(k’) the initial (final) relative momentum, and
R the vector of the relative position between a and 4, or b
and B, as seen in Fig. 1 and Fig. 3. In Eq. (2), ® is the in-
ternal wave function of the corresponding nucleus, and V
the effective interaction potential which results in the
charge exchange.

In the eikonal approximation, which is valid at relat-
ively high incident energies, the incoming distorted wave
)(53) is assumed to have the form [17, 20]:

X(k+)( R) = citeeit®), 3)
where the z axis is parallel to the direction of the incident
particles. The outgoing distorted wave )(;) is the time re-
versal of x’. In Eq. (3), e/ with large £ is a rapidly os-
cillating plane wave along the z axis, while e¥® is char-
acterized by the relatively slow oscillation. Here, one
usually adopts the cylindrical coordinates so that R can be
replaced by b +ze; as shown in Fig. 1. The vector in the

The direction of the incident particle

— -

Projectil

Target

Fig. 1. Schematic of the coordinate system used in the text.

plane perpendicular to the z axis, b, is usually called the
impact parameter.

Again, according to the eikonal approximation, the
phase shift function y(R) in Eq. (3) can be replaced by the
two dimensional function y(b) [17, 19, 20]:

M +00
b)=—— b,7)d 4
x(b) hzkﬁw U(b,z)dz, “4)

where U is the overall interaction potential between the
initial particles a and A4, or the final particles b and B. The
product )((k_,)* : X(,:) in the expression of f(6) is then
e 1Reix®) [19]. Here, ¢, the transferred momentum, is
. - . .0
equal to k' — k , as illustrated in Fig. 2, with ¢ ~ 2ksin > at

relatively high energies.

k' o q

L

Fig. 2.
angle between the final momentum k’ and the initial mo-

Schematic definition of the scattering angle 6, the

mentum k. g is the transferred momentum.

Generally, the potential U in Eq. (4) includes the nuc-
lear and Coulomb parts. Correspondingly, x(b) is also the
sum of yn and yc, the nuclear and Coulomb phase shift
functions.

In order to make a direct comparison with the results
of DWBA calculations, we may simply take U as the phe-
nomenological optical potential (OP), and use it in both
the CEX and DWBA codes. In case the phenomenologic-
al potential U, alternatively, is unavailable, a microscop-
ic method, called the “z,,” method, can be adopted to cal-
culate yn:

xn(b) = fo dq gpp(@)pq) finn(g)Jo(gb), (%)

where fun is the NN scattering amplitude, and p, and p;
the nucleon densities of the projectile and target. Using
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this method, the application of the eikonal approximation
can be extended to higher incident energies (E up to
~1GeV), where the phenomenological potential U is
rarely available [11].

Based on the eikonal approximation, f(0) in Eq. (2)
becomes:

16) = %;2 f dRe IR O F(R), (6)

Here, F(R), the form factor carrying the nuclear structure
information, is defined by:

F(R) = (JgTgJoTp | V | JaATAJ Ty), @)

where Tj is the isospin of the nucleus i (i=a, b, A and B).
V in Eq. (7) is the residual interaction between the
valence nucleons, which is responsible for the CE reac-
tion. More specifically, V'is given by [19]:

V=) Ve =), ) AV, ()@ T

tp; tp; soteK
— K So\K
X[Yk(Fep,) - (07 @03)" ], (3

where Tip, is the spatial coordinate between the interact-
ing target nucleons “t;” and projectile nucleons “p;” , as
indicated in Fig. 3. Here, so, the change of spin of the in-
teracting nucleons, has two values, 1 and 0, correspond-
ing to the spin-flip and non-spin-flip processes, respect-
ively. The change of isospin, 7y, is 1 for CE reactions. In
Eq. (8), K =0 and K = 2 correspond to the central and
tensor forces, respectively. The constants AX have the
values Vdr, —V12r and Vdx/5, for A), A and A2 re-
spectively [19]. In Eq. (8), the NN interaction strength
functions V¥, (r) include both the central (K = 0) and the
tensor (K = 2) parts. Their parameters are taken from [21,
22]. Given the exchange and medium effects, the modi-
fied NN interaction strength functions are given in [21],
which were adopted in the present work.

Combining Eq. (8) with Eq. (7), F(R) can be decom-
posed into the partial form factor F/S'(R) weighted by
the C-G coefficients:

Fig. 3.
between the center-of-mass of the nuclei, and rpj/rli the dis-
tance between the interacting nucleons p;/t; and the center-
of-mass of the projectile/target.

The coordinates used in the text. g is the distance

JsMp oM,
CJAMAJM/ CJL.MUS M;

F(R) = Z

J.S,Ly
M. M; M;

LM,
XCs,om,

FPh(R), ©)
where J/S is the total spin transferred to the intrinsic mo-
tion of the target/projectile system, L the total trans-
ferred angular momentum, and M, the associated mag-
netic quantum number. It is natural that the partial form
factor (matrix element) F/5'+(R) requires the states and
wave functions of the interacting (valence) nucleons as
input. One possibility is to use the One Body Transition
Densities (OBTD), including the configuration mixing,
which can be obtained from the shell model calculations
using for instance the OXBASH code [1, 23]. The exact
expressions for OBTD, together with the corresponding
single-particle wave functions, can be found in [12—15,
24, 25]. The detailed expressions for OBTD are beyond
the scope of this article and, hence, are omitted.

For simplicity, the numerical calculations are per-
formed in momentum space. Therefore, F(R) is ex-
pressed by the inverse Fourier transformation of the form
factor in the momentum space F(p):

F(R) = f dpe PRFE(p). (10)
Inserting Eq. (10) into Eq. (6), f(8) becomes:

M —ig-R _iy(b)
@) =——— | dbdze™?" e
g 27rh2f

X f dpe  PRE(p). (11)

According to NEA, the integral over z on e {@*PR in Eq.
(11) is performed and yields a delta function §(g, + p.).
Further, by using ¢, ~ 0, Eq. (11) in this approach be-
comes:

fNEA(e) __H f db e~i4beiv(®)

2
x f dpL e PP E(p,), (12)

where p, is a two-dimensional momentum in the
plane perpendicular to the z axis. In this way, F(R) is
reduced to a two-dimensional function FNEA(D)=
fdpi e PPF(p)).

For comparison, in IEA ¢, ~ 0 is directly used in
e 4R 5o that e7R is replaced by e74? and Eq. (11) be-
comes:

fIEA(e) =_2ﬂh2 fdbdze—iQ'beiX(b)
Tt

X f dpe PRE(p). (13)

One can see that the form factor F(R) in IEA is a three-
dimensional function. In other words, FTEA(R)=

[dpe PRF(p).

124102-3



Chinese Physics C  Vol. 43, No. 12 (2019) 124102

The term e~ 7% above can be expanded into a series of
three-dimensional partial terms:
PR =an 3 i (PR (DY (R),  (14)
LM
Correspondingly, DCS for CE reactions (Eq. (1)) can be
decomposed in the form:

12 2Jg+1)2Jp +1)
h4 QI+ DQ2J, + 1)% pof. as

do
d_Q(e)
The detailed expression for the partial amplitude B(6) can
be easily deduced for NEA or IEA using the above deriv-
ations.
Apart from CE reactions, the eikonal approximation
can also be applied to the elastic scattering cross-section.
DCS for elastic scattering can be written as [11, 19]:

do
= @), (16)

where the elastic scattering amplitude, f«(6), is defined
by [11]:

le(e):—% f e RU(R)Y (R)dR. 17

In the eikonal approximation, f(6) becomes [11]:

fel(g) :fc(e) + lkf db b]()(qb)e[i)(c(h)]
0

x[1 —eh®), (18)

where fc(0) is the scattering amplitude given by the
point-charge Coulomb potential [20].

3 Results

Before presenting a comprehensive treatment of CE
reactions, we start with a test of the coding technique by
evaluating a simple case, elastic scattering with the eikon-
al approximation. As demonstrated in Fig. 4, the results
are in perfect agreement with the conventional Optical
Model (OM) calculations [26], for scattering at 140
MeV/nucleon and at small angles (6 < 20 deg). Some di-
vergence appears at larger angles, which is reasonable
since the eikonal approximation is valid only for small
scattering angles and at relatively high energies [11, 17,
20]. It should be noted that, for a direct comparison, the
same OP parameters from [1, 25] are used in both the
eikonal approximation and the OM calculations.

For CE reactions, we first perform calculations of
DCS in NEA. According to Eq. (15), DCS for CE reac-
tions is determined by all possible and independent

0°F T om

— This work 7

OM ]
— This work

B 1n-2

g 10 2c target 13¢ target

£

3 | oM o

S 100 & — This work — This work,
1072 | ~ X
107 ’

3 (c) 2\g target (d) 1205, target §
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Fig. 4.

(black-dashed lines). (a), (b), (c) and (d) correspond to the elastic scattering of *He at 140 MeV/nucleon on 13C, e,

targets, respectively.
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(color online) Comparison of the elastic scattering DCS between our calculations (red-solid lines) and the OM calculations

120

Sn and 26Mg
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JS Ly —components. For GT-type CE reactions, they are
110- (J=1,8 =1, L, =0) and 112- components. As can
be seen in Fig. 5, the results show considerable discrep-
ancy between the NEA calculations and the conventional
DWBA calculations (FOLD program) for the 112- com-
ponent and the total DCS, although a good agreement for
the 110- component is obtained (not shown). Three GT-
t;/pe CE reactions, all at 140 MeV/nucleon, are checked:
“C CHe, t) "N, *Mg (He, t) **Al and "°Sn ('He, t) "*’Sb.
We note again that all input parameters are the same for
both calculations, including the overall optical potential
U, the residual NN interaction potential  and OBTD [1,
21, 22, 25]. Therefore, the difference between the calcu-
lated results is related to the approximations of the mod-
els.

Thereafter, the calculations are performed based on
the new approach, IEA. As shown in Fig. 6, two calcula-
tions, again using exactly the same input parameters, are
in perfect agreement for both the 112- component and the
total DCS, for the three GT-type reactions at 140
MeV/nucleon. The difference between NEA and IEA for
the 112- component can be further understood by look-
ing at the contributions related to each quantum number.
As indicated above (Eq. (9)), the 112- component im-
plies Ly =2 and My = 0,+2 (only even numbers are ef-
fective). It is found that when applying the eikonal ap-
proximation to the form factor, such as in NEA, the im-

portant contributions from the M, = £2 terms vanish
automatically. By using the strict three-dimensional form
factor, such as in IEA, these terms are recovered and
good results can be obtained. This finding is in line with
the physics meaning of each term, according to the kin-
ematic picture. Since only the M, = 0 term is allowed for
the 110- component, it does not show any difference
between the NEA and IEA calculations. It is clear that the
IEA treatment is crucial for the applicability of the eikon-
al approximation to CE reactions at intermediate ener-
gies.

We also tried to a})ply IEA to the experimental data
for a mirror reaction C (13N,13C) "N at 105 MeV/nucle-
on [27]. Here, ngtn(r) at 105 MeV/nucleon is deduced by
interpolation of the potentials at 50, 100, 140, 175, 210,
270, 325, 425, 515, 650, 725, 800 and 1000 MeV/nucle-
on [21, 22]. The OP parameters are obtained from [28].
OBTD are obtained using the OXBASH code with pwt
interaction [29] in the p-shell space. As shown in Fig. 7,
the IEA calculations are comparable with the experiment-
al results and with the results obtained using the single-
particle model (SPM) [28]. It is worth noting that the ex-
perimental angular distribution has no oscillatory struc-
ture due to the very limited angular resolution of the de-
tection system [27]. What is important here is the correct
reproduction of the cross-section at 0 degrees, from
which the GT transition strength can be extracted [1, 30].
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(color online) Comparison between the DWBA (black-dashed lines) and NEA (red-solid lines) calculations for the 112- com-
ponent and the total DCS. Three GT-type CE reactions, all at 140 MeV/nucleon, are used: (a)
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(color online) Comparison between the calculations using the DWBA approach (black-dashed lines) and IEA (red-solid lines),

for the 112- component and the total DCS. The reactions used are the same as in Fig. 5.
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Fig. 7. (color online) Comparison of the angular distribu-

tions for "C (13N, 13C) "N at 105 MeV/nucleon for the IEA
calculations (red-solid line) and SPM calculations (red-
dashed line) [28] with the experimental data (black dots
with error bars.) [27].

_ d .
The actual IEA predictions of d—g(OS_m.) are respectively

50.43 mb/sr and 64.73 mb/sr, for the pwt [29] and ckpot
interactions [31] in the shell-model calculations. Both
agree with the present experimental value of 56+10 mb/sr
[27] within the error bar.

4 Summary

In order to describe CE reactions at intermediate ener-
gies, we first tried to implement the NEA formulation.
Test calculations for CE reactions at 140 MeV/nucleon
showed considerable discrepancy with respect to the con-
ventional DWBA calculations. Thereafter, the formula-
tion was improved (IEA) by removing the influence of
the eikonal approximation from the form factor so as to
keep it a strict three-dimensional function. Calculations
based on IEA are in good agreement with DWBA calcu-
lations for various CE reactions at 140 MeV/nucleon, and
with the experimental data at 105 MeV/nucleon. Since
the eikonal approximation can be easily formulated in a
microscopic way, relying only on the nuclear matter
density distribution and the bare nucleon-nucleon interac-
tion (see Eq. (5)), it has the obvious advantage when ap-
plied to CE reactions at higher energies, where the phe-
nomenological OP, required for DWBA, is rarely avail-
able. Based on the current benchmark test, the IEA ap-
proach is ready to be compared to the experimental data,
and to be applied to the extraction of the related physics
quantities, although some improvements could further be
made for relativistic energies.

We would like to thank Prof. C.A. Bertulani for the
initial ideas and useful discussions of the theoretical de-
scription of CE reaction at intermediate energies. He also
provided part of the NEA formulas.
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