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Analysis of the Y (4220) and Y (4390) as molecular states
with QCD sum rules”
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Abstract: In this article, we assign the Y(4390) and Y(4220) to be the vector molecular states DD1(2420) and
D*Dg(2400), respectively, and study their masses and pole residues in detail with the QCD sum rules. The present

calculations only favor assigning the Y(4390) to be the DD (1~ ") molecular state.
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1 Introduction

In 2013, Yuan studied the cross sections of the pro-
cess ete” =t h, at center-of-mass energies 3.90-4.42
GeV measured by the BESIII and the CLEO-c exper-
iments, and observed evidence for two resonant struc-
tures, a narrow structure of mass (4216+18) MeV and
width (39+£32) MeV, and a possible wide structure of
mass (4293+9) MeV and width (222+67) MeV [1].

In 2014, the BES collaboration searched for the pro-
duction of ete™ — wy.y with J=0,1,2, based on data
samples collected with the BESIII detector at center-
of-mass energies from 4.21—4.42 GeV, and observed a
resonance in the wy.o cross section. The measured mass
and width of the resonance, Y(4230), are 4230+8+6MeV
and 38+124+2 MeV, respectively [2].

Recently, the BES collaboration measured the cross
sections of the process ete™ — 7T~ h, at center-of-mass
energies 3.896—4.600GeV using data samples collected
with the BESIII detector, and observed two structures.
The Y(4220) has mass 4218.4£4.04£0.9 MeV and width
66.049.040.4 MeV, and the Y(4390) has mass 4391.6+6.3+
1.0 MeV and width 139.5+16.140.6 MeV [3]. The Y (4230)
and Y (4220) may be the same particle. The Y(4230) has
been assigned to be a vector-diquark-vector-antidiquark
type vector tetraquark state [4-6] or a conventional me-
son (4S) [7]. The near thresholds are Mp+p, (2420~ =
4293 MeV, Mpop, (2420)0 = 4285 MeV, Mp-+ps (2400~ =
4361 MeV, and Mp-opx (24000 =4325 MeV [8]. It is also
possible to assign the Y(4220) and Y(4390) to be the
DD, (2420) or D*D(2400) molecular states.
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Eleven years ago, the BaBar collaboration observed
a broad resonance (Y(4260)) in the initial-state ra-
diation process ete™ — Y(4260) — J/{Ppmtn~ in the
invariant-mass spectrum of the J/{Ppmt7~ [9]. Later, the
BaBar collaboration measured the mass and width of
the Y(4260) in a more precise way [10]. The cross sec-
tion rises rapidly below the peak of the Y(4260) and
falls more slowly above the peak [8]. The BESIII exper-
iment may indicate that in fact the Y(4260) consists of
two peaks, a narrow peak around 4.22 GeV and a wider
peak around 4.39 GeV, accounting for the asymmetry.

In Refs. [11, 12], Zhang and Huang systematically
study the QqQ’q type scalar, vector and axialvector
molecular states with the QCD sum rules by calculating
the operator product expansion up to the vacuum con-
densates of dimension 6. The predicted molecule masses
Mp-p:=4.26+£0.07 GeV and Mpp, =4.34+0.07 GeV are
consistent with the Y(4220) and Y(4390), respectively.
However, the charge conjugations of the molecular states
are not distinguished and the higher dimensional vacuum
condensates are neglected. In Ref. [13], Lee, Morita and
Nielsen distinguish the charge conjugations of the inter-
polating currents, and calculate the operator product ex-
pansion up to the vacuum condensates of dimension 6,
partly including the vacuum condensates of dimension 8.
They obtain the mass of the DD, (2420) molecular state
with JP9 =1 Mpp, =4.194£0.22 GeV, which differs
significantly from the prediction Mpp, =4.3440.07 GeV.

In Refs. [11-13], some higher dimensional vacuum
condensates involving the gluon condensate, mixed con-
densate and four-quark condensate are neglected. The
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terms associated with =5, =7, 75 in the QCD spectral
densities manifest themselves at small values of the Borel
parameter T2, so we have to choose large values of T2
to guarantee convergence of the operator product ex-
pansion. In the Borel windows, the higher dimensional
vacuum condensates play a less important role. The
higher dimensional vacuum condensates play an impor-
tant role in determining the Borel windows and therefore
the ground state masses and pole residues, so we should
take them into account consistently.

In this article, we assign the Y(4390) and Y(4220)
to be the vector molecular states DD, (2420) and
D*D}(2400) respectively, distinguish the charge conju-
gations, and construct the color singlet-singlet type cur-
rents to interpolate them. We calculate the contributions
of the vacuum condensates up to dimension-10 in the
operator product expansion in a consistent way, and use
the energy scale formula to determine the energy scales
of the QCD spectral densities [14, 15], which differs sig-
nificantly from the routines taken in Refs. [11-13]. We
then study the masses and pole residues in detail with
the QCD sum rules.

The article is arranged as follows. We derive the QCD
sum rules for the masses and pole residues of the vector
molecular states in Section 2. In Section 3, we present
the numerical results and discussions. Section 4 is re-
served for our conclusion.

2 QCD sum rules for the vector molecu-
lar states

In the isospin limit, the quark structures of the molec-
ular states DD, (2420) and D*D}(2400) can be symboli-
cally written as

o au—dd _ _
udce, ———cc, ducc,

au+dd c
v2 o '

7 (1)

The isospin triplet tdcc, m—e

V2

cc have degenerate masses. In this arti-

cc, duce and the isospin

au+dd

singlet

cle, we take the isospin limit and study the masses of the
charged partners of the Y(4220) and Y(4390) for sim-
plicity.

In the following, we write down the two-point corre-
lation functions II,, (p) in the QCD sum rules,

I, (p) = i / dtze= (01T {J,()J1(0)}10),  (2)

where J,(z)=J} (), J3(x), ] (x), J; (),

Ji(x) = %{a(@mc(x)a(x)wd(x)

—u(z)y.ysc(w)e(z)ivsd(z)},
T2(w) = Zla@)inse(w)e(@),d(e)
+u(x) v, vse(x)e(w)ivsd(x)},
Ti(w) = S {ae)e@)eta)dle)+aa)el@) )

4

Ju () = %{ﬂ(m)C(x)é(x)%d(w)—ﬁ(m)VMC(iv)E(m)d(ﬂf)}7
(3)

Under charge conjugation transform 6, the currents
J,.(x) have the properties,

CJ3 (&)
C I (a)C

- _J;/S (:E) |u<—>d7
= +J2*(2)]ua- (4)

The charge conjugations of the molecular states
Y (4220) and Y(4390) are unknown. If the decays take
place through

Y (4220/4390) — ph,—h ot (5)

the charge conjugation is positive; on the other hand, if
the decays take place through

Y (4220/4390) — Z£(4025)nF —h.ttn,  (6)

the charge conjugation is negative, where we assume
that there is a relative S-wave between the intermedi-
ate mesons ph, or ZF(4025)7tF. The decay

Y(4230) — weo, (7)

has been observed [2]. If the Y(4220) and Y(4230) are
the same particle, the Y(4220) may have the quantum
numbers JF¢=1"".

On the phenomenological side, we insert a complete
set of intermediate hadronic states with the same quan-
tum numbers as the current operators J,(z) into the
correlation functions II,, (p) to obtain the hadronic rep-
resentation [16-18]. After isolating the ground state con-
tributions of the vector molecular states, we get the fol-
lowing results:

2

A
HHV(p) = M}%ipz

PuPv
(—guu+;—2>+---, (8)

where the pole residues Ay are defined by
(017,.(0)[Y (p)) = Aye,, and the €, are the polarization
vectors of the vector molecular states.

In the following, we perform Fierz re-arrangement
for the currents J,, both in color space and Dirac-spinor
space to obtain the results:
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1 1 1 1_ .
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1 1 1 1
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1 1 1 1
—Eﬂ'yu)\“dé)\“c—Eﬂ/\“d&yu}\“c—§iﬁ’yﬁ’ys/\“déauﬁ’ys)\“c— iiﬂauﬁ’ys/\“d&yﬁ”ys/\“c} ,

1 1 1 1 1
Jﬁ = { — —iﬂa#ﬁd&yﬁc—kgiﬁ’yﬁdéowc—l— giﬂi’ysdéfy#”ysc— giﬂ’y#”ysdéi%c

2v2 | 3
1'7 a J=A0\a 1'7ﬁa7 a 1'7' [ a 1'7 a j=; a
—§zuoﬂﬁ)\ decy® c+§zu'y A*deo,g A c+§zuw5)\ dey,vsA c—§zu'y,ﬁ5)\ dciys\c p . (9)
The components @l'del”c and ul'A?del”A%c  po- (g _Pubr ), (11)
tentially couple to a series of charmonium-light- p? ’

meson pairs or charmonium-like molecular states or
charmonium-like molecule-like states, where I,V =
LY VY5, 975,0.8,0,57s- For example, the current J;i
potentially couples to the meson pairs through its com-
ponents,

Uy, dec X Xeop™ 5+,
adey,c o< J/bag (980), -+,
uyPysdeo,sysc o< J/bay (1260), J /b,
heay (1260), hort -,
10,575dy y5¢ X 1ep”,Xerp” s nehy (1170),
Xethy (1170),---. (10)

We cannot distinguish those contributions to study them
exclusively, and assume that the currents ul'del”c and
ul’\*del” A%c couple to a particular resonance Y, which is
a special superposition of the scattering states, molecular
states and molecule-like states, and embodies the net ef-
fect. Some meson pairs (in other words, its components)
such as x.0p, J/Dae(980), J/Pm, --- lie below the Y, so
the Y can decay to those meson pairs easily through the
fall-apart mechanism. Although the rearrangements in
color space and Dirac-spinor space are highly non-trivial,
the decays contribute a finite width to the Y.

In the following, we study the contributions of the
intermediate meson-loops to the correlation function
I, (p) for the current J}(x) as an example. The cur-
rent J ; () has nonvanishing couplings with the scatter-
ing states J/Pao(980), xop, etc.

2
Ay

P*= M3 =35 /pag(980) (P) = Exoop (D) -

HHV (p) = -

where /):y and M, y are bare quantities to absorb the diver-
gences in the self-energies X ya(980) (D), noop(P), €te.
The renormalized self-energies contribute a finite imagi-
nary part to modify the dispersion relation,

TG = — A2 ( _pupy>+m (12)

W) = e M iR () \T T p2 '
The physical widths I'y(4220) = 66.0£9.0+0.4 MeV and
My (4390)=139.5£16.1+0.6 MeV [3] are not large, and the
finite width effects can be absorbed into the pole residues
Ay. In previous works, we observed that the effects of
the finite widths, such as I'xso0) = 92421755 MeV,
Tx (4700 = 120431753 MeV, Ty (a200) = 370750775, MeV,
can be safely absorbed into the pole residues Ax,z,
[19, 20]. In this article, we take the zero width approx-
imation, and expect that the predicted masses are rea-
sonable.

We carry out the operator product expansion in a
consistent way, and obtain the QCD spectral densities
through dispersion relation. We then take the quark-
hadron duality below the continuum thresholds s, and
perform Borel transform with respect to the variable
P?=—p? to obtain the following QCD sum rules,

pi(s) = p(s,1)]=1,

p2(s) = p(s,7)|r=—1,

p3(s) = p(s,7)[r=1,mc——me

pa(s) = p(8,7) [r=—1,me——me - (14)
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The explicit expressions of the QCD spectral densities
p(s,r) are given in the Appendix. In this article, we carry
out the operator product expansion for the vacuum con-
densates up to dimension-10 and assume vacuum satura-
tion for the higher dimension vacuum condensates. The

2
condensates (¢°GGG), QSSG> ) aSSG

(q9:0Gq)

have dimensions 6, 8, 9 respectively, but they are the vac-
uum expectations of the operators of the order O(a?/?),
O(a?), O(a?/?) respectively, and are discarded. We take
the truncations n < 10 and k£ < 1 in a consistent way,
and operators of orders O(a*) with k> 1 are discarded
[14, 15, 21-23]. Furthermore, the numerical values of the
a,GG\* /a,GG
=)

condensates (g°GGG), - , (q9s0Gq)

are very small, and can safely be neglected.
1
We derive Eq. (13) with respect to T= and elim-

inate the pole residues Ay to obtain the QCD sum rules
for the masses,

.
M2 =i . (15)

3 Numerical results and discussion
The vacuum condensates are taken to be the stan-
dard values (Gq)=—(0.2440.01GeV)?, (Gg,0Gq)=mZ{qq),
GG
m2=(0.840.1) GeV?, <a >_(O.33 GeV)* at the en-

ergy scale u=1GeV [16-18, 24]. The quark condensate
and mixed quark condensate evolve with the renormal-

o (Q)
(1)

ization group equation, {(gq)(u)=1{qq)(Q) { } 57 and

_ _ s (Q
(190G ) ~ a0.0G)(@) | 2L
we take the M S mass m,.(m.)=(1.27540.025) GeV from
the Particle Data Group [8] and take into account the
energy-scale dependence of the M S mass,

b4
} . In this article,

1

o

)|

5

) = melme)| 20|

a,(m,)
1 by logt  b2(log®t—logt—1)-+bob,
sw) = — | 1-—5— )
@ (1) bot{ Bt bat?
(16)
where
2
I 33—2n; 153—19n;
t=logls o= BT e
5033 325
2857——— —n?
- g "Tr
? 1287 ’

and A=213 MeV, 296 MeV and 339 MeV for the number
of flavors n;=5, 4 and 3, respectively [8].

The hidden charm (or hidden bottom) four-quark
systems QqQq’ could be described by a double-well po-
tential in the heavy quark limit. The heavy quark Q
serves as one static well potential and combines with
the light antiquark @’ to form a heavy meson-like state
or correlation (not a physical meson) in color singlet.
The heavy antiquark Q serves as the other static well
potential and combines with the light quark state q to
form another heavy meson-like state or correlation (not
a physical meson) in the color singlet. The two meson-
like states (not two physical mesons) combine together to
form a physical molecular state. Then the double heavy
molecular state Y is characterized by the effective heavy
quark mass Mg and the virtuality V = /M2 —(2Mg)?
[14, 15]. Tt is natural to choose the energy scales of the
QCD spectral densities as p=V, which works well in the
QCD sum rules for the molecular states. In Ref. [14],
we obtained the optimal value M,=1.84 GeV. Recently,
we re-checked the numerical calculations and corrected
a small error involving the mixed condensates. After
the small error was corrected, the Borel windows are
modified slightly and the predictions are also improved
slightly, but the conclusions survive. In this article, we
choose the updated value M.=1.85 GeV.

In the scenario of molecular states, we study the color
singlet-singlet type and octet-octet type scalar, axial-
vector and tensor hadronic molecular states with the
QCD sum rules in a systematic way [14, 15], and ten-
tatively assign the X (3872), Z.(3900/3885), Y(4140),
Z.(4020/4025) and Z,(10610/10650) to be the molecular
states:

1

X(3872) = —= (DD —D"D) (with17+),

~ Sl

Z.(3900/3885) = —= (DD +D*D) (with1+7),

S

Z,(4020/4025) = D*D" (with 1~ or 2*+),
Y (4140) = DD (with0**),

1 = =Y
Z,(10610) = E(BB +B*B) (with177),
Z,(10650) = B*B (with1*7). (17)

Now we search for the Borel parameters T and con-
tinuum threshold parameters sy to satisfy the following
four criteria:

e Pole dominance on the phenomenological side;

e Convergence of the operator product expansion;

e Appearance of the Borel platforms;

e Satisfaction of the energy scale formula.

The resulting Borel parameters, continuum thresh-
old parameters, pole contributions and energy scales are
shown explicitly in Table 1. From the Table, we can
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see that the central values of the pole contributions are

satisfied. In the Borel windows, the contributions from

larger than 50%, so the pole dominance condition can be | the vacuum condensates D; of dimension ¢ are

DD, (177) : Dy=(94—95)%, D3=0%, D, < 1%, Ds=(20—24)%,
D6:_(12_17)%7 D7:_(1_2)%, _D8<1%7 D10<<1%7

DD, (1)

: Do=(122-127)%, Ds=—(24—27)%, Dy=—1%, Ds=(24—29)%,

Ds=—(19-27)%, Dy=—(2—3)%, Ds<1%, D1o< 1%,
D*D;(177) : Do=(118—122)%, D5s=0%, D, < 1%, Ds=—(13—16)%,
Do=—(5=7)%, D;<1%, —Ds<1%, D1y < 1%,
D*D;(17%) : Do=(111—116)%, D3=(19—22)%, D,=—1%, Ds=—(18—22)%,

D=—(13-18)%, Dz=(1-2)%, Ds<1%, D10<1%),

where i =0, 3, 4, 5, 6, 7, 8, 10. The operator product
expansion well convergent. In the QCD sum rules for
the hidden charm tetraquark states and molecular states,
the operator product expansion converges slowly, and we
have to increase the Borel parameters to large values.
Larger Borel parameters lead to smaller pole contribu-
tions on the hadron side. So in the QCD sum rules for the
hidden charm tetraquark states and molecular states, the
Borel windows are rather small, T2 T2, ~0.4 GeV?,
while the lower bounds of the pole contributions are
about (40 —45)%. From Table 1, the threshold pa-
rameters and the predicted masses satisfy the relation
V/S0=My+(0.4~0.6) GeV. Naively, we expect that the
energy gap between the ground state and the first radial
excited state is about 0.4~0.6 GeV, so the present pre-
dictions are reasonable. Although the lower bounds of
the pole contributions are less than 50%, the contamina-
tions of the radial excited states and continuum states
are expected to be excluded by the continuum threshold
parameter Sq.

We take into account all uncertainties of the input pa-
rameters, and obtain the values of the masses and pole
residues of the vector molecular states, which are shown
explicitly in Figs. 1-2 and Table 1. In Figs. 1-2, we
plot the masses and pole residues with variations of the
Borel parameters at much larger intervals than the Borel
windows shown in Table 1. From the figures, we can see
that there indeed appear platforms in the Borel windows.
Furthermore, from Table 1, we can see that the energy
scale formula is well satisfied. Now the four criteria of
the QCD sum rules are all satisfied, so we expect to make

(18)

| reasonable predictions.

The prediction Mpp, 1--)=4.3610.08 GeV is consis-
tent with the experimental data My (4300)=4391.6£6.3+
1.0 MeV within uncertainties [3], while the predictions
MD131(1*+) =4.6040.08 GeV, MD*DS(l**):4'78:H)~07 GeV
and Mp«pya-+)=4.73£0.07 GeV are much larger than
the upper bounds of the experimental data, My (s90) =
4218.444.040.9 MeV and My (4390)=4391.6£6.3£1.0 MeV
[3]. Moreover, they are much larger than the near thresh-
olds Mp+p, (2420)- =4293 MeV, Mpop, (24200 =4285 MeV,
Mpipg (2100~ =4361 MeV, Mpops (24000 =4325 MeV [8].
The present predictions only favor assigning the Y (4390)
to be the DD, (1~ ~) molecular state.

In Refs. [11, 12], Zhang and Huang do not distinguish
the charge conjugations and obtain the masses Mp«px =
4.26+£0.07 GeV and Mpp, =4.34+0.07 GeV. In Ref. [13],
Lee, Morita and Nielsen distinguish the charge conjuga-
tions and obtain the mass Mpp,1-+)=4.19£0.22 GeV.
In this article, we distinguish the charge conjugations of
the currents, calculate the contributions of the vacuum
condensates up to dimension-10 in the operator prod-
uct expansion in a consistent way, with the intervals of
the vacuum condensates much larger than the ones in
Refs. [11-13]. Moreover, we use the energy scale formula
to determine the energy scales of the QCD spectral den-
sities, which worked well in our previous works [14, 15].
We obtain the predictions Mpp,;--)=4.36£0.08 GeV,
Mpp,1-+)=4.6040.08 GeV, Mp-p;1--)=4.78H0.07 GeV
and Mp«ps1-+) = 4.73+£0.07 GeV, which differ signifi-
cantly from the results in Refs.[11-13], changing the con-
clusion.

Table 1. The Borel parameters, continuum threshold parameters, pole contributions, energy scales, masses and pole
residues of the vector molecular states.
T2 /GeV? V/50/GeV pole(%) u/GeV My /GeV Ay (1072/GeV?®)
DD; (177) 3.2-3.6 4.940.1 45-65 2.3 4.36+0.08 3.974+0.54
DD; (1—1) 3.5-3.9 5.1+£0.1 44-63 2.7 4.60£0.08 5.26+0.65
D*DS 1=) 4.0-4.4 5.34+0.1 44-61 3.0 4.78+0.07 7.56+0.84
D*D(’S (1) 3.84.2 5.240.1 44-61 2.9 4.73£0.07 6.83+0.84
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In 2007, the Belle collaboration measured the cross
section for the process ete™ — mtm~1)’, and observed
two structures Y(4360) and Y(4660) in the mtm )
mass spectrum, at (4361+9+9)MeV with a width of
(74+15+10)MeV, and (4664+11+5)MeV with a width
of (48+15+3) MeV, respectively [25]. The quantum
numbers of the Y(4360) and Y (4660) are JZ¢=1"" [8].
The Y(4390) and Y(4360) have analogous masses and
widths, so they may be the same particle, the DD, (177)
molecular state. The main decay modes of the DD, (1)
molecular state are DD*7t [26, 27], so it is important to
search for the decay modes D D*m to diagnose the nature
of the Y(4260) and Y(4390).

Appendix A

4 Conclusion

In this article, we assign the Y(4390) and Y (4220)
to be the vector molecular states DD,(2420) and
D*D;(2400), respectively, distinguish the charge conju-
gations,and construct the color singlet-singlet type cur-
rents to interpolate them. We calculate the contribu-
tions of the vacuum condensates up to dimension-10 in
the operator product expansion in a consistent way, use
the energy scale formula to determine the energy scales
of the QCD spectral densities, and study the masses and
pole residues in detail with the QCD sum rules. The
present predictions only favor assigning the Y(4390) to
be the DD, (1~~) molecular state.

The explicit expression for the QCD spectral density p(s,r) is:

1 Y 1-y o\ . -
p(s,r) = W/ dy/ dzyz(l—y—z)?’(s—mz) (3582—26sm3+3m3)

yf 1— y
20487'(6 / / 2(1—y=2)" (s=me)"

+(1-7)

1 <aSGG
102474

3me i - Y

256(1‘?/ / 2 (+2) (1=y—2) (s—m)
mg asGG

~ 3072 ¢ / dy / dz(
ma aSGG -y

T T >/ dy/Z dz <_
m2 aSGG yf 1= y

048 | / / (

)/yf dy/1 ydz (y—|—z)(1—y—z)23(5s—4mg)

)(1 y—z) {83 3m2+s 5(5 mf)}

1 1

+z3

)2

y3

)(1 y—2)° (s—m.)

3m? oszG 1=y _
+r20487t4 / dy/ dz( )(1 y—z)° (s—mZ)

3mC qgsqu
—(1—
=)=

2 (y+2) (s—me)

i 2
3me(q9s0Gq) - 2
W dy dz 2 y (1—y—z)(2s—m¢)
3mC qgsan - y
T dy z(1-y—=z2 (s mc)

L la)? /yfdyy@_y) (s_ﬁzf—zrﬁzi)

3272
9s\49

+ 8647’:4/ /ZZ dzyz{8s 3mc+r2y +s 5(3 mc)}

9s\49

1- y
AW
17287r4/ / 2(1=y==) {3< +y)(78 4mc)+(22+y2)mc

[7+55 (s—m2)] - (y+Z)(48—3m§)+r<§+%)3—”ﬁ}

2
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—(1-n) = 7687t2 QSGG/ /: "dz (y+2) (1—y— z)<;+1)5(s—mf)
+-r )7721;6(71;]2 %GG / /1 Cdz(1-y- Z)(y +y)
+3;T;°8<7f§><ast>/ dy/ dz{1—|——5(s mc)}

e [ u(245)52)

+M/ dy (145 ) 8 (s—m?)

3272
—r%/yjfdyy(l—y){H 3(s— mc)}
),
+r%/:dyy(l—y) (3+:2F2+2T24 ;Z) 5 (s—me)

me(qq)’ ,asGG, [ 1 1 5
+ossrr (20 | dy{ﬁ—u—yw}“s‘m)

—’“7”;37(6?32<%SG>./?fdy{y_y - }5(5 ic)

_r<§g5si«;§2(1>2/?!ffdy(§(;+i_ _) (s—me)

+r%<#)/fdyy(l—w (H%Jr;—;—r%) 8 (s—me) (A1)
where y; = 1+@7 yi= - 1;4777%/57 Zi_ygmjz? e = (y+yz;m§7 e = y(Tln—zy)’ and /yf dy_)./ldy’ /.kdeH

1-y
/ dz when the ¢ functions 5(5 mc) and 5(5 mc) appear.
0
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