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Abstract: Higher-order mode (HOM) based intra-cavity beam diagnostics has been proved effective and convenient

in superconducting radio-frequency (SRF) accelerators. Our recent research shows that the beam harmonics in the

bunch train excited HOM spectrum, which have much higher signal-to-noise ratio than the intrinsic HOM peaks,

may also be useful for beam diagnostics. In this paper, we will present our study on bunch train excited HOMs,

including a theoretical model and recent experiments carried out based on the DC-SRF photoinjector and SRF linac

at Peking University.
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1 Introduction

Higher-order modes (HOMs) are excited when an
electron beam passes through a radio-frequency (rf) cav-
ity. This is one of the main causes of emittance dilu-
tion [1] and beam current limit in a superconducting rf
(SRF) cavity [2–4]. For a TESLA cavity, two coaxial
type couplers are therefore installed on both ends of the
cavity with a specific orientation to extract HOMs and
transfer the power to the load [5].

A HOM signal contains beam information, such as
the beam position in the rf cavity, the beam arrival time,
etc [6]. It can be directly used for beam diagnostics with-
out additional vacuum instruments. Such HOM-based
beam diagnostics is convenient and cheap, and more im-
portantly, it can provide local beam information in a
cryomodule. Many laboratories have conducted studies
on HOM-based beam diagnostics. At JAEA, the HOM
signal excited by a macro pulse was detected to obtain
beam position information [7]. At DESY, a dipole mode
signal excited by a single bunch was applied for SRF cav-
ity alignment and beam position measurements [8–11].

In the spectrum of a HOM signal excited by mul-
tiple bunches, two kinds of peak exist: intrinsic HOM
peaks and beam harmonics [12, 13]. This can be ob-
served clearly when the bunch repetition rate is high
enough that the beam harmonics can be identified by

equipment. Under proper conditions, the beam harmon-
ics are much stronger than the intrinsic HOM peaks, so
they may provide a useful means to obtain beam infor-
mation with high signal-to-noise ratio. In this paper, we
will first present our theoretical model for bunch train
excited HOMs and then the measurement results on a
DC-SRF photoinjector and SRF linac. We will also re-
port our recent tests of beam diagnostics on the DC-SRF
photoinjector.

2 Electron bunch train excited HOMs

When a relativistic electron beam passes through an
SRF cavity, it will excite HOMs. The HOM voltage can
be calculated as

Vb(t) =
∑

m

∫ t

−∞

Vm(t−τ)ρb(τ)dτ, (1)

where the summation represents the voltage superposi-
tion of all HOMs excited in the SRF cavity, Vm is the
single electron induced voltage signal of the mth HOM
(m = 1,2,3, ...), ρb = Ib/e, Ib is the current signal of elec-
tron beam and e is the charge of an electron. Changing
variable from τ to τ ′ = t−τ , we have

Vb(t) =
∑

m

∫ ∞

0

Vm(τ ′)ρb(t−τ ′)dτ ′. (2)
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The HOM spectrum is a Fourier transform of the
HOM voltage, whose amplitude, the HOM magnitude
spectrum, can be derived as

Vb(f) = |ρ̂b(f)| ·
∣

∣

∣

∑

m

∫ ∞

0

Vm(τ ′)e−2πifτ ′

dτ ′
∣

∣

∣
, (3)

where

ρ̂b =

∫ ∞

−∞

ρb(t)e
−2πiftdt. (4)

Considering the HOM wakefield excited by a single
electron exists only when τ ′ > 0, the lower limit of in-
tegration in Eq. (3) can be extended to −∞ and as a
result,

Vb(f) = |ρ̂b(f)| ·
∣

∣

∣

∑

m

V̂m(f)
∣

∣

∣
, (5)

in which

V̂m(f) =

∫ ∞

−∞

Vm(τ ′)e−2πifτ ′

dτ ′ (6)

is the single electron excited HOM spectrum. Referring
to, e.g., [14, 15], it can be calculated as

V̂m(f) = eαmZ‖
m(f), (7)

in which αm is the mode excitation factor of the mth

HOM, accounting for the coupling efficiency between the
HOM field and electron energy. For dipole mode [16],
e.g., αm accounts for the coupling efficiency due to
the transverse offset of electron beam trajectory in the
SRF cavity. Z‖

m(f) in the equation is the longitudinal
impedance of the mth HOM, which can often be mod-
elled by an equivalent parallel LRC resonator circuit and
given by [14]

Z‖
m(f) =

(R/Q)m

1/Qm +i(fm/f−f/fm)
, (8)

where Qm and fm are the quality factor and eigenfre-
quency of the mth HOM, respectively.

Plugging Eqs. (7) and (8) into Eq. (5), the HOM
magnitude spectrum can be calculated as

Vb(f) = Ib(f) ·
∣

∣

∣

∑

m

αm(R/Q)m

1/Qm +i(fm/f−f/fm)

∣

∣

∣
, (9)

in which Ib(f) = |Îb(f)|, and

Îb(f) = eρ̂b(f) =

∫ ∞

−∞

Ib(t)e
−2πiftdt (10)

is the current spectrum of the electron beam. Introduc-
ing δfm = f−fm, we have

Vb(f) = Ib(f) ·
∣

∣

∣

∑

m

αm(R/Q)m

1/Qm− i

(

δfm

fm +δfm

+
δfm

fm

)

∣

∣

∣
. (11)

The equation can be approximated as

Vb(f) =
∣

∣

∣

∑

m

αmIb(f) ·
fm

2δfm

(R/Q)m

∣

∣

∣
, (12)

when 1� δfm/fm � 1/Qm.
To calculate the current magnitude spectrum, Ib(f)

in Eq. (9), we consider the electron beam to be comprised
of a train of electron bunches with the same current pro-
files and equally separated by Tb in the time domain.
The current signal can be expressed as the convolution
of the single bunch current profile and a comb function,
i.e.,

Ib(t) =

N−1
∑

n=0

∫ ∞

−∞

I1(τ)δ(t−nTb−τ)dτ, (13)

where N is the number of bunches in the train, I1(t)
represents the current profile of a single bunch, and δ(t)
is the Dirac Delta function. The corresponding current
spectrum is the product of Fourier transforms of I1(t)
and the comb function. It is easy to obtain the ampli-
tude of the current spectrum as

Ib(f) =
∣

∣

∣

sin(πNfTb)

sin(πfTb)

∣

∣

∣
·I1(f), (14)

in which I1(f) = |Î1(f)|, and

Î1(f) =

∫ ∞

−∞

I1(t)e
−2πiftdt (15)

is the Fourier transform of I1(t). In the case of elec-
tron bunch length σt � 1/fn, I1(f) can be treated as a
constant.

As an example, a typical spectrum of HOM excited by
a picosecond electron bunch train was calculated using
Eq. (9) and Eq. (14). To clearly illustrate the charac-
teristic of bunch train excited HOMs, only one HOM is
considered in the calculation. The parameters are taken
according to our experiments as follows: the HOM has
an eigenfrequency of 1.7513 GHz and a quality factor of
5× 105, while the electron beam has a pulse repetition
rate (fb = 1/Tb) of 0.797 MHz and a macro-pulse length
of 3 ms.

Figures 1-3 show the calculation results, including the
HOM spectrum excited by a single electron, the current
spectrum of the bunch train, and the bunch train excited
HOM spectrum. It can be seen from Fig. 3 that besides
the intrinsic HOM peak (referred to as “intrinsic HOM
peak” hereafter), many spectral peaks (lines) at beam
harmonic frequencies (referred to as “beam harmonics”
hereafter) exist. Moreover, the beam harmonic closest
to the intrinsic HOM peak has a much larger amplitude
than the intrinsic HOM peak.
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The HOM spectrum excited by a single electron
shown in Fig. 1 is essentially the SRF cavity’s spectral re-
sponse function to an rf source, while the electron beam
plays the role of an rf source with the spectrum shown
in Fig. 2. Although the SRF cavity’s spectral response
function has a very sharp spike at the HOM’s eigenfre-
quency and the ratio between the amplitudes at eigenfre-
quency and beam harmonics is significant, the rf source,
however, has an even higher ratio between the ampli-
tudes at beam harmonics and eigenfrequency. Therefore,
many beam harmonics higher than the intrinsic HOM
peak can be observed. Obviously, the beam harmonic
closest to the intrinsic HOM peak has the maximum am-
plitude, which can also be inferred from Eq. (12) directly.

It is straightforward to infer that, in the case of only
one HOM, the amplitude of beam harmonics has a lin-
ear dependency on the coupling efficiency αm between
the HOM field and electron energy. When the HOM

Fig. 1. HOM spectrum excited by a single electron
(calculation result). In the calculation, only one
HOM is considered, which has an eigenfrequency
of 1.7513 GHz and a quality factor of 5×105.

Fig. 2. Current spectrum of a train of electron
bunches (calculation result). In the calculation,
the electron beam has a pulse repetition rate of
0.797 MHz and a macro-pulse length of 3 ms.

Fig. 3. Bunch train excited HOM spectrum (calcu-
lation result). In the calculation, only one HOM is
considered, which has an eigenfrequency of 1.7513
GHz and a quality factor of 5×105. The electron
beam has a pulse repetition rate of 0.797 MHz
and a macro-pulse length of 3 ms.

is a dipole mode, the beam harmonic amplitude is in-
evitably proportional to the beam offset and therefore it
can provide the beam position information, as that can
be provided by the intrinsic HOM excited by a single
electron bunch. Compared to the latter case, the beam
harmonic has a much higher amplitude, which can pro-
vide a much higher signal-to-noise ratio, especially when
the HOM quality factor Qm is small.

In practice, multiple HOMs could be excited in the
SRF cavity. One can infer from Eq. (12) and Eq. (14)
that different HOMs would contribute to the same beam
harmonic. However, the main contribution comes from
the mode with higher R/Q and with the eigenfrequency
near the beam harmonics. With a properly chosen HOM,
which has an eigenfrequency close to the beam harmonics
and an R/Q much higher than neighboring HOMs, the
contributions from other HOMs can be ignored and the
above discussion for only one HOM is still valid. Under
such a condition, it is obvious that the beam harmonics
can be used for beam diagnostics.

3 HOM experiments on the DC-SRF

photoinjector

Preliminary experiments have been carried out based
on the DC-SRF photoinjector at Peking University. The
DC-SRF photoinjector comprises a pair of DC Pierce
electrodes and a 3.5-cell 1.3 GHz TESLA-type cav-
ity [17]. It has been in operation since 2014 and can
deliver 3–5 MeV, 6–50 pC electron bunches with a bunch
length of approximately 5 ps and repetition rate tunable
between 162.5 kHz and 81.25 MHz [18, 19]. In the DC-
SRF photoinjector, the electron bunches emitted from
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the photocathode are first accelerated by the DC Pierce
structure to 50-90 keV. After a drift section of approxi-
mately 17 mm, the bunches enter the 3.5-cell SRF cavity.
They are soon accelerated to β close to 1 in the first half
cell. Therefore, the effect of β variation on the electron
beam excited HOM [20] can be ignored in our experi-
ments.

The HOM experiments were performed when the DC-
SRF photoinjector was operated in pulse mode with a
macro pulse length of a few milliseconds. The electron
beam excited HOM signal in the 3.5-cell SRF cavity was
extracted from the pickup port of the cavity and then
amplified by a three-stage power amplifier, which had a
gain of 30 dB over the frequency range from 1.0 GHz
to 2.4 GHz, before being delivered to the spectrum ana-
lyzer. Figure 4 shows an example of the measured HOM
spectrum, in which the electron beam has a bunch rep-
etition rate of 0.797 MHz and a macro pulse length of
3 ms. In the measurement, the spectrum analyzer was
set to sweep across the frequency range from 1.746 to
1.755 GHz, in which the TE111 3π/4 mode, whose R/Q
is the highest among the neighboring HOMs in the SRF
cavity [21], is expected.

Fig. 4. Measured electron beam excited HOM
spectrum in the 3.5-cell cavity of the DC-SRF
photoinjector. In the measurement, the electron
beam has a pulse repetition rate of 0.797 MHz
and a macro-pulse length of 3 ms.

The result is consistent with that obtained in ana-
lytical calculation (see Fig. 3). In Fig. 4, four discrete
spectral lines equally spaced by 0.797 MHz can be clearly
observed, corresponding to beam harmonics. The intrin-
sic HOM peak, however, is at noise level and cannot be
observed. From the figure one can infer that the eigenfre-
quency of the mode is between 1.7509 and 1.7516 GHz,
corresponding to the frequencies of the two highest beam
harmonics, respectively.

It is worth pointing out that, according to rf cal-
culation [21], the R/Q of the TE111 3π/4 mode is 3 - 4
times that of the closest HOMs, the TE111 π/2 mode and

TM110 π mode. These two HOMs have an eigenfrequency
of 1.687 GHz and 1.795 GHz (rf measurement results,
see [21]), respectively. The differences (δfm) between
the eigenfrequencies and the highest beam harmonic fre-
quency (∼ 1.751 GHz) are 64 MHz and 44 MHz accord-
ingly, which are at least 55 times the frequency difference
between the TE111 3π/4 mode and the beam harmonic
(< 0.797 MHz). According to Eq. (12), the contributions
of the TE111 π/2 mode and TM110 π mode to the high-
est beam harmonic are approximately 200 times lower
than that of the TE111 3π/4 mode, and therefore can be
ignored.

Among the HOMs, dipole modes are related to beam
position in the SRF cavity. Therefore, preliminary in-
vestigation on the relationship between electron beam
position and dipole modes was carried out. Three sets of
tests were performed, in which the TE111 3π/4, TM110

π, and TM110 π/4 modes, which have the highest R/Q
among all dipole modes, were measured. The electron
bunch repetition rate was set to be 0.797 MHz for TE111

3π/4 mode measurement and 0.406 MHz for TM110 π
mode and TM110 π/4 mode measurements.

In all the three measurements, the beam harmon-
ics with the largest amplitude were chosen for analysis.
Their frequencies are 1.7509 GHz (for TE111 3π/4 mode),
1.8013 GHz (for TM110 π mode), and 1.8875 GHz (for
TM110 π/4 mode), respectively. The electron beam po-
sition in the SRF cavity was scanned by adjusting the
position of the drive laser [22] spot on the photocathode.
The whole scanning range of the electron beam position
is estimated to be 8 mm. The measured beam harmonic
amplitudes, scaled by the electron beam current, are
plotted as a function of the electron beam position in
Fig. 5. We need to point out that, although the drive

Fig. 5. Measured electron beam excited HOM sig-
nal (beam harmonic) amplitude as a function of
the electron beam position in the 3.5-cell SRF
cavity of the DC-SRF photoinjector. Position
number is used instead of the real position of the
electron beam in the 3.5-cell cavity since the ab-
solute position has not been calibrated.
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laser position on the photocathode can be determined
experimentally, the beam position in the SRF cavity is
difficult to precise calibrate at the moment. Therefore,
the point numbers of the scan are used in Fig. 5 to rep-
resent different beam positions.

From Fig. 5, in all three sets of tests, the beam har-
monic amplitude has its minimum value between posi-
tions 4 and 5, which can be considered as the cavity cen-
ter, and it grows when the electron beam deviates from
the cavity center. This proves that the beam harmonics
can be used for beam position measurement.

4 HOM signal from a 9-cell SRF cavity

Recently an SRF linac designed by Peking Univer-
sity was brought into operation to further accelerate the
electron beam from the DC-SRF photoinjector. The
linac [23] consists of two 1.3-GHz 9-cell TESLA-type cav-
ities. At either side of the 9-cell cavities two HOM cou-
plers are mounted with an azimuth angle of 115◦. The
HOM signal in the 9-cell SRF cavity can be extracted
from the HOM coupler.

Spectrum measurements of the bunch train excited
HOMs have been carried out based on the SRF linac.
Similar to the above DC-SRF experiments, the linac was
operated in pulse mode with a macro pulse length of a
few milliseconds. Figure 6 shows a measured spectrum,
where the spectrum analyzer was set to sweep across the
frequency range around the TE111 π mode. Both the
beam harmonic and the intrinsic HOM peak can be ob-
served, and the beam harmonic has a much higher (five
orders of magnitude) amplitude and a much narrower
band. During the experiment, we also observed that the
intrinsic HOM peak drifted randomly, which might be
attributed to the cavity vibration, while the beam har-
monic kept unchanged. This indicates that beam har-

monics have an advantage in those applications requiring
stable HOM spectral performance.

Fig. 6. Measured spectrum of electron beam ex-
cited HOM signal extracted from the HOM cou-
pler. In the measurement, the electron beam has a
pulse repetition rate of 27 MHz and a macropulse
length of 3 ms.

5 Conclusion

In this paper we have presented our study on bunch
train excited HOMs in an SRF cavity. Compared to the
HOMs excited by a single electron bunch, the bunch train
excited HOMs have distinct spectral features, which
has been shown both theoretically and experimentally.
Under proper conditions, beam harmonics are much
stronger than the intrinsic HOM peaks. Therefore the
beam harmonics could provide a useful means to ob-
tain electron beam information with high signal-to-noise
ratio. Preliminary experiments demonstrate the use of
dipole mode beam harmonics in electron beam position
diagnostics in the SRF cavity. Further research on HOM-
based beam diagnostics will be carried out.
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