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Abstract: The previously derived Lane consistent dispersive coupled-channel optical model for nucleon scattering

on 232Th and 238U nuclei is extended to describe scattering on even-even actinides with Z =90–98. A soft-rotator-

model (SRM) description of the low-lying nuclear structure is used, where the SRM Hamiltonian parameters are

adjusted to the observed collective levels of the target nucleus. SRM nuclear wave functions (mixed in K quantum

number) have been used to calculate the coupling matrix elements of the generalized optical model. The “effective”

deformations that define inter-band couplings are derived from the SRM Hamiltonian parameters. Conservation of

nuclear volume is enforced by introducing a dynamic monopolar term to the deformed potential, leading to additional

couplings between rotational bands. The fitted static deformation parameters are in very good agreement with those

derived by Wang and collaborators using the Weizsäcker-Skyrme global mass model (WS4), allowing use of the latter

to predict cross sections for nuclei without experimental data. A good description of the scarce “optical”experimental

database is achieved. SRM couplings and volume conservation allow a precise calculation of the compound-nucleus

formation cross sections, which is significantly different from that calculated with rigid-rotor potentials coupling the

ground-state rotational band. The derived parameters can be used to describe both neutron- and proton-induced

reactions.
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1 Introduction

Actinide nuclei are a major long-term radiological
concern in nuclear reactor waste, and their neutron-
induced cross sections are very important for safety cal-
culations of advanced reactor systems. However, exper-
imental information for actinides is rather scarce if we
exclude the so-called major actinides (235U, 238U, 239Pu,
and 232Th). Therefore, actinide cross sections for appli-
cations should be estimated using theoretical predictions
with models that have been “calibrated” to existing data
of better measured major actinides.

The optical model potential (OMP) based on cou-
pled channels calculations is the key ingredient for such
predictions, providing total neutron cross sections, direct
elastic and inelastic nucleon scattering cross sections and
their angular distributions for (n,n)-, (p,n)- and (p,p)-
reactions, compound nucleus (CN) formation cross sec-

tions, and nucleon transmission coefficients. The latter
are used for nucleon-induced reaction calculations with
pre-equilibrium and equilibrium statistical decay models.

Regional optical models based on rigid rotor coupling
of the ground-state rotational band (e.g., see Refs. [1–3]
and references therein) have traditionally been used to
calculate optical observables of actinides for nucleon in-
duced reactions. The need for more accurate data for
fast reactors requires improving the description of scat-
tering data at incident neutron energies from a few keV
up to 5–6 MeV to cover the region with the maximum
yield of fission neutrons. While the energies of excited
states of the ground-state band of even-even actinides
below 500 keV are well described by a rigid rotor model,
above 500 keV several vibrational bands are observed
that need to be considered [4–7].

A dispersive and Lane consistent OMP with extended
couplings has previously been derived for coupled-
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channels calculations of nucleon-induced reactions on the
major actinides 232Th, 233U, 235U, 238U, and 239Pu [8].
The derived potential addressed the short-comings of
rigid-rotor potentials. Rotational bands were built on vi-
brational bandheads for even-even targets including both
axial and nonaxial dynamical deformations. These addi-
tional excitations were introduced as a perturbation to
the underlying axially symmetric rigid-rotor structure of
the ground-state rotational band. However, the inter-
band coupling strengths were not predicted but fitted to
available experimental data [8]. Additionally, the nuclear
volume was not conserved for introduced vibrational ex-
citations.

The soft rotator model (SRM) of nuclear structure
has been successfully applied in coupled-channels op-
tical model analyses for nucleon-induced reactions on
many nuclei [9–11]. However, only recently were we able
to derive a dispersive coupled-channels optical model
potential for actinides based on soft-rotator couplings
[12, 13] with volume conservation and a saturated cou-
pling scheme. The use of the SRM allows derivation of
the inter-band coupling strengths from the low-lying nu-
clear structure of the even-even target nucleus, as shown
for 232Th and 238U in Ref. [12]. Saturated couplings [13]
were also shown to be important for an accurate predic-
tion of the compound-nucleus formation cross sections,
which is a key quantity (though not directly measur-
able) for statistical decay model calculations. Moreover,
the total cross section differences of 232Th and 238U were
well described [12], which is a very stringent test for
the isovector component of the potential. Therefore, the
same OMP can be used to describe nucleon-induced reac-
tions on target nuclei with different numbers of neutrons
and protons.

The aim of this work is to show that, as a further step,
the developed formalism can be extended to describe

nucleon-induced reactions on other even-even actinides
with incomplete experimental information on their level
schemes and/or optical model observables. The previ-
ously derived OMP [12, 13] will be combined with com-
prehensive level schemes estimated using a soft-rotator
Hamiltonian, and equilibrium nuclear deformations from
global mass models will be used [14–16].

2 Optical model potential with multiple

band coupling

A dispersive coupled-channel optical model with ex-
tended couplings based on the SRM [12, 13] has been
implemented into the OPTMAN code [17, 18] to cal-
culate cross sections for nucleon-induced reactions. A
Lane consistent formulation of the generalized optical
model [19] is used with dispersive integrals calculated
analytically [20, 21]. A consistent estimation of the CN
formation cross section of even-even targets typically re-
quires the coupling of ground state (GS) band levels up
to 10+ and levels of rotational bands built on octupole,
quadrupole β- and γ-vibrational excitations, and nonax-
ial (K≈2) bands [13].

The main assumption of this work is that the dis-
persive OMP used to describe nucleon scattering on
even-even actinides is essentially independent of the
nuclear structure. The individual nuclear structure is
accounted for by the parameters of the corresponding
SRM Hamiltonian that properly describes the low-lying
collective level scheme (including the multi-band cou-
pling strengths) and, of course, by the individual equi-
librium deformation parameters and Fermi energies. The
SRM [22] nuclear Hamiltonian parameters have previ-
ously been fitted for even-even actinides with Z =90–98
that feature sufficient level data [23–34]. Details of the
fitting method and a related discussion of the obtained

Table 1. Hamiltonian parameters of the soft-rotator model for selected even-even actinides. All parameters are
dimensionless (except ~ω0 which is given in MeV).

target
number of fitted SRM Hamiltonian parameter values

levels (bands) ~ω0/MeV µβ2
µγ γ0 B32 µβ3

/β30 δ
228Th 31 (5) 0.909 0.243 0.367 0.263 0.180 1.00 5.61
230Th 29 (4) 0.799 0.244 0.808 0.288 0.176 0.93 10.20
232Th 31 (5) 0.702 0.295 0.277 0.259 0.224 0.72 12.09
232U 25 (5) 0.927 0.235 0.589 0.282 0.249 0.67 10.80
234U 28 (5) 1.040 0.221 0.338 0.259 0.256 0.47 15.20
236U 21 (4) 1.150 0.220 0.327 0.259 0.307 0.76 12.00
238U 27 (5) 0.979 0.224 0.292 0.234 0.217 0.96 13.60
238Pu 18 (5) 1.220 0.215 0.324 0.256 0.336 0.90 10.30
240Pu 26 (5) 1.090 0.232 0.381 0.262 0.397 0.79 9.82
242Pu 13 (3) 1.110 0.247 0.423 0.257 0.491 0.81 11.40
244Pu 12 (2) 1.110 0.266 0.413 0.231 0.575 0.67 11.40
246Cm 19 (5) 1.270 0.234 0.312 0.259 0.509 0.72 18.30
248Cm 17 (4) 1.080 0.252 0.340 0.269 0.509 0.93 15.70
250Cf 14 (5) 1.260 0.202 0.260 0.227 0.252 0.78 23.20
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parameters will be published elsewhere. The derived
SRM Hamiltonian parameters are listed in Table 1.

Having determined the SRM Hamiltonian parame-
ters, it is possible to use the OMP from Ref. [12] for
predicting the optical observables of nucleon-induced re-
actions on even-even actinides of interest, the majority of
which have very scarce or absent “optical” experimental
data. However, we still need to define the GS nuclear
static (equilibrium) deformation parameters. For those
nuclei where experimental data are abundant, deforma-
tion parameters β2,β4 and β6 are fitted to the available
data (labeled in the figures below as “nd2016 (best fit)).
GS equilibrium deformations estimated within global nu-
clear mass models – the Finite Range Droplet Model
(FRDM2012) [14] and the Weizsäcker-Skyrme (WS4)
model [15, 16] – can also be used to predict optical
observables if no experimental data are available to fit
the deformations. Global equilibrium deformations are

labeled in the figures below as “nd2016+FRDM” and
“nd2016+WS4”, respectively.

The nuclei listed in Table 2 are the only even-even ac-
tinides with measured optical data above the resonance
energy region. Therefore, these four nuclei can be used
as a natural benchmark to check the predictive power
of FRDM2012 and WS4 deformation parameters against
the best-fit deformation parameters listed in Table 2.

Table 2. Static deformations fitted to cross section
data for nuclei with relatively abundant experi-
mental data.

target β2 β4 β6

232Th 0.201 0.067 -0.007
238U 0.221 0.056 -0.001
240Pu 0.212 0.085 -0.027
242Pu 0.213 0.040 -0.016

Table 3. Energies of collective excited levels ordered by rotational bands for selected even-even Z=90–98 isotopes.
Level energies which are not available in ENSDF evaluated nuclear structure data [23–34] were estimated by the
SRM and are marked by asterisks (*).

Iπ 228Th 230Th 232Th 232U 234U 236U 238U 238Pu 240Pu 242Pu 244Pu 246Cm 248Cm 250Cf

GS rotational band with positive parity

2+ 0.0578 0.0532 0.0494 0.0476 0.0435 0.0452 0.0449 0.0442 0.0428 0.0445 0.0442 0.0429 0.0434 0.0427

4+ 0.1868 0.1741 0.1621 0.1566 0.1434 0.1495 0.1484 0.1460 0.1417 0.1473 0.1550 0.1420 0.1436 0.1419

6+ 0.3782 0.3565 0.3333 0.3227 0.2961 0.3098 0.3072 0.3034 0.2943 0.3064 0.3179 0.2949 0.2981 0.2962

8+ 0.6225 0.5938 0.5569 0.5411 0.4970 0.5223 0.5181 0.5136 0.4974 0.5181 0.5350 0.5005 0.5050 0.5000

10+ 0.9118 0.8793 0.8268 0.8059 0.7412 0.7823 0.7759 0.7735 0.7474 0.7786 0.8024 0.7533 0.7607 0.7486*

octupolar rotational band with negative parity

1− 0.3280 0.5082 0.7144 0.5632 0.7863 0.6876 0.6801 0.6051 0.5973 0.7805 0.8961* 1.2498 1.0490 1.1755

3− 0.3961 0.5718 0.7744 0.6290 0.8493 0.7442 0.7319 0.6614 0.6489 0.8323 0.9570 1.3004 1.0940 1.2369

5− 0.5192 0.6866 0.8838 0.7468 0.9626 0.8481 0.8266 0.7632 0.7423 0.9270 1.0680 1.3970 1.1720 1.3361*

7− 0.6955 0.8521 1.0429 0.9152 1.1253 0.9996 0.9663 0.8923* 0.8781 1.0610* 1.2063 1.5362* 1.2877* 1.4783*

9− 0.9208 1.0653 1.2496 1.1311 1.3356 1.1984 1.1507 1.0688* 1.0568 1.2339* 1.3953 1.7165* 1.4395* 1.6621*

β-rotational band with positive parity

0+ 0.9386 0.7987* 0.7306 0.9273* 1.0445 1.1511* 0.9930 1.2287 1.0895 1.1136* 1.1141* 1.2893 1.0840 1.2666

2+ 0.9795 0.8583* 0.7742 0.9676 1.0853 1.1989* 1.0373 1.2642 1.1310 1.1591* 1.1591* 1.3176 1.1260 1.2966

4+ 1.0748 0.9917* 0.8730* 1.0982 1.1952* 1.3090* 1.1308 1.3785* 1.0895* 1.2649* 1.2647* 1.3792 1.2220 1.4089*

6+ 1.3189* 1.1869* 1.0233* 1.2771* 1.3575* 1.4784* 1.2692 1.5445* 1.3982* 1.4297* 1.4311* 1.5688* 1.3873* 1.5702*

γ-rotational band with positive parity

0+ 0.8318 0.6349 1.0786 0.6914 0.8099 0.9191 0.9272 0.9415 0.8607 0.9560 1.1016* 1.1747 1.0538* 1.1542

2+ 0.8745 0.6775 1.1217 0.7346 0.8517 0.9579 0.9661 0.9831 0.9003 0.9925 1.1434* 1.2105 1.0945* 1.1894

4+ 0.9685 0.7755 1.2221 0.8331 0.9476 1.0509 1.0564 1.0861* 0.9924 1.0903* 1.2382* 1.3069* 1.1876* 1.2919*

non-axial rotational band with positive parity

2+ 0.9690 0.7814 0.7853 0.8668 0.9267 0.9603 1.0603 1.0285 1.1370 1.4993* 2.5701* 1.1243 1.0490 1.0319

3+ 1.0225 0.8257 0.8296 0.9115 0.9684 1.0015 1.1057 1.0699 1.1776 1.5375* 2.6063* 1.1655 1.0940 1.0714

4+ 1.0911 0.8836 0.8901 0.9707 1.0238 1.0588 1.1630 1.1258 1.2325 1.5890* 2.6552* 1.2200 1.1430 1.1230

For all calculated targets we used the saturated
level scheme, which was previously tested for 238U and
232Th [13]. The (coupled) level energies employed in our
coupled-channel calculations are listed in Table 3. If the
needed level energy was not measured experimentally,

then the level energy was calculated using the SRM with
parameters from Table 1; such cases are marked by as-
terisks (*) in the Table.

To validate the proposed approach, we have com-
pared the predicted cross sections with the above-
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mentioned sets of static deformation parameters β2, β4,
and β6 for 240Pu and 242Pu targets. Figure 1 shows
the experimental data vs. the results of using the
three different deformation sets (labeled “nd2016 (best
fit)”, “nd2016+FRDM”, and “nd2016+WS4”) in to-
tal cross-section calculations. One can see that using
the OMP [12, 13] with SRM coupled levels from Ta-
ble 3 combined with either FRDM2012 or WS4 deforma-
tion parameters β2, β4, β6 as static deformations leads
to rather good reproduction of the experimental data
above 0.1 MeV incident neutron energies. The calcu-
lated results also agree with the results of using the
best-fit deformation parameters (“nd2016 (best fit)”).

However, there are sizeable differences between the dif-
ferent calculations at incident energies below 100 keV,
especially if we use FRDM deformations. The sug-
gested approach performs very well for the accurately
measured energy dependence of the ratio R(232Th;238U)
(defined as R(A;B) = 2σA−σB

σA+σB

) as shown in Fig. 2.
The measured ratio is reproduced within experimen-
tal uncertainty for the best-fit deformation parameters
(“nd2016 (best fit)” curve), and also for the WS4 defor-
mation parameters (“nd2016+WS4” curve). Predictions
with FRDM2012 deformations (“nd2016+FRDM”curve)
are slightly outside the experimental uncertainty band at
incident neutron energy around 1 MeV, as seen in Fig. 2.

Fig. 1. (color online) Total cross sections for 240Pu and 242Pu: experimental data vs predicted cross sections using
different static deformations.

Fig. 2. (color online) Calculated total cross section
ratio defined as R(A;B)=2 σA−σB

σA+σB
for 232Th and

238U cross sections using different sets of defor-
mations.

Table 4. Calculated χ2 values for nuclei with abun-
dant experimental data for three different de-
formation sets: best-fit (all β2,β4,β6 adjusted
with values listed in Table 2), and FRDM2012
and WS4 equilibrium deformations predicted by
global mass models.

target
calculated χ2 value

best fit (β2,β4,β6) FRDM2012 [14] WS4 [15, 16]
232Th 2.65 11.8 3.45
238U 1.87 14.6 2.30
240Pu 0.56 1.26 0.81
242Pu 0.60 1.26 0.69

Calculated χ2 values using available experimental
data for neutron- and proton-induced reactions are given
in Table 4 for the three considered deformation sets. If
we have experimental data, then we can use it to derive
the best-fit values shown in column “best fit (β2,β4,β6)”,
which guarantee the lowest χ2.

However, if no experimental data are available, then
WS4 deformations result in an overall χ2 (shown in Col-
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umn 4 of Table 4) which is significantly better than the
χ2 obtained for FRDM2012 deformations (shown in Col-
umn 3 of Table 4). The differences in χ2 are especially
large for 232Th and 238U targets, where many experi-
mental data are available. Therefore, we may conclude
that WS4 deformation parameters have a better predic-
tive power to calculate optical model cross sections than
those obtained from the FRDM model.

Best fit deformations (in nuclides for which they can
be fitted due to a sufficient amount of experimental
data) reproduce the evaluated neutron-strength function

values (S0) very well, as shown in Table 5. Calcula-
tions with WS4 deformations predict S0-values which
are much closer to the data than those predicted with
FRDM2012 deformations, as seen in the same Table. It
should be noted that for actinides without experimental
data above the resonance region, but with experimen-
tally determined S0, the accuracy of the predicted cross
sections could be further improved by adjusting β2 to
reproduce the measured neutron-strength function S0-
value.

Table 5. Evaluated neutron strength functions from Refs. [35–37] are compared with values fitted (best fit) or pre-
dicted (FRDM2012 and WS4) using different sets of deformation parameters for all considered even-even actinides.

target
evaluated S0 calculated S0

BNL [35] RIPL [36] Minsk [37] best fit (ref) FRDM2012 [14] WS4 [15]
232Th 0.71±0.04 0.84±0.07 0.94±0.07 [38] 0.93 1.14 0.80
238U 1.29±0.13 1.03±0.08 1.03±0.08 [39] 1.01 1.39 0.96
240Pu 1.11±0.08 1.07±0.10 1.07±0.16 1.03 1.43 1.12
242Pu 0.92±0.10 0.98±0.08 0.91±0.15 0.89 1.30 1.05
228Th - - - - 0.84 0.74
230Th 1.75±0.51 1.28±0.15 1.39±0.40 - 0.96 0.70
232U 0.91±0.2 1.00±0.20 1.17±0.08 [40] - 1.09 0.93
234U 0.83±0.11 0.85±0.10 0.96±0.13 [41] - 1.22 0.95
236U 1.03±0.09 0.98±0.07 1.03±0.13 - 1.31 0.97
238Pu 1.30±0.30 1.08±0.15 1.29±0.27 - 1.38 1.11
244Pu - 0.90±0.20 1.24±0.52 - 1.25 1.07
246Cm 0.63±0.26 0.84±0.15 0.91±0.34 - 1.64 1.16
248Cm 1.22±0.22 1.20±0.20 1.01±0.24 - 1.38 1.04
250Cf - - - - 1.20 1.01

* The values for the ”Minsk” column are taken from Ref. [37] if not superseded by values from later reports by Minsk group [38õ41].

Fig. 3. (color online) Predicted compound-nucleus
formation cross sections for n+238U reaction us-
ing different static deformations.

Figure 3 shows the comparison of calculated neutron-

induced CN formation cross section for neutrons incident
on a 238U target. There are no direct CN formation cross-
section measurements. We have considered the best fit
deformation parameters listed in Table 2 to define a ref-
erence calculation labelled as “nd2016 (best fit)”. This
reference calculation is compared with calculations using
the FRDM2012 [14] and WS4 [15, 16] values of the defor-
mation parameters. Results using the WS4 deformation
parameters agree perfectly with the reference calculation
over the whole energy range. Use of FRDM2012 param-
eters leads to higher CN formation cross sections below
100 keV. Therefore, for prediction of the CN formation
cross section above 100 keV we can use both FRDM2012
and WS4 deformations. If CN formation cross sections
are needed below 100 keV, it is better to use the global
WS4 deformation parameters.

3 Conclusion

A previously developed dispersive optical model with
extended couplings [8, 12] that consider volume conserva-
tion has been extended to predict nucleon-nucleus scat-
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tering cross sections on selected even-even actinides. No
additional OMP parameters are needed. SRM Hamil-
tonian parameters had previously been obtained from
the experimentally observed low-lying collective levels or
predicted from systematics if levels are not experimen-
tally observed. A saturated coupling scheme [13] based
on the SRM description of the nuclear structure is pro-
posed to calculate the extended couplings. Equilibrium
deformations are fitted to reproduce experimental data

when available; otherwise, static deformations should be
taken from those predicted by the global mass models
FRDM 2012 [14] and WS4 [15]. The use of WS4 deforma-
tion parameters looks preferable to the use of FRDM2012
deformation parameters, especially to calculate neutron-
induced reaction cross sections for incident neutron ener-
gies below 100 keV. A similar extension of the proposed
OMP to describe odd actinides is warranted.
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