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Abstract: We discuss the Hamiltonian formulation of gravity in four-dimensional spacetime under Bondi-like coor-

dinates {v,r,xa,a=2,3}. In Bondi-like coordinates, the three-dimensional hypersurface is a null hypersurface, and the

evolution direction is the advanced time v. The internal symmetry group SO(1,3) of the four-dimensional spacetime

is decomposed into SO(1,1), SO(2), and T±(2), whose Lie algebra so(1,3) is decomposed into so(1,1), so(2), and

t±(2) correspondingly. The SO(1,1) symmetry is very obvious in this type of decomposition, which is very useful in

so(1,1) BF theory. General relativity can be reformulated as the four-dimensional coframe (eIµ) and connection (ωIJ
µ )

dynamics of gravity based on this type of decomposition in the Bondi-like coordinate system. The coframe consists

of two null 1-forms e−, e+ and two spacelike 1-forms e2, e3. The Palatini action is used. The Hamiltonian analysis

is conducted by Dirac’s methods. The consistency analysis of constraints has been done completely. Among the

constraints, there are two scalar constraints and one two-dimensional vector constraint. The torsion-free conditions

are acquired from the consistency conditions of the primary constraints about πµ
IJ . The consistency conditions of the

primary constraints π0
IJ =0 can be reformulated as Gauss constraints. The conditions of the Lagrange multipliers

have been acquired. The Poisson brackets among the constraints have been calculated. There are 46 constraints

including 6 first-class constraints π0
IJ=0 and 40 second-class constraints. The local physical degrees of freedom is 2.

The integrability conditions of Lagrange multipliers n0, l0, and eA0 are Ricci identities. The equations of motion of

the canonical variables have also been shown.
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1 Introduction

The Hamiltonian analysis plays an extremely impor-
tant role in the initial-value problem and canonical quan-
tization. For a gravitational system, the Hamiltonian
analysis depends on two fundamental elements, namely,
the foliation of a spacetime and the choice of canonical
variables.

The most frequently used foliation method is to foli-
ate a spacetime by a series of three-dimensional spacelike
hypersurfaces along a time-like vector field [1], based on
which the initial-value problem is well defined. An alter-
native foliation method is to foliate the spacetime along
two null vector fields [2], named by 2+2 formalism, based
on which the initial-value problem can also be well de-
fined.

For a better understanding of the gravitational radi-
ation, a null foliation is proposed [3], which provides a

canonical formulation of a theory on outgoing null hy-
persurfaces. In a neighborhood of an outgoing beam of
wave near the future null infinity in an asymptotical flat
spacetime, the metric can be written in a Bondi-Sachs
coordinate system {u,r,xa,a=2,3} [4, 5],

ds2=g00du
2+2g01dudr+2g0adudx

a+gabdx
adxb, (1.1)

with g00 < 0, g01 < 0, and g0a > 0. The metric has four
Bondi conditions: g11, g12, g13 = 0, and det(gab) ∼ r2.
In the system, the retarded time u is a null coordinate.
Each u defines a three-dimensional null hypersurface in
the four-dimensional spacetime. The spatial coordinate r
is regarded as the distance from the isolated gravitational
source. For a given u, every r defines a two-dimensional
spacelike surface in the three-dimensional null hypersur-
face.

For a beam of an outgoing gravitational wave, u

always remains constant in its propagation direction.
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Therefore, if one wants to study the propagation proper-
ties of a given beam of a gravitational wave, the advanced
time coordinate v should be used instead of the retarded
time coordinate u. In the study of the geometry near
an isolated horizon that is a null hypersurface, the ad-
vanced time coordinate v should also be used [6–8]. In
these cases, the metric is better written in a Bondi-like
coordinate system {v,r,xa,a=2,3} or {x0,x1,xa,a=2,3}:

ds2=g00dv
2+2g01dvdr+2g0advdx

a+gabdx
adxb, (1.2)

with g00 < 0, g01 > 0, and g0a > 0. In the above metric,
there are three Bondi-like conditions, namely, g11, g12,
and g13 = 0; therefore, the metric has only 7 variables
rather than 10 variables in the general form of a metric.
The 4th coordinate condition is not imposed here.

Unlike the 1+3 spacelike foliation and 2+2 foliation,
which can be used in the analysis of initial-value prob-
lems in the whole spacetime, the 1+3 null foliation can
only be used in a finite region of the spacetime where
there is no null signal incident in the opposite direction.
In fact, in the study of the propagation of a beam of a
gravitational wave, the one-way propagating wave and
its propagation property are focused on and, thus, it is
supposed that no other null signals exist. In the case of
an isolated horizon, by definition, it is a null hypersurface
without the incident of ingoing signals.

To have a better knowledge of the evolution of a ge-
ometry, the three-geometry hij on a three-dimensional
spacelike hypersurface in the ADM formalism [1] and
the two-geometry γab on a two-dimensional spacelike sur-
face in the 2+2 formalism are chosen as the canon-
ical configuration variables. To make general relativ-
ity look like a gauge theory, having polynomial forms,
su(2)-connection on a three-dimensional hypersurface is
chosen as the canonical configuration variable [9]. The
su(2)-connection is also constructed for the 2+2 formal-
ism [10–12] and for the 1+3 null decomposition [13, 14]
and serves as the canonical configuration variable. The
reason for the choice of su(2)-connection comes from
the fact that the Lorentz group can be decomposed
as the direct product of two SO(3) subgroups, namely,
SO(1,3)=SO(3)⊗SO(3), and the corresponding Lie alge-
bra so(3) is isomorphic to su(2).

Because the local symmetry SO(1,d− 1) in a d-
dimensional spacetime with d 6=4 does not have a similar
decomposition, such a type of connection dynamics can-
not be generalized to other dimensional spacetimes. In
order to overcome this difficulty, the so(d)-connection
instead of the so(d−1)-connection as the basic config-
uration variable [15]. With the so(d)-connection, un-
fortunately, the Lagrangian formalism on a spacetime
with a Lorentzian signature fails to be constructed, al-
though the Hamiltonian formalism can be established
[15]. In fact, the local Lorentz group SO(1, d−1) in

a d-dimensional spacetime can always be decomposed as
SO(1,d−1)=SO(1,1)×SO(d−2)×T−(d−2)×T+(d−2), where
the last two cross products × are Cartesian products of
the subgroups [16]. Another problem of the decompo-
sition SO(1,3)=SO(3)⊗SO(3) is that the SO(1,1) local
symmetry does not manifest. The local SO(1,1) symme-
try is very essential in the BF-theory approach to the sta-
tistical explanation of black hole entropy [17–20]. There-
fore, it is worthwhile checking the possibility of choosing
the so(1,d−1)=so(1,1)⊕ so(d−2)⊕ t

−(d−2)⊕ t
+(d−2)-

connection as the canonical configuration variable.
The decomposition of so(1,d−1)=so(1,1)⊕so(d−2)⊕

t
−(d−2)⊕t

+(d−2) can be easily realized in a coframe
consisting of two null 1-forms (e−,e+) and d−2 spacelike
1-forms ea, which is similar to the Newman-Penrose form
[21]. The reason is that the coframe has four types of lo-
cal transformations: boost, rotation, and two types of
translations, which leave the metric invariant [22]. They
belong to four subgroups of the Lorentz group SO(1,d−1),
namely, SO(1,1), SO(d−2), T−(d−2), and T+(d−2). In par-
ticular, the SO(1,1) symmetry acts on (e−,e+) only and
the SO(d−2) symmetry acts on ea only. In a Bondi-like
coordinate system near an isolated horizon or a beam of
a gravitational wave, the null coframe e− is chosen to be
proportional to dv, which makes the SO(1,1) symmetry
more obvious.

In our previous study [23], we carried out a Hamil-
tonian analysis of three-dimensional gravity in Bondi-
like coordinates, based on Dirac’s treatments of a con-
strained system [24]. In the three-dimensional case, g01
was fixed to 1; all the three variables e+0 , e

2
0, and e22 of

the coframe and the connection components ωIJ
µ were

treated as configuration variables; the Palatini action
was used; and the cosmological constant was also in-
cluded. A consistency analysis was carried out success-
fully, and torsion-free conditions and Gauss constraints
were acquired. There were only second-class constraints.
The BTZ spacetime was discussed as a test, which sat-
isfied all the constraints.

The aim of the present study is to make a Hamilto-
nian analysis of four-dimensional gravity in Bondi-like
coordinates, by using the same method as in Ref. [23].
For convenience, we implement some modifications in
the treatment. Unlike in the treatment in the three-
dimensional case [23], g01 is not fixed, and, therefore,
the metric is more general and can be applied to more
cases. The other differences are that n0, l0, and eA0 are
treated as Lagrange multipliers and that the cosmologi-
cal constant is not included. The consistency conditions
of the constraints will require the multipliers n0, l0, and
eA0 satisfying certain equations. These equations define
the first derivative of n0, l0, and eA0 with respect to dif-
ferent coordinates, and therefore, the multiplier should
satisfy the integrability conditions. Such a situation is
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not met in Dirac’s original literature [24]. In the new
approach, the torsion-free conditions will appear as the
consistency conditions of the primary constraints con-
taining πµ

IJ . In the coframe framework, the Gauss con-
straints are not independent ones, and they will emerge
in the consistency conditions of π0

IJ=0.
The rest of the paper is structured as follows. In Sec.

2, the symmetry decomposition, coframe, connection, ac-
tion, and Poisson brackets are introduced. In Sec. 3, the
consistency conditions for the constraints are analyzed,
and the equations of motion are obtained. As a part of
the consistency conditions, the integrability conditions of
n0, l0, and eA0 are also presented. In Sec. 4, the classifica-
tions of constraints are considered, and the local physical
degrees of freedom are discussed. The scalar, vector, and
Gauss constraints in the new approach are also given in
this section. In Sec. 5, the summary is made. In Appen-
dices A and B, 2 identities are proved. In Appendices C,
D, and E, the integrability conditions of n0, l0, and eA0
are shown to be equivalent to Ricci identities. The non-
zero Poisson brackets among the constraints are listed in
Appendix F.

2 Preliminary

2.1 Symmetry decomposition

The internal symmetry group of the four-dimensional
spacetime is SO(1,3), and its Lie algebra is so(1,3). The
generators are denoted as LIJ ,I,J=0,1,2,3, satisfying

[LIJ ,LKL]=ηILLJK+ηJKLIL−ηIKLJL−ηJLLJK , (2.3)

where ηIJ = diag(−1,1,1,1) is the Minkowski metric of
the local space.

The generators of so(1,3) can also be redefined as [16]

L−+ :=L01, L±A :=
1√
2
(L0A±L1A), LAB :=LAB,

(2.4)

where A,B=2,3. They satisfy

[L−+,L−A]=−L−A, [L−+,L+A]=L+A,

[L−+,LAB]=0, [L−A,L−B]=0,

[L−A,L+B]=LAB−δABL−+,

[L−A,LBC ]=δABL−C−δACL−B, [L+A,L+B]=0,

[L+A,LBC ]=δABL+C−δACL+B,

[LAB,LCD]=δADLBC+δBCLAD−δACLBD−δBDLAC .

(2.5)

The above equations can also be written together as (2.3)

with I,J=−,+,2,3 and

(ηIJ )=











0 −1 0 0

−1 0 0 0

0 0 1 0

0 0 0 1











. (2.6)

2.2 Coframe

The spacetime line element can be written in terms
of the coframe,

ds2=ηIJe
I⊗eJ . (2.7)

Corresponding to our decomposition, the coframe is
{e−,e+,eA}, which contains two null 1-forms e−,e+ (or
n,l) and two spacelike 1-forms eA,A = 2,3. For any
coframe like this, the following four types of gauge trans-
formations [22] leave the line element (2.7) invariant:

E−=
e−

α
, E+=αe+, EA=eA, (2.8)

E−=e−−cAe
A+

1

2
cAc

Ae+, E+=e+, EA=eA−cAe+,

(2.9)

E−=e−, E+=e+−bAe
A+

1

2
bAb

Ae−, EA=eA−bAe−,

(2.10)

E−=e−, E+=e+, EA=eAcosβ−ǫABe
B sinβ, (2.11)

which correspond to SO(1,1), T−(2), T+(2), and SO(2)
transformations, respectively. Here, α, bA, cA, and β are
gauge parameters, which are arbitrary functions of the
coordinates.

2.3 Connection

Both eI and EI should satisfy torsion-free conditions

deI+ωIJ∧eKηJK=0, dEI+ΩIJ∧EKηJK=0. (2.12)

If eI and EI are related by gauge transformations (2.8),
(2.10), (2.9), and (2.11), one can obtain the relations
between ωIJ and ΩIJ :

Ω−+=ω−+−dlnα, Ω−A=
1

α
ω−A,

Ω+A=αω+A, ΩAB=ωAB; (2.13)

Ω−+=ω−+−ω−AbA, Ω−A=ω−A,

ΩAB=ωAB+ω−AbB−ω−BbA,

Ω+A=ω+A+ω−+bA−ω−BbBb
A

+ωABbB+dbA+
1

2
ω−AbBb

B; (2.14)
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Ω−+=ω−++ω+AcA, Ω+A=ω+A,

ΩAB=ωAB+ω+AbB−ω+BbA,

Ω−A=ω−A−ω−+cA−ω+BcBc
A+ωABcB

+dcA+
1

2
ω+AcBc

B; (2.15)

Ω−+=ω−+, Ω±A=ω±Acosβ−ǫABω
±B sinβ,

ΩAB=ωAB+dβ. (2.16)

2.4 Action

In the following analysis, a special coframe is chosen

n=n0dv, l=l0dv+dr, eA=eA0 dv+eAa dx
a (2.17)

or written as

e−=e−0 dx
0, e+=e+0 dx

1+dr, eA=eA0 dv+eAa dx
a.

(2.18)

The four-dimensional Palatini action of gravity is

S=

∫

M

F IJ∧ΣIJ=

∫

M

1

2
ǫIJKLǫ

µνρσF IJ
µν e

K
ρ e

L
σdvdx

1dx2dx3

=

∫

M

(ǫIJKLǫ
0jklF IJ

0j e
K
k e

L
l +ǫIJKLǫ

0ijlF IJ
ij eK0 e

L
l )d

4x,

(2.19)

where

F IJ=dωIJ+ηKLω
IK∧ωLJ . (2.20)

Therefore, the Lagrangian is

L=

∫

ǫIJKLǫ
0ijk(F IJ

0i e
K
j e

L
k+F IJ

ij eK0 e
L
k )d

3x. (2.21)

In the following analysis, eAa and ωIJ
µ will be treated as

configuration variables, and their conjugate momenta are
denoted as πa

A and πµ
IJ , respectively. e

I
0 will be treated as

Lagrange multipliers, and therefore, there are four cor-
responding primary constraints:

ǫIJKLǫ
0jklF JK

jk eLl =ǫIJKLǫ
jklF JK

jk eLl ≈0, (2.22)

where ǫ0jkl is written as ǫjkl for brevity. Under coframe
(2.17), the above four constraints can be written as

ǫABǫ
abF+A

1a eBb +F 23
23 ≈0, (2.23)

ǫABǫ
abF−A

1a eBb ≈0, (2.24)

F−A
23 +ǫabeAa F

−+
1b ≈0, (2.25)

corresponding to n0, l0, and eA0 , respectively.

2.5 Poisson bracket

The Poisson bracket of two quantities f(v,x) and
g(v,y) at the same time v is defined as

{f(v,x),g(v,y)}=
∫ [

δf(v,x)

δeAa (v,z)

δg(v,y)

δπa
A(v,z)

+
1

2

δf(v,x)

δωIJ
µ (v,z)

δg(v,y)

δπµ
IJ (v,z)

− δf(v,x)

δπa
A(v,z)

δg(v,y)

δeAa (v,z)

−1

2

δf(v,x)

δπµ
IJ(v,z)

δg(v,y)

δωIJ
µ (v,z)

]

d3z, (2.26)

where x, y, and z stand for three-dimensional null hyper-
surface coordinates. The Poisson brackets of canonical
pairs are

{eAa (v,x),πb
B(v,y)}=δABδ

b
aδ

3(x−y), (2.27)

{ωIJ
µ (v,x),πν

KL(v,y)}=(δIKδJL−δILδ
J
K)δνµδ

3(x−y). (2.28)

3 Hamiltonian analysis

3.1 Total Hamiltonian

By definition, the canonical momentum P conjugate
to a configuration variable Q is

P :=
δL

δQ̇
, (3.1)

and when the Lagrangian contains, at most, the linear
term of Q̇, the definition of the conjugate momentum
P gives a primary constraint. Because the Palatini La-
grangian (2.21) is of the first order, one can obtain 28
primary constraints

πa
A=0, π0

−+=0, π1
−+−2ǫABǫ

abeAa e
B
b =0, πa

−+=0,
(3.2)

π0
−A=0, π1

−A=0, πa
−A−4ǫABǫ

abeBb =0,

π0
+A=π1

+A=πa
+A=π0

23=π1
23=πa

23=0. (3.3)

Together with (2.23), (2.24), and (2.25), there are 32
primary constraints in all.

By the Legendre transformation, the canonical
Hamiltonian is

Hc=

∫

V

(πa
Aė

A
a+

1

2
πµ
IJ ω̇

IJ
µ )d3x−

∫

V

Ld3x

=

∫

V

ǫABǫ
ab[4(ω−A

0,a +ω−+
0 ω−A

a −ω−+
a ω−A

0 −ω−D
0 ωCA

a δDC+ω−D
a ωCA

0 δDC)e
B
b

+2(ω−+
0,1 −ω−C

1 ω+D
0 δCD+ω−C

0 ω+D
1 δCD)e

A
a e

B
b −4F−+

1a eA0 e
B
b +4F−A

1a l0e
B
b

−2F−A
ab eB0 −4n0F

+A
1a eBb −n0F

AB
ab ]d3x, (3.4)
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and therefore, the total Hamiltonian with primary constraints is

HT =

∫

V

[4ǫABǫ
ab(ω−A

0,a +ω−+
0 ω−A

a −ω−+
a ω−A

0 −ω−D
0 ωCA

a δDC+ω−D
a ωCA

0 δDC)e
B
b

+2ǫABǫ
ab(ω−+

0,1 −ω−C
1 ω+D

0 δCD+ω−C
0 ω+D

1 δCD)e
A
a e

B
b −n0ǫABǫ

ab(4F+A
1a eBb +FAB

ab )

+4ǫABǫ
abF−A

1a eBb l0+eA0 ǫABǫ
ab(2F−B

ab −4F−+
1a eBb )+λA

a π
a
A+λ−+

0 π0
−+

+λ−+
1 (π1

−+−2ǫABǫ
abeAa e

B
b )+λ−+

a πa
−++λ−A

0 π0
−A+λ−A

1 π1
−A+λ−A

a (πa
−A−4ǫABǫ

abeBb )

+λ+A
0 π0

+A+λ+A
1 π1

+A+λ+A
a πa

+A+λ23
0 π0

23+λ23
1 π1

23+λ23
a πa

23]d
3x. (3.5)

3.2 Consistency analysis of the primary constraints

The primary constraints should always hold in the whole evolution. It means that their Poisson brackets with
the total Hamiltonian should be zero on the constraint surface in the phase space. The following is the analysis of
the consistency conditions for the primary constraints in detail. First, the consistency conditions for πa

A=0 are

{HT ,π
a
A}=4ǫABǫ

ab(ω−B
0,b +ω−+

0 ω−B
b −ω−+

b ω−B
0 −ω−D

0 ωCB
b δDC+ω−D

b ωCB
0 δDC)

+4ǫABǫ
abeBb (ω

−+
0,1 +ω−C

1 ωD+
0 δCD−ω−C

0 ωD+
1 δCD)−4ǫABǫ

abeBb λ
−+
1

+4ǫABǫ
ab(l0F

−B
1b −eB0 F

−+
1b −n0F

+B
1b )−4ǫABǫ

abλ−B
b ≈0. (3.6)

They will always be valid if

λ−+
1 ≈ω−+

0,1 −ω−A
1 ω+B

0 δAB+ω−A
0 ω+B

1 δAB+X−+
1 , (3.7)

λ−A
a ≈ω−A

0,a +ω−+
0 ω−A

a −ω−+
a ω−A

0 −ω−B
0 ωCA

a δBC+ω−B
a ωCA

0 δBC+e+0 F
−A
1a −e−0 F

+A
1a −eA0 F

−+
1a −eAaX

−+
1 , (3.8)

where X−+
1 is a function of the canonical variables to be determined.

Next, the consistency conditions of the constraints with π
µ
IJ are

{HT ,π
0
−+}=−4ǫABǫ

abeBb (e
A
a,1+ωAC

1 eDa δCD−ω−A
a )≈0, (3.9)

{HT ,π
1
−+−2ǫABǫ

abeAa e
B
b }=−4ǫABǫ

abeAa (e
B
0,b+ω+B

b n0+ω−B
b l0+ωBC

b eD0 δCD−ωBC
0 eDb δCD)

+4ǫABǫ
abeB0 (e

A
b,a+ωAC

a eDb δCD)+4ǫABǫ
abλA

a e
B
b ≈0, (3.10)

{HT ,π
a
−+}=4ǫABǫ

ab[eBb (e
A
0,1−ω−A

0 +ω+A
1 n0+ω−A

1 l0+ωAC
1 eD0 δCD)

−eB0 (e
A
b,1−ω−A

b +ωAC
1 eDb δCD)]≈0, (3.11)

{HT ,π
0
−A}=4ǫABǫ

abeBb (ω
+C
1 eDa δCD−ω−+

a )+4ǫABǫ
ab(eBa,b+ωBC

b eDa δCD)≈0, (3.12)

{HT ,π
1
−A}=−4ǫABǫ

abeB0 (ω
+C
a eDb δCD)−4ǫABǫ

abl0(e
B
a,b+ωBC

b eDa δCD)

+4ǫABǫ
abeBb (l0,a+ω−+

a l0−ω+C
0 eDa δCD+ω+C

a eD0 δCD)≈0, (3.13)

{HT ,π
a
−A−4ǫABǫ

abeBb }=4ǫABǫ
abeBb ω

−+
0 +4ǫABǫ

abωBC
0 eDb δCD+4ǫABǫ

abeB0 ω
+C
1 eDb δCD

−4ǫABǫ
abeBb ω

+C
1 eD0 δCD−4ǫABǫ

ab(l0e
B
b ),1+4ǫCAǫ

abl0e
C
b ω

−+
1

−4ǫABǫ
abl0ω

BC
1 eDb δCD−4ǫABǫ

ab(eB0 ),b−4ǫABǫ
abωBC

b eD0 δCD

−4ǫABǫ
abeB0 ω

−+
b −4ǫABǫ

abω+B
b n0+4ǫABǫ

abλB
b ≈0, (3.14)

{HT ,π
0
+A}=−2ǫBCǫ

abeBa e
C
b ω

−A
1 =−4eω−A

1 ≈0, (3.15)

{HT ,π
1
+A}=4ǫABǫ

abn0(e
B
a,b+ωBC

b eDa δCD)+4ǫABǫ
abeB0 ω

−C
a eDb δCD

−4ǫABǫ
abeBa (−n0,b+ω−C

0 eDb δCD+ω−+
b n0−ω−C

b eD0 δCD)≈0, (3.16)

{HT ,π
a
+A}=−4ǫABǫ

ab(−n0,1e
B
b −n0e

B
b,1−ωBC

1 n0e
D
b δCD+ω−B

b n0)

−4ǫABǫ
abeBb ω

−+
1 n0+4ǫBCǫ

abeB0 e
C
b ω

−D
1 δDA

=−4ǫABǫ
abeBb ω

−+
1 n0+4ǫABǫ

abn0,1e
B
b +4ǫBCǫ

abeB0 e
C
b ω

−D
1 δDA
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+4ǫABǫ
abn0(e

B
b,1+ωBC

1 eDb δCD−ω−B
b )≈0, (3.17)

{HT ,π
0
23}=−4ǫabω−C

a eDb δCD≈0, (3.18)

{HT ,π
1
23}=4ǫabl0ω

−C
a eDb δCD−4ǫabn0ω

+C
a eDb δCD≈0, (3.19)

{HT ,π
a
23}=4ǫab(n0,b+ω−C

0 eDb δCD−ω−C
b eD0 δCD+ω−+

b n0)−4ǫabn0(ω
−+
b −ω+C

1 eDb δCD)≈0. (3.20)

The above 24 conditions are equal to 24 torsion-free conditions

n0,1−ω−+
1 n0≈0, (3.21)

n0,a−ω−+
a n0−ω−A

0 eBa δAB+ω−A
a eB0 δAB≈0, (3.22)

l0,1−ω−+
0 +ω+A

1 eB0 δAB+ω−+
1 l0≈0, (3.23)

l0,a+ω+A
a eB0 δAB−ω+A

0 eBa δAB+ω−+
a l0≈0, (3.24)

eA0,1−ω−A
0 +ω+A

1 n0+ωAB
1 eC0 δBC≈0, (3.25)

eA0,a−λA
a +ω−A

a l0+ω+A
a n0+ωAB

a eC0 δBC−ωAB
0 eCa δBC≈0, (3.26)

and

ω−A
1 ≈0, (3.27)

ǫabω−A
a eBb δAB≈0, (3.28)

ω−+
a −ω+A

1 eBa δAB≈0, (3.29)

ǫabω+A
a eBb δAB≈0, (3.30)

eAa,1−ω−A
a +ωAB

1 eCa δBC≈0, (3.31)

ǫab(eAa,b−ωAB
a eCb δBC)≈0. (3.32)

Eq. (3.26) consists of four torsion-free conditions by using the equations of motion of eAa

ėAa ={eAa ,HT}=λA
a ≈eA0,a+ω−A

a l0+ω+A
a n0+ωAB

a eC0 δBC−ωAB
0 eCa δBC , (3.33)

which result in

eA0,a−eAa,0+ω−A
a l0+ω+A

a n0+ωAB
a eC0 δBC−ωAB

0 eCa δBC≈0. (3.34)

The last 12 torsion-free conditions (3.27)-(3.32) contain no multipliers, and therefore, there are 12 secondary con-
straints.

Finally, the consistency conditions for (2.23), (2.24), and (2.25) are as follows:

{ǫABǫ
abF−A

1a eBb ,HT}=ǫABǫ
ab{F−A

1a ,HT}eBb +ǫABǫ
abF−A

1a {eBb ,HT }
=ǫABǫ

ab(λ−A
a,1−λ−+

1 ω−A
a −ω−+

1 λ−A
a −λ−C

a ωDA
1 δCD)e

B
b +ǫABǫ

abF−A
1a λB

b ≈0, (3.35)

which will be a trivial identity after the determination of λ−+
1 and λ−A

a (see Appendix A).

{ǫABǫ
abF+A

1a eBb +F 23
23 ,HT}=ǫABǫ

ab{F+A
1a ,HT}eBb +ǫABǫ

abF+A
1a λB

b +{F 23
23 ,HT}≈0, (3.36)

where

{F+A
1a ,HT }=λ+A

a,1−λ+A
1,a+λ−+

1 ω+A
a +ω−+

1 λ+A
a +λ+B

1 ωCA
a δBC+ω+B

1 λCA
a δBC

−λ−+
a ω+A

1 −ω−+
a λ+A

1 −λ+B
a ωCA

1 δBC−ω+B
a λCA

1 δBC , (3.37)

{F 23
23 ,HT }=λ23

3,2−λ23
2,3+ǫabλ+2

a ω−3
b +ǫabω+2

a λ−3
b +ǫabλ−2

a ω+3
b +ǫabω−2

a λ+3
b . (3.38)

{F−A
23 +ǫabeAa F

−+
1b ,HT }={F−A

23 ,HT }+ǫabλA
a F

−+
1b +ǫabeAa {F−+

1b ,HT }≈0, (3.39)

where

{F−A
23 ,HT }=−ǫabλ−A

a,b −ǫabλ−+
a ω−A

b −ǫabω−+
a λ−A

b +ǫabλ−B
a ωCA

b δBC+ǫabω−B
a λCA

b δBC , (3.40)

{F−+
1b ,HT }=λ−+

b,1 −λ−+
1,b +λ−B

b ω+C
1 δBC+ω−B

b λ+C
1 δBC . (3.41)
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Eqs. (3.36) and (3.39) set three relations among the multipliers.

3.3 Consistency analysis of the secondary constraints

The secondary constraints should also be preserved in the evolution, which requires

{ω−A
1 ,HT }=λ−A

1 ≈0, (3.42)

{ǫabω−A
a eBb δAB,HT }=ǫabλ−A

a eBb δAB+ǫabω−A
a λB

b δAB≈0, (3.43)

{ω−+
a −ω+A

1 eBa δAB,HT}=λ−+
a −λ+A

1 eBa δAB−ω+A
1 λB

a δAB≈0, (3.44)

{ǫabω+A
a eBb δAB,HT}=ǫabλ+A

a eBb δAB+ǫabω+A
a λB

b δAB≈0, (3.45)

{eAa,1+ωAB
1 eCa δBC−ω−A

a ,HT}=λA
a,1+λAB

1 eCa δBC+ωAB
1 λC

a δBC−λ−A
a

≈(λAB
1 −ωAB

0,1 +ω−A
0 ω+B

1 −ω+A
1 ω−B

0 )eCa δCB+2n0F
+A
1a +FAB

1a eC0 δBC+eA0 F
−+
1a +eAaX

−+
1 ≈0, (3.46)

{ǫab(eAa,b−ωAB
a eCb δBC),HT}=ǫabλA

a,b−ǫabλAB
a eCb δBC−ǫabωAB

a λC
b δBC≈0. (3.47)

Combining (3.8), (3.26), and (3.43), one can obtain

ǫab(ω−A
0,a −ω−+

a ω−A
0 −ω−B

0 ωCA
a δBC+ω−B

a ωCA
0 δBC)e

D
b δAD+ǫab(l0F

−A
1a −eA0 F

−+
1a −n0F

+A
1a )eBb δAB

−ǫab(eA0,a+ω−A
a l0+ω+A

a n0+ωAB
a eC0 δBC−ωAB

0 eCa δBC)ω
−D
b δAD≈0, (3.48)

which will be automatically satisfied after the determination of X−+
1 (see Appendix B).

Eq. (3.46) leads to four expressions of λ23
1 :

λ23
1(1)≈ω23

0,1−ω−2
0 ω+3

1 +ω−3
0 ω+2

1 −2n0F
+2
12 (e32)

−1−F 23
12 e

3
0(e

3
2)

−1−e20F
−+
12 (e32)

−1−e22(e
3
2)

−1X−+
1 , (3.49)

λ23
1(2)≈ω23

0,1−ω−2
0 ω+3

1 +ω+2
1 ω−3

0 −2n0F
+2
13 (e33)

−1−F 23
13 e

3
0(e

3
3)

−1−e20F
−+
13 (e33)

−1−e23(e
3
3)

−1X−+
1 , (3.50)

λ23
1(3)≈ω23

0,1−ω−2
0 ω+3

1 +ω+2
1 ω−3

0 +2n0F
+3
12 (e22)

−1−F 23
12 e

2
0(e

2
2)

−1+e30F
−+
12 (e22)

−1+e32(e
2
2)

−1X−+
1 , (3.51)

λ23
1(4)≈ω23

0,1−ω−2
0 ω+3

1 +ω+2
1 ω−3

0 +2n0F
+3
13 (e23)

−1−F 23
13 e

2
0(e

2
3)

−1+e30F
−+
13 (e23)

−1+e33(e
2
3)

−1X−+
1 . (3.52)

They should be equal to each other. From them, one can obtain two new secondary constraints:

ǫabF+2
1a e3b+ǫabF+3

1a e2b≈0, (3.53)

ǫabF+2
1a e2b−ǫabF+3

1a e3b≈0, (3.54)

and determine X−+
1 as

X−+
1 ≈n0F

23
23 e

−1−ǫABǫ
abeA0 F

−+
1a eBb e

−1. (3.55)

Therefore,

λ−+
1 ≈ω−+

0,1 +ω−A
0 ω+B

1 δAB+n0F
23
23 e

−1−ǫABǫ
abeA0 F

−+
1a eBb e

−1=:Λ−+
1 , (3.56)

λ−A
a ≈ω−A

0,a +ω−+
0 ω−A

a −ω−+
a ω−A

0 −ω−B
0 ωCA

a δBC+ω−B
a ωCA

0 δBC+e+0 F
−A
1a

−e−0 F
+A
1a −eA0 F

−+
1a −n0e

A
aF

23
23 e

−1+eAa ǫBCǫ
bceB0 F

−+
1b eCc e

−1=:Λ−A
a . (3.57)

From (3.47), the multipliers λ23
a can be determined:

λ23
a ≈ω23

0,a−ω−2
0 ω+3

a +ω−3
0 ω+2

a −ω+2
0 ω−3

a +ω+3
0 ω−2

a −n0e
A
aF

+B
23 δABe

−1−l0e
A
a F

−B
23 δABe

−1−ǫABe
A
a e

B
0 F

23
23 e

−1=:Λ23
a . (3.58)

3.4 Consistency analysis of the further secondary constraints

The consistency conditions of the further secondary constraints (3.53) and (3.54) are

{ǫabF+2
1a e3b+ǫabF+3

1a e2b,HT}=ǫab{F+2
1a ,HT }e3b+ǫabF+2

1a λ3
b+ǫab{F+3

1a ,HT}e2b+ǫabF+3
1a λ2

b≈0, (3.59)

{ǫabF+2
1a e2b−ǫabF+3

1a e3b,HT}=ǫab{F+2
1a ,HT }e2b+ǫabF+2

1a λ2
b−ǫab{F+3

1a ,HT}e3b−ǫabF+3
1a λ3

b≈0, (3.60)

where

{F+2
1a ,HT}=λ+2

a,1−λ+2
1,a+λ−+

1 ω+2
a +ω−+

1 λ+2
a +λ+3

1 ω32
a +ω+3

1 λ32
a −λ−+

a ω+2
1 −ω−+

a λ+2
1 −λ+3

a ω32
1 −ω+3

a λ32
1

≈λ+2
a,1−λ+2

1,a+Λ−+
1 ω+2

a +ω−+
1 λ+2

a +λ+3
1 ω32

a +ω+3
1 Λ32

a −λ−+
a ω+2

1 −ω−+
a λ+2

1 −λ+3
a ω32

1 −ω+3
a Λ32

1 , (3.61)
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{F+3
1a ,HT}=λ+3

a,1−λ+3
1,a+λ−+

1 ω+3
a +ω−+

1 λ+3
a +λ+2

1 ω23
a +ω+2

1 λ23
a −λ−+

a ω+3
1 −ω−+

a λ+3
1 −λ+2

a ω23
1 −ω+2

a λ23
1

≈λ+3
a,1−λ+3

1,a+Λ−+
1 ω+3

a +ω−+
1 λ+3

a +λ+2
1 ω23

a +ω+2
1 Λ23

a −λ−+
a ω+3

1 −ω−+
a λ+3

1 −λ+2
a ω23

1 −ω+2
a Λ23

1 . (3.62)

They are relations among the multipliers.

3.5 Integrability

Eqs. (3.21)-(3.26) define the first derivatives of n0,
l0, and eA0 with respect to their spatial coordinates x1

and xa. As a self-consistent system, these multipliers
(n0, l0, and eA0 ) should satisfy the integrability condi-
tions. Therefore, we should check whether the integrabil-
ity conditions will result in new constraints. The direct
calculations show that all the integrability conditions re-
sult in the Ricci identities. The detailed calculation will
be discussed in Appendices C, D, and E, respectively.

3.6 Equations of motion

The equations of motion of the configuration vari-
ables are

ėAa ={eAa ,HT }=λA
a ≈eA0,a+ω−A

a l0+ω+A
a n0+ωAB

a eC0 δBC

−ωAB
0 eCa δBC , (3.63)

ω̇−+
0 ={ω−+

0 ,HT}=λ−+
0 , ω̇−+

1 ={ω−+
1 ,HT }=λ−+

1 ,

ω̇−+
a ={ω−+

a ,HT}=λ−+
a , (3.64)

ω̇−A
0 ={ω−A

0 ,HT }=λ−A
0 , ω̇−A

1 ={ω−A
1 ,HT}=λ−A

1 ≈0,

ω̇−A
a ={ω−A

a ,HT }=λ−A
a , (3.65)

ω̇+A
0 ={ω+A

0 ,HT}=λ+A
0 , ω̇+A

1 ={ω+A
1 ,HT}=λ+A

1 ,

ω̇+A
a ={ω+A

a ,HT}=λ+A
a , (3.66)

ω̇23
0 ={ω23

0 ,HT }=λ23
0 , ω̇23

1 ={ω23
1 ,HT}=λ23

1 ,

ω̇23
a ={ω23

a ,HT }=λ23
a . (3.67)

The equations of motion of the non-vanishing conju-
gate momenta are

π̇1
−+={π1

−+,HT}≈4ǫABǫ
abλA

a e
B
b ,

π̇a
−A={πa

−A,HT }≈4ǫABǫ
abλB

b . (3.68)

4 Classifications of constraints

4.1 First- and second-class constraints

One can see that there are six first-class constraints

π0
−+=0, π0

−A=0, π0
+A=0, π0

23=0, (4.1)

because their corresponding configuration variables ωIJ
0

do not exist in the constraints. The remaining 40 con-
straints are of the second class. The Poisson brackets of
the constraints can be found in Appendix F.

4.2 Degrees of freedom

There are 4 + 24 = 28 configuration variables and
28 conjugate momenta in this system, which span a 56-
dimensional phase space. There are 46 constraints, in-
cluding 32 primary constraints and 14 secondary con-
straints. Among the 46 constraints, there are 6 first-
class constraints and 40 second-class constraints, which,
altogether, reduce 52 degrees of freedom in the phase
space. Therefore, there are four degrees of freedom left
in the phase space, which means that there are two local
physical degrees of freedom. They correspond to two in-
dependent polarization modes of the gravitational wave.

4.3 Scalar and vector constraints

In su(2)-connection dynamics [9], the constraints are
classified as the spatial scalar, spatial vector, and su(2)
gauge constraints. In comparison, ǫABǫ

abF+A
1a eBb +F

23
23 ≈0

and ǫABǫ
abF−A

1a eBb ≈ 0 are two scalar constraints and
F−A

23 + ǫabeAa F
−+
1b ≈ 0 is a two-dimensional vector con-

straint. The vector constraint reduces 2 degrees of free-
dom in the phase space because it is actually composed
of two second-class constraints.

4.4 Gauss constraints

In the new approach, the Gauss constraints are not
independent ones. They can be read from the above
analysis in the following way.

The SO(1,3) Gauss constraints can be written as [15]

Djπ
j
IJ :=∂jπ

j
IJ+ηIKωKL

j πj
LJ−ηJKω

KL
j πj

LI≈0. (4.2)

By using primary constraints (3.3) to replace coframe
eAa with non-zero conjugate momenta, one can see that
the above constraints (4.2) are actually the consistency
conditions of the six primary constraints π0

IJ=0.
The SO(1,1) gauge constraint comes from the consis-

tency condition of π0
−+=0:

{HT ,π
0
−+} = −4ǫABǫ

abeBb (e
A
a,1+ωAC

1 eDa δCD−ω−A
a )

≈ −∂jπ
j
−+−η−Kω

KL
j πj

L++η+Kω
KL
j πj

L−

= −Djπ
j
−+≈0. (4.3)

The T−(2) gauge constraints come from the consis-
tency conditions of π0

−A=0:

{HT ,π
0
−A} = 4ǫABǫ

ab(eBa,b+ωBC
b eDa δCD)

+4ǫABǫ
abeBb (ω

+C
1 eDa δCD−ω−+

a )

≈ −∂jπ
j
−A−η−Kω

KL
j πj

LA+ηAKωKL
j πj

L−

= −Djπ
j
−A≈0. (4.4)
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The T+(2) gauge constraints come from the consis-
tency conditions of π0

+A=0:

{HT ,π
0
+A} = −2ǫCBǫ

abeCa e
B
b ω

−A
1 =−4eω−A

1

≈ −∂jπ
j
+A−η+Kω

KL
j π

j
LA+ηAKω

KL
j π

j
L+

= −Djπ
j
+A≈0. (4.5)

The SO(2) gauge constraint comes from the consis-
tency condition of π0

23=0:

{HT ,π
0
23} = −4ǫabω−C

a eDb δCD

≈ −∂jπ
j
23−η2KωKL

j πj
L3+η3KωKL

j πj
L2

= −Djπ
j
23≈0. (4.6)

5 Summary

A self-consistent Hamiltonian formalism for a four-
dimensional connection dynamics has been set up in a
Bondi-like coordinate system {v,r,xa}. The advanced
null coordinate v is used as the time coordinate instead of
u in the Bondi-Sachs coordinates. Three components of
the metric are fixed in the Bondi-like metric, and there-
fore, there are only 7 non-zero components in the metric.
The three Bondi-like conditions can be translated into 3
conditions on the coframe and can also be treated as
three primary constraints, which will be preserved in the
evolution. The three-dimensional hypersurfaces labeled
by v have a degenerate metric, and therefore, they are
null hypersurfaces.

The internal symmetry SO(1,3) is decomposed into
SO(1,1), SO(2), and T±(2), and the Lie algebra so(1,3) is
spanned by {L−+,L23,L−A,L+A}. The coframe consists
of two null 1-forms and two spacelike 1-forms. A simple
coframe has been chosen to make a Hamiltonian analy-
sis. The so(1,3) connection has 24 components, which
are treated as 24 independent configuration variables.
They, together with four coframe coefficients eAa and
their conjugate momenta, span a 56-dimensional phase
space. There are 32 primary constraints and 14 sec-
ondary constraints. Among all the 46 constraints, there
are 6 first-class constraints π0

IJ =0 and 40 second-class
constraints. Therefore, the two local physical degrees of
freedom remain. All 24 torsion-free conditions appear as
the consistency conditions for the constraints. Among
the constraints, there are two scalar constraints ((2.23)
and (2.24)) and one two-dimensional vector constraint
(2.25). The six Gauss constraints, (4.3), (4.4), (4.5), and
(4.6), are not independent.

The four Lagrange multipliers n0, l0, and eA0 satisfy
eight differential equations (3.21)–(3.26). The integrabil-
ity conditions of n0, l0, and eA0 are Ricci identities. The
Lagrange multipliers, namely, λA

a , λ
−A
1 , λ−+

1 , λ−A
a , λ23

1 ,
and λ23

a are completely solved (expressed by coframes
and connections). The Lagrange multipliers λ−+

a and
λ+A
1 satisfy two algebraic equations and two differential

equations. The Lagrange multipliers λ+A
a satisfy one al-

gebraic equation and three differential equations.
From the analysis, one can see that ωIJ

0 can also be
treated as Lagrange multipliers because they are multi-
plied by the Gauss constraints. In this treatment, the
Gauss constraints become the primary constraints. The
consistency conditions containing ωIJ

0 are not treated as
constraints but as equations of multipliers. The final de-
grees of freedom in the phase space will be the same.

Using (3.3), one can also replace eAa with πb
−B, and

therefore, all the canonical variables in the Hamiltonian
are ωIJ

µ and their conjugate momenta πµ
IJ . In this way,

the dynamics of gravity is recovered as the pure connec-
tion dynamics. However, the Hamiltonian analysis under
this formalism will become more complicated.

The usual 1+3 spacelike foliation can be used in the
initial-value analysis of the whole spacetime, whereas
our foliation can only be used in a small part of the
whole spacetime within a short period of time. During
this short time period, we can think that there is just
gravitational wave from one direction passing through
a certain point in the spacetime. In the 1+3 foliation,
there is 1 scalar constraint and a three-dimensional vec-
tor constraint, whereas in our decomposition there are
two scalar constraints and a two-dimensional vector con-
straint. In the su(2)-connection dynamics, there are
three Gauss constraints corresponding to three genera-
tors of the su(2) connection as independent constraints;
however, in our analysis, there are six Gauss constraints
corresponding to six generators of the so(1,3)(=so(1,1)⊕
so(2) ⊕ t

−(2) ⊕ t
+(2)) connection, which are not inde-

pendent constraints. Moreover, in the su(2)-connection
dynamics, the frame rather than the coframe is used,
and therefore, the torsion-free conditions do not ap-
pear, whereas in our approach the coframe is used, and
therefore, the torsion-free conditions will appear as the
requirements of consistency. However, in all the for-
malisms, there are two local physical degrees of free-
dom. The decomposition of symmetry and connection
in the usual 1+3 way cannot be postulated to a higher
dimensional spacetime, whereas our decomposition can
be applied to higher dimensions in principle.

The success of the Hamiltonian analysis of gravity
in three- and four-dimensional spacetimes shows that
there will probably be no conceptual difficulty for the
Hamiltonian analysis of gravity in a higher dimensional
spacetime; however, the analysis will become much more
difficult technically.

We would like to thank Prof. Zhe Chang, Prof.

Yongchang Huang, Prof. Yi Ling, Prof. Yongge Ma,

Prof. Xiaoning Wu, Dr. Jingbo Wang, and Dr. Bofeng

Wu for their helpful advice. Shibei Kong would also like

to thank Prof. Junbao Wu, Dr. Yu Han, Dr. Fei Huang,

Dr. Peng Liu, and Dr. Xiangdong Zhang for their good

suggestions.

105101-9



Chinese Physics C Vol. 42, No. 10 (2018) 105101

Appendix A: Proof of (3.35)

ǫABǫ
ab(Λ−A

a,1−Λ−+
1 ω

−A
a −ω

−+
1 Λ−A

a −Λ−C
a ω

DA
1 δCD)eBb +ǫABǫ

ab
F

−A
1a ΛB

b

=(ǫABǫ
abΛ−A

a e
B
b ),1−ǫABǫ

abΛ−A
a e

B
b,1−ǫABǫ

abΛ−C
a ω

DA
1 δCDe

B
b −ǫABǫ

ab
ω

−A
a e

B
b Λ

−+
1

−ǫABǫ
abΛ−A

a e
B
b ω

−+
1 +ǫABǫ

ab
F

−A
1a ΛB

b

≈(ǫABǫ
abΛ−A

a e
B
b ),1−ǫABǫ

abΛ−A
a ω

−B
b −ǫABǫ

ab
ω

−A
a e

B
b Λ

−+
1 −ǫABǫ

abΛ−A
a e

B
b ω

−+
1 +ǫABǫ

ab
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In the 1st “≈”, (3.26) has been used, whereas in the 2nd “≈”, (2.23) and (2.24) have been used. The identity ǫabF−A
1a eBb δAB≈0

and (3.24), (3.26), (3.28), and (3.30) have been used in the 3rd “≈”, and (2.25), (3.24), (3.25), (3.26), (3.28), (3.30), and (3.31)
have been used in the 4th “≈”. In the 5th “≈”, (3.32) has been used. (3.30) has been used in the 6th and the last “≈”.

The proof of the additional identity is as follows:
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In the 1st “≈”, (3.30) and (3.31) have been used. In the 2nd and 3rd “≈”, (3.28) and (3.31) have been used, respectively.

Appendix B: Proof of (3.48)
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In the 1st “≈”, 1 identity ǫabF−A
1a eBb δAB≈0 has been used, whereas in the 2nd “≈”, (3.25) and (3.32) have been used. In

the 3rd and 4th “≈”, (3.22) and (2.25) have been used, respectively. In the last “≈”, (3.22), (3.23), (3.24), and (3.25) have
been used.

Appendix C: Integrability of n0

The integrability of n0 requires that
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The integrability conditions (C6) are Ricci identities.
From (3.22), one obtains
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Here, (3.22), (3.26), (3.32), and (3.43) have been used. The integrability condition (C8) is a Ricci identity.

Appendix D: Integrability of l0

Similarly, the integrability conditions for l0 require
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and the right-hand side of (D1) is

l0,a1≈ω
+A
0,1 e

B
a δAB+ω

+B
0 e

A
a,1δAB−ω

+A
a,1 e

B
0 δAB−ω

+A
a e

B
0,1δAB−ω

−+
a,1 l0−ω

−+
a l0,1

≈ω
+A
0,1 e

B
a δAB+(ω−A

a −ω
AC
1 e

D
a δCD)ω+B

0 δAB−ω
+A
a,1 e

B
0 δAB−ω

+A
a (ω−B

0 −ω
+B
1 n0−ω

BC
1 e

D
0 δCD)δAB

−ω
−+
a,1 l0−ω

−+
a (ω−+

0 −ω
+A
1 e

B
0 δAB−ω

−+
1 l0)

≈ω
+A
0,1 e

B
a δAB+(ω−A

a −ω
AC
1 e

D
a δCD)ω+B

0 δAB−(ω+A
a,1−ω

+C
a ω

DA
1 δCD−ω

−+
a ω

+A
1 )eB0 δAB

−(ω−+
0 ω

−+
a +ω

−A
0 ω

+B
a δAB)+ω

+A
a ω

+B
1 n0δAB−(ω−+

a,1 −ω
−+
a ω

−+
1 )l0. (D4)
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Here, (3.26), (3.44), (3.64), and (3.66) have been used. The integrability conditions (D6) are Ricci identities.
From (3.24), one obtains
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where (3.66) has been used. The integrability condition (D8) is a Ricci identity.

Appendix E: Integrability of eA
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Finally, the integrability conditions for eA0 require
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where (3.46) has been used. The integrability conditions (E5) are Ricci identities.
From (3.26), one obtains
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where (3.22), (3.24), (3.26), (3.32), and (3.47) have been used. The integrability conditions (E7) are Ricci identities.

Appendix F: Poisson brackets among the constraints

All non-zero Poisson brackets among the constraints are listed as follows:
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ω

+A
1 (y)eBb (y)δABδ(x−y)+ǫ

ab
δ(x−y),yb , (F42)

{πa
23(x),(F

−A
23 +ǫ

bc
e
A
b F

−+
1c )(y)}=−ǫABǫ

ab
ω

−B
b (y)δ(x−y), (F43)

105101-17



Chinese Physics C Vol. 42, No. 10 (2018) 105101

{πa
23(x),(ǫ

bc
F

+2
1b e

3
c+ǫ

bc
F

+3
1b e

2
c)(y)}=ǫ

ab
ω

+3
1 (y)e3b(y)δ(x−y)−ǫ

ab
ω

+2
1 (y)e2b(y)δ(x−y), (F44)

{πa
23(x),(ǫ

bc
F

+2
1b e

2
c−ǫ

bc
F

+3
1b e

3
c)(y)}=ǫ

ab
ω

+3
1 (y)e2b(y)δ(x−y)+ǫ

ab
ω

+2
1 (y)e3b(y)δ(x−y). (F45)
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