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Abstract:

The contraction method in different limits to obtain 22 different realizations of kinematical algebras is

applied to study the supersymmetric extension of AdS algebra and its contractions. It is shown that p2 h_, p’, ca
and g’ algebras, in addition to d—, p, n—, g and c algebras, have supersymmetric extension, while n_2, g2 and g5

algebras have no supersymmetric extension. The connections among the superalgebras are established.
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1 Introduction

The contraction is a useful method in mathematical
physics. It reveals the relations among groups and al-
gebras. It may also be used to establish the relation
among geometries. By the Inonii-Wigner (IW) contrac-
tion method [1], Bacry and Lévy-Leblond established the
connection among the 11 kinematical algebras of 8 types
[2]. All these algebras satisfy the assumption that a kine-
matical group should possess (i) an SO(3) isotropy gen-
erated by J, (ii) automorphism of parity

nm:A—-HP—--PK—-K ,J—J, (1)
and time-reversal
0:H—-HP—-PK—-K,J—J, (2)

and (iii) non-compact one-dimensional subgroup gen-
erated by each boost K; [2], where K, is the compo-
nents of K. (The same convention will be used for
J and P, etc.) The 11 kinematical algebras are the
Poincaré (p), de Sitter (dS or d ), anti-de Sitter (AdS or
d_), inhomogenous SO(4) (e’ or p’, in literature), para-
Poincaré (p’), Galilei (g), Newton-Hooke (n,), anti-
Newton-Hooke (n_), para-Galilei (g’), Carroll (c¢), and
static (s) algebras. Relaxing the third condition, three
geometrically kinematical groups — Euclid (e), Riemann
(r), and Lobachevsky (1) algebras — should be added.
The contraction of a kinematical algebra can be stud-
ied in two different ways. One is as in Ref. [2]. An al-
gebra is defined by the commutation relations of a set of
abstract generators. Then, a dimensionless parameter
is introduced and multiplied to some generators, which
will not alter the algebraic structure. Finally, the limit
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of e—0 is taken and the contracted algebra is attained.
In the manipulation, the realization of the generators are
not used. Hence, it is an abstract way of contraction. In
the other way, in contrast, an algebra is realized by a spe-
cial realization of a set of generators and their commuta-
tors, and the infinity or zero limit of the parameter(s) in
the realization is taken to obtain the contracted algebra.
For example, d., realized by a set of partial differential
operators in a given coordinate system, contract to p
when the invariant length ! tends to oo [3]. Similarly, p
tends to g or ¢ when the speed of light ¢— oo or ¢—0,
respectively. This is referred to as the concrete approach
of IW contraction.

In the concrete approach, one may ask: what is the
[—0 limit of d, is it the same as p, and does it have the
same physical significance as the ordinary Poincaré alge-
bra? These problems have been studied in Ref. [4-6]. Tt
has been shown that when d. are realized in terms of
the Beltrami coordinates [7, 8|, in the [—0 limit d4 also
contract to an iso(1,3) algebra but the generators and
thus the contracted algebra has very different physical
significance. The new realization does not generate the
translation invariance of the Minkowski spacetime. In
fact, the geometry invariant under the transformations
generated by the new realization is a degenerate one.
Therefore, it is called the second realization of Poincaré
algebra and denoted by p,. The systematic studies on
the contractions of the Beltrami realization of so(p,5—p)
(0<p<2) kinematical algebras with two invariant param-
eters ¢ and [ are made in Ref. [9]. It has been shown that
there are 22 different realizations of possible kinemati-
cal algebras in all, whose generators are all expressed in
terms of coordinate partial differential operators. (The
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static algebra in Ref. [2] has been excluded because its
time-translation generator is expressed in terms of cen-
tral charge.) All these realizations of possible kinematics
are re-classified and their underlying geometries are pre-
sented. It is worth mentioning that the 22 realizations
of possible kinematical algebras are first obtained by the
combinatorial method in the vector space spanned by the
projective general linear algebra pgl(5,R) [10].

The possible kinematical superalgebras have also
been studied by the IW contraction method [11-14]. Tt
has been shown that the Galilei superalgebra can be con-
tracted from the Poincaré superalgebra [11-14] and that
the Poincaré superalgebra can be obtained form AdS su-
peralgebra osp(1|4) [14]. In Ref. [15], the supersymmet-
ric extension of all possible kinematics in Bacry-Lévy-
Leblond [2] are presented in an abstract way. In Ref.
[16], the superalgebras such as supersymmetric exten-
sions of p, g, ¢, n_, and s, are re-obtained in the ab-
stract way and are arranged in a figure to show their
relations’. When the concrete realizations of superal-
gebras are taken into account, many realizations will be
added. But, in comparison with the contraction scheme
in Ref. [9], not all the realizations have their supersym-
metric extensions. The purpose of the present paper is to
study the IW contraction of the Beltrami realization of
AdS superalgebra and present more realizations of kine-
matical superalgebras for completion.

The paper is organized in the following way. In the
next section, we shall briefly review the IW contraction
by taking the IW contraction of Beltrami realization of
d_ in two opposite limits, as an example, and list the
Beltrami realizations of all possible kinematical algebras
contracting from d_. In Section 3, the supersymmetric
extension of d_ (i.e. osp(1]4)) will be reviewed. In Sec-
tion 4, we will use the contraction method to study the
supersymmetric extension of the kinematical algebras in
Section 2. The concluding remarks will be given in the
final section.

2 Beltrami realization of AdS algebra
and its contractions

2.1 Beltrami realization of AdS algebra

It is well known that a 4d AdS space-time embedded
in R*® with the metric nyp=diag(1,—1,—1,—1,1),

WABfAfB:mufufu+(§4)2:lzv (3)

is mapped onto itself by the group SO(2,3), where A, B,

- run from 0 to 4 and the lowercase Greek letters p,
v, --- run from 0 to 3, n,, =diag(l, —1, =1, —1), and !
is the AdS radius. The generators for SO(2,3) and the

commutation relations are
JAB == anEB —5385A (4)
[Jag,Jop) = Japnsc—Jachep+

JeeNap—JBpNac. (5)
In terms of the 4d Beltrami coordinates
I
$H:l€—4, (6)

the generators read
{(ZPH):—JM_Z(E)W 122,27 9,0 ),
J i =2, 0gv —T,, Qs .
In 3d realization, they are
H~=0,+v%tz" 0y,
K;=td; —c 2x;0;,

Pi7 :al +172IiII’L azu y

) 8
Ji:%@”(%ak —x40;), ®)

0 0
where Hf.:CP(;’t:zO/C?y:c/l’ at:$7 az:ﬁ7
x; = —0;;27. The dimensions of H~, P;, and K, are

T-1, L7, and ¢!, respectively.

2.2 IW contraction of Beltrami realization of
AdS algebra in two opposite limits

Suppose the generators T; (I =1,---n) span the Lie
algebra of a Lie group

[TI,TJ]:Cf]TK. (9)

Under a linear homogeneous non-singular transforma-
tion,

S]:UIJTJ, (10)

the structure of the algebra will not change though the
structure constants C; will be replaced by other con-
stants. If the first m<n generators span a subalgebra of
the algebra and the matrix U in Eq.(10) takes the form

<Uﬂ>—<lg L ) (1)

where I,,, and I,,_,, are unit matrices, then the transfor-
mation (10) becomes singular when ¢ — 0 and will lead
to a new algebra [1]. The operation is known as the IW
contraction with respect to the subalgebra.

In order to study the explicit contraction of the
Beltrami realization of d_, the invariant parameters [
and/or c in Egs. (6)—(8) are replaced by running param-
eter [, and/or c¢,, respectively, which are still invariant
under the AdS transformations. As a result, all quanti-
ties in Egs. (6)—(8) will be replaced by the running ones.
Then, multiplying a suitable parameter in terms of [,

1) The Konopel’chenko algebra [17] in the figure should be excluded because there exists no Hermite representations of generators for

the fermionic part in it [16].
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and/or ¢, and taking the limit, one may obtain the con-
tracted algebras.

For example, the Beltrami realization of d_ can be
contracted explicitly in the following two ways to obtain
the completely different realizations of the Poincaré al-
gebra. At any point in the neighborhood of the “north
pole” of Eq. (3), we have

(12)

Following Eqgs. (10) and (11), the generators of SO(2,3)

can be written as [18]

I
Jue ) (1o 0 v with e=01.  (13)
PI: 0 514 J4H

In the limit [, — o0 or e—0, we have

Juw = X 0uw =T, 0gu— J 0, (14)
1
L l—(§4asﬂ—§uas4)
= (0pn +1 22,27 0 ) —0pu =: P,. (15)

They are the generators of the Poincaré group.
On the other hand, one may use an alternative set of
generators

I,
Juw Y _ (Lo 0 T ) ith e =1, /2. (16)
I, 0 ¢l Jap

In the limit [,,.—0,

Jul/ =X axu —Z, a H_>Jp,u7 (17)
- _ by
H/,L = 12 4# (5485“ 5#854)
ZZ
= 2 (0pn+1, 2w 2 0pv) =12, 2" 0pr=:P). (18)

12
They generate a group isomorphic to the Poincaré group.
However, P are obviously different from P,. The new
realization of iso(1,3) does not generate the transla-
tions on a Minkowski space-time, and thus P are called
the pseudo-translation generators. (It should be noted
that the definitions of the pseudo-translation generators
here are different by a minus from the ones in Refs. [4-
6, 9, 10], which do not affect the algebraic structure.)
For brevity, the realization (2.12) and (2.13) is referred
as to the ordinary Poincaré algebra, while the new re-
alization (2.15) and (2.16) is referred as to the second
Poincaré algebra.

Obviously, the ordinary and the second Poincaré al-
gebras are the contraction of the same AdS algebra in
two opposite limits. Algebraically, the ordinary and the
second Poincaré algebras are identical to each other. If
the abstract generators are dealt with just like the treat-
ment in Ref. [2], the second Poincaré algebra cannot be
distinguished from the ordinary one. However, if the re-
alization is taken into account, the ordinary and second

Poincaré algebras are dramatically different from each
other in physics and geometry.

For example, the underlying geometries for the sec-
ond Poincaré algebra contracting from AdS algebra is de-
scribed [4-6] by a type-(2,0) degenerate symmetric tensor
field

12

9= "Gae (MupMr =T Npr ) 2727 dat @da”,

T = nuatz’ >0, (19)

a type-(0,2) degenerate symmetric tensor field

T 0 0

h=—aza'2" —Q®=— 20
e 8x“®8m”’ (20)

and a connection V compatible to g and h, i.e.
vAguV:akguu_F;uguﬁ_F:)\gﬁV:0’ (21)
VAR =0y W+ T W+ T% h™ =0, (22)

with connection coefficients in Beltrami coordinate sys-

tem,

2,04 +x 0"
X '

Ih=- (23)

(MP2,g,h,V) is invariant under P, transformations,
namely, V¢ ep, CTMP2, equations

‘ng: (gkakguu'i_gukau§A+gAyaM§A)d$u®d‘"Eu207

h=(£*d,h" —h**9,6*~h*9,£*)d,®d,=0,

[[,&V]:O

are valid simultaneously. The curvature tensor and Ricci
curvature tensor are

Ry, ==172(09,—07 9pup),

uvp
respectively. The structure of the manifold will become
more transparent when the following coordinate trans-
formation is made

(24)

Ry.u:_Blizguua (25)

x° = I’y " cosh(r/l), (26)
x' = [’y "'sinh(r/l)sin(0)cos(¢), (27)
x® = [>n~'sinh(r/1)sin(0)sin(¢), (28)
x® = ’n~"'sinh(r/l)cos(6). (29)
Under the transformatlon, (19), (20) and (25) read

g=0,,dz"dz" =—dr’*—1*sinh’(r/1)d§22, (30)
h:h“"aﬂ®ayz%®%, (31)

R,,=-3[*diag(0,—1,—sinh®*(r/l),—sinh®(r/l)sin’),
(32)
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Table 1. AdS algebra and its contractions.
algebra symbol generator set [H,P] [H,K] [P,P] K,K] [P,K] limit
AdS d_ (H-,P~,K,J) —-2K P —1—2J —c2Jg ¢ 2H-
H,P K P —2H l
Poincaré P (H,P, K, J) 0 0 —c2J ¢ 2 reo
P2 (H',P'K,J) P c2H I, —0
g
Galilei g (H,P,KE,J) 0 P 0 0 0 Ly —00,0p—0
g2 (H',P',K*<,J) P lr,cr—0,vp—00
c -2
Carroll ¢ (H,P,K*,J) 0 0 0 0 c 2H lr—00,cr,—0
co (H',P',K®&,J) c ?H' l,—0,cr—00
NH_ n_ (H—,P,K®8,J) —VZKg P 0 0 0 lyr,cr—00,Up=v
n_o (H-,P'\K*®,J) -2 K¢ P lp,cr—0,vp=v
’ ! g _ 2 KE . . .
para-Galilei g, (H ,P/,K J) V2K 0 0 0 0 Iy, Cr,Ur—00
g2 (H,PchyJ) -v°K° lr,cr,vr—0
— C _.,2¥KC —2 .
HN_ h_ (H,P:K ,J) VQK 0 -2 0 C,QH cr—0
p’ (H',P~,K®&,J) -’ K& c ?H' cr—00

respectively. The geometry can be extended through
1n=0 and is globally RxHs.

With the same technique, one may obtain another 10
realizations of contracted algebras, which have the same
so(3) spanned by J [9, 10]. Table 1 lists the generators
and commutation relations of d_ and its contractions,
except the common commutation relations involving J.
In Table 1, the generators are defined by

H=0,, H'=v%*x"0u,
Pi:ai, Pi’:l*Qxix“azu, (33)
Kf:taz, Kf:—cfzxiat,

in addition to the definition of Eq. (8), and H, P, or
KC stands for the suitable one in {H~, H, H'}, {P~, P,
P’} or {K, K&, K°}, respectively. Their underlying
geometries are presented in Ref. [9]. The name of anti-
Hooke-Newton algebra HN_ comes from the fact that
it is different from the anti-Newton-Hooke algebra N H _
by the replacement H~ <« H, P, — P, Kf — K¢ [10].
It is also called the para-Poincaré algebra [2]. From the
geometrical point of view, the first version of HN_ al-
gebra is referred to as the anti-Hooke-Newton algebra
(h_), while its second version is para-Poincaré algebra
(p’) [9]. In Table 1, the static algebra has been excluded
because its time-translation generator H® is meaningful
only when the central extension is considered. It should
be mentioned that in comparison with the table in Ref.
[10] and [9] the minus in the definitions of the pseudo-
translation generators H' and P’ have been removed,
thus the sets of generators for n_, and p’ are modified
correspondingly, and the structure constants of g’ have
an overall minus, which do not affect the algebraic struc-
ture.

3 Supersymmetric extension of AdS al-
gebra

The supersymmetric extension of d_ can be establi-

shed on a superspace spanned by coordinates £4 of di-
mension L subject to Eq. (3), a Majorana fermionic co-
ordinate 6 of dimension L*/2. Concretely, we may choose
the Weyl basis of the Dirac matrices

0 o
-

—0% 0
v° = 170717273—< ) v (34)
0 &°

ut

and take the charge conjugation matrix

. %% 0
C=1727°=1< 0 0200>

satisfying Cy*C~' = —(y*)T, where the superscript T
denotes the transpose,

(35)

o = (0°,0")=(I,1),

ot = (6°,0")=(1,—T").

(36)

in which I, is the 2x2 unit matrix and 7' are 3 Pauli
matrices. Acting on a scalar superfield, the bosonic gen-
erators are extended as

- d
Juw=2,0, —:cuau—l—HEWa—e_, (37)
and
J 1 1 zv - d
Pr=—+4—-2,2"0,+———=0X,,—
S PR R vy v IR )
where 6§ is the Dirac conjugate of 6,
1
E’“’:Zh“,'y”], (39)

and o(z) := 1+ ?n,,a*z” > 0 defines the domain of
Beltrami-AdS spacetime. The fermionic generator @
and its conjugate Q, which obey the Majorana condition
Q=CQ" and are of dimension L~'/?, may be chosen as
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[19]
0= (1-Lao) alia+Lany L+ iog 2
- I i1+ 50955+
i, - 21 x* ]
4 )9(7”_71+ﬁ2“”>£

_ L gpraa(q, 2 9
(Ao (7” I 1+\/52"”) 0
Jd [z, x*
_ = v A—1 v
o (0v" A )<a s aﬂ) : (41)
where
B 1_|_\/E % i Tt
A_( 2ﬁ) <I+Z +\/_”yu) (42)

I is a 4x4 unit matrix.

The commutators among the pure bosonic generators
Juw and P, =[""J,, with the supersymmetric extensions
(37) and (38) are still given by Eq. (5). The structure
relations of osp(1|4) involving fermionic parts are

{Q, Q}——VOH +1”yZP —%E”J ,_TEOZK (43)
[']z]aQ]:_ZuQv [KHQ]:_EEOsz (44)
[ 7Q] _’YOQa [Pzin] 2lFYZQ7 (45)

When the invariant parameters ! and/or ¢ vary
finitely and are labeled by [, and/or ¢,, respectively, the
AdS superalgebra spanned by (H-, P, K,, J, Q., Q,)
will remain the form of Eqs. (5), (44), (45), and (43)
with  and/or ¢ replaced by [, and/or ¢,. That is,

[Jiij] = _efijv [Jiv(KT')j]:_efj(KT')kv
[JivH;]: [Jiv(Pri)j]:_efj(P;)kv
[JiaQr] - _%eijkzijr;[(Kr)inr]:_clEOiQrv
[H Qi) = 57 90Qe [(P)oQul=5r7Qr (46)
and
(Q.00) = Lot i (P -1 w0,
—%EOi(KT.)i. (47)

 Further, the AdS superalgebra still remains if § and
0 undergo a scale transformation

0—e0, 60— €0, (48)

in addition to the replacement of [ and/or ¢ by [, and/or
¢, respectively.

4 Possible kinematical superalgebras

The contraction of the Beltrami realization of AdS
superalgebra in different limits can be attained in the
same way as the contraction of the Beltrami realization
of AdS algebra. In all contractions, the supersymmetric

. 1 . .
extension of Jizieifkjjk remains unchanged:

8
—2;0; —1—92’1J 50
In the following, we shall consider these contractions one
by one.

Jij:Iia (49)

4.1 Two realizations of the Poincaré superalge-
bra

Recall that the ordinary and second realization of the
generators of Poincaré algebra can be contracted from
the generators of AdS algebra in the following way,

p: H—lhm HS lelim P,
K, J, (50)
2 ?_
P2 H_lranolZH P—lTlEllzP
K, J. (51)

After supersymmetric extension and in the same lim-
its,

p: H:E)t, Pz:axlv
1 1~ d
Ki:ta,i——zxiaﬁ—ez(ﬁﬁ, (52)
P2 H:l_Qt:C azu, Pll—l 2$$ az“v
1 1~ d

plus Eq. (49). Their commutators are pure bosonic parts
for the corresponding contracted superalgebras.

In the limit of I, — oo, the fermionic generator reduces
to that of Poincaré superalgebra, as expected,

.0 1 ad
‘39 27 dar’
and the (anti-)commutators of super AdS algebra, (44),

(45) and (43), contract to those for Poincaré superalge-
bra:

QP:= lim Q,=

ly—00

(54)

{@".Qry=ir"P, (5%)
[T Q)= 2,QP, (K, Q)= 50", (56)
[H,QP]=0, [P;,QP]=0, (57)
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On the other hand, as [, — 0 the AdS superalgebra
with scaled 6 also contracts to the Poincaré superalge-
bra if € — 0 according to [,./l, denoted by &2, and the
fermionic generator is chosen as

Q"2 = lime2 Q,
l,—0

a 1
— P2 | ;__ v i
=4 (189 T (v 0)x,x 8u>, (58)

1 THy
. P2 .__ . - . N
with AP? = 117‘1130/1’"_ 7 (I-H\/ﬁ) , (59)
and T = N,
The fermionic parts of algebraic relations read
{sz ,sz}:i'y"P,i, (60)
1
[Jiqupz]:_Eijsza [Ki7Qp2]:__EOiQp27 (61)
c
[Hlquﬂ:Oa [‘Pilqu”]:Oa (62)

which can also be obtained from the algebraic relations
for osp(1]4) in the limit /,—0. These relations together
with the pure bosonic ones present the supersymmetric
extension of the second realization of Poincaré algebra.
For brevity, we call it the second Poincaré superalgebra.
Obviously, the invariant length parameter [ appears in
the fermionic operators as well as in the bosonic oper-
ators in the second Poincaré superalgebra.The second
Poincaré superalgebra, as the supersymmetric extension
of the kinematical algebra on the geometry Egs. (30),
(31) and (32) has a dramatically different meaning from
the ordinary Poincaré superalgebra, though their alge-
braic structures are the same.

4.2 Supersymmetric extension of anti-Newton-
Hooke algebra

It has been shown [9] that the algebra n_ and n_,
can be acquired by the contraction from d_,

n: H= lim H, P= lim P,
Crylp—00 Crylp—00
vyr=vfixed vr=v
K= lim K,  J, (63)
Cp,lp—00
Vp=v
: .2
n,: H = lim H_, P'= lim P,
erylp—0 erylp—0 (2
V=V Vr=v
02
K°= lm ZK, J. (64)
2
crylr—0C
vr=v

The supersymmetric extensions of the generators for n_

are
C

2
2 tw“axu, Pl:azl, Klg:tazz,

together with Eq. (49). The fermionic generator for the
anti-Newton-Hooke superalgebra is attained in the limit

Hizat'i‘ (65)

of ¢,,l,— o0 but v,=v,

Q" = lim Q,
e
w .0 1 i O
- 1 (i pmt ), (66)
n [ 1+yon 3 ity
A _<2\/a> (”H\/a)’ (67)

where o, = 1+v%t? . With these generators, the AdS
superalgebra contracts to the n_ superalgebra,

{Q™,Q™ }=iy'P—2v X" K&, (68)
[JijaQni]:_Eianiv [Kingnf]ZOa (69)
[H™.Q™ =5 %@, [P.Q™]=0,  (T0)

together the commutators for the bosonic generators as
shown in Table 1.

In the process of the limit ¢.,l, — 0, v, =v, 0 —
14022 —1726,;2' 27 cannot preserve positive. Therefore,
in the limit the fermionic generators are ill-defined even
though the bosonic generators might be written down
in the same way as for the supersymmetric extension
of n_. In other words, no supersymmetric extension of
the algebra n_, can be obtained from the contraction of
osp(1]4).

4.3 Supersymmetric extension of h_ and p’

The generators of HN_ algebra (h_) and para-
Poincaré algebra (p’) can be contracted from AdS al-
gebra as follows [9]:

h_: H=1lim H, P,
r c 2
K°=lim %Km J, (71)
cr—0
02
p: H'=lim —H], P,
CT~4‘OOCT
K&= lim K,, J (72)
Their supersymmetric extensions are
1
h_: H=o9,, Kfz——zfviata
c
PP =0, +1?2,2" 0pu +
1 27 ~_ 9
——0)—, 73
214/, 7'90 (73)
C2
p": H':l—Qt:z:“azu, KE=t0,,
PP 0 2 £ 2050, 74
i =0z 077,27 Ogn PRy (74)

and Eq. (49), where o, = lim = 1—17%0;2' 27 > 0 gives

the the domain condition when ¢, — 0. The condition
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defines the domain inside a ball of radius ! and thus the
o in the limit is denoted with a subscript b. The third
term in PP’, is taken the same sign as t. It is remark-
able that the spatial translation generators for h_ and p’
are the same before supersymmetric extension, but after
that they become different.

In the ¢, —0 limit, the AdS superalgebra with scaled
6 contracts to h_ superalgebra if e—0 as €,:=+/c¢,/c—0
and if the fermionic generator is chosen as

Q" = hm abQT
no (9 Vo
= (105 ). )
w140, ixty;
= wf—b) (”llwa—b) (76)

The algebraic relations involving the fermionic genera-
tors contract to

T (77)
[Jiijh*]:—Eithﬂ[ CQh*]* (78)
HQ")=0, [P.Q"=gQ" . (1)

On the other hand, when ¢, — 00, the domain condi-
tion o >0— (c¢,/c)?*v?*t?> >0, which is always valid. The
AdS superalgebra with scaled 6 contracts to p’ super-
algebra if € —0 as e.:=+/c¢/c, — 0 and if the fermionic
generator takes the form

Q=

lim €.Q,

cp—00

= A ( %—EWOHx“8M$%t7i6‘%) ., (80)
with
A == o7
=7
The sign in QP is opposite to the sign of . The fermionic
parts of algebraic relations of p’ superalgebra are

AP

(81)

{@¥.Q¥' Y =ino =205 K, (82)
[J,;,Q%]=—%,Q", [KEQ"]= (83)
[H,QP1=0, [P.Q¥)=g@” . (84)

4.4 Supersymmetric extension of Galilei algebra

The generators of Galilei algebra (g) can be con-
tracted from AdS algebra as follows [9]:

g: H= lllm H- P= lllm P,
c TVTT:E)OO Cy DT7:E)00
Ke= 1l1m K,, J. (85)
0

The supersymmetric extensions of H, P and K are the
same as the generators before supersymmetric extension.
The fermionic generator of supersymmetric extension of

g is

@ = lm Q.= Jin Q7= Jim @™
Uy —0
% B 726 aii ' (86)
They span the Galilei superalgebra. In particular,
{Q=Q*}=i'P, (87)
[/, Q%] =—23Q8,  [KF,Q%]= (88)
[H,Q%]=0, [P,Q%]= (89)

In the limit of ¢,,l, —0, v, — o0, AdS algebra (d_)
contracts to the second Galilei algebra (g,). But, since
\/o cannot remain real in the limiting process, no super-
symmetric extension of g, can be obtained in this way.

4.5 Supersymmetric extension of ¢ and c,

As the contraction from d_
algebra c are [9]:

, the generators of Carroll

c: H=lim H_, P=lim P,
—> 00 00
cr—0 cr—0
02
K°=lim - K,, J, (90)
lyp—o00 C2
cpr—0
2 2
cy: H'= lim —H’ P'=lim P,
1-—0 12 l-—0 [2
Cr—00 Cpr—00
K&= lim K,, J (91)
lr—0
Ccp—00

The expressions for H, H', P, P', K¢ and K& after
supersymmetric extension remain their forms before su-
persymmetric extension.

In the limit of [, — oo and ¢, — 0, the fermionic gen-
erators tend to

Q=

lim abQT— hm apr— hm Qh*

r—00
cpr—0

=l 92

90 2c ot (92)

and the AdS and Poincaré superalgebras with scaled 6

(e=¢y), and the anti-Hooke-Newton superalgebra con-
tract to Carroll superalgebra,

{Q°,Q°}= —7°H (93)
[JijaQC]:_Eichv [Kz‘caQC]:O7 (94)
[H,Q°]=0, [P,Q°]= (95)
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On the other hand, if the following scale transforma-
tions are made,

l
O—e.c2 0= o

0
i (96)

in AdS superalgebra,

0—e.0, (97)
in the second Poincaré superalgebra, or
0—e2.0, (98)

in para-Poincaré superalgebra, in the limit of ¢, — oo and
l.—0 the fermionic generators will tend to

Q° = lim £.2,Q= lim ECQ"?— hma Q"
1,—0 Cp—00 m
Cpr—00

— AP '___ 09t
= A (189 577 Oz 9 ) (99)

where AP is given by Eq.(81), and the corresponding su-
peralgebras contract to the second Carroll superalgebra,

(@0 ="m, (100
[Jiijcz]:_EijQCQa [Kiganz]Zoa (101)
[H',Q°*]=0, [P/,Q**]=0 (102)

4.6 Supersymmetric extension of para-Galilei
algebra

The generators of para-Galilei algebra g’ can be de-
duced from the contraction from d_ [9].
2

v _
g': H'= lim —H 7, P= lim P,
lp,cp—00 ]/2 lp,cr—00
Vyp—00 Vp—00

K&= lim K, J.

ly,cp—00
Vyp—00

(103)

Again, after the supersymmetric extension, H’, P and
K# have the same expressions as those before supersym-
metric extension. Also, suppose that the scale factor
e=e¢,:=+/v/v, in AdS and anti-Newton-Hooke super-
algebras, e =¢,, in para-Poincaré superalgebras. In the
limits of I,,c¢,,v, — oo, the fermionic generators for g’
superalgebra and the algebraic relations are attained,

Qg, = lim

. v . v . Ly
—Q,= lim ,/—Q7 = lim ¢/ —QF
Cryly,vp—00 V, Vyp—00 V, ly—o00 l

’ 0 vt 0
e P AR
= < 537 amz), (104)
and
{Q% Q% }=—20 X" K¥, (105)
[7,Q% |=—5,Q%, [KE&Q%]= (106)

[Hvagl]:Oﬂ [Ping,]:

During the limit of {,,¢,—0 but ¢,/I>=c/I? is taken, o
cannot preserve positive for all z#. Therefore, the second
para-Galilei algebra has no supersymmetric extension.

(107)

4.7 Summary

The fermionic generators in Beltrami realizations are
gathered together,

Q= (1—%99>A{ (1+ 99) S iienl
- %(7“9)5 (%—%%EW) %
——\/—7”9< ? llix\/f”a )}

@ = 1%_%7 (’ai,;

0o 1
Q2 = Ap2(89 212( v 0)x,x"d >

n  oam (.0 1 i O
@ = 1 (i Va0 ).

. a Op a
he _ w9 V9 g
@ =4 (lao 2¢ %eat)’

’ ’ a vt . a
P — AP [ ; 09ty _ v
QY =4 (189 57 0z 9, ”yﬁamz),

0 6 9
g 9
@ 189 2 dzi’
e .0 ~°0 o
=i e
’ a vt
c2 _ AP [ _ "7 A00pk
Qe =A (189 2l”y Oz a#),

They are spinor representation of so(3) algebra, satisfy-
ing

[i3,Ql=

All realizations of the kinematical superalgebras satisfy
the Jacobi identities. In addition, under the parity and
time-reversal transformations the fermionic coordinates
6 and 6 transform as

Eij Q

911 = i,
0700 = iy'~30,

T 4TT=—if°
07 100=ihy'~?

and the fermionic generators Q and @ transform as
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Table 2. Supersymmetric extension of AdS algebra and its contractions.

fermionic _ scale
symbol H,Q] [P,Q] K, Q] 0,0} limit
generators of
~ v 1 1 o p— 1 "
d- (Q,Q) §’YOQ i’YiQ —EEOiQ ivh Py —72 Juv 1
= 1
P (QP,QP) 0 0 —=X0:QP iy Py 1 lr— 00
c
_ 1 .
P2 (QP2,QP2) 0 0 _EEOiQp2 iy" Py €2, lr—0
n_ AHn_ v n_ s q 0i g lr,Cr—>OO,
n_ (@"-,Q"-) E’YOQ 0 0 iy P —2v X0 K 1
vp=v
h_ AHh L h i’ 0i gre
h_ (Q™,Q") 0 i%Q - 0 TH—QVE K5 €b cr—0
1 o= 1 ’ i'yo / O’L g
p Q. 0 S QP 0 H 2O e er—r00
_ ) Iy, cr— 00,
g (Q8,Q8) 0 0 0 —iyiP; 1
vr—0
c Nc i 0 lr—N:)O7
c (Q°,Q°) 0 0 0 -7 H €p
¢ cr—0
c2 ~c2 i 0 / lT—>0’
c2 (Q,Q%?) 0 0 0 ——YH EvEm
¢ cr—00
~ ) Ly, cr—00,
g (Q5.Q%) 0 0 0 —ouX0iKE e mer
Uy — 00

I71QI = in°Q, M 'QI=-i0y°,
07100 = -y 0, ©7'00=—i0y'4?,

respectively.

In the contraction approach, the Beltrami time t
and Beltrami spatial coordinates z* always remain un-
changed, while the fermionic coordinates 6 and 6 may
change.

The characteristic (anti-)communitators of all super-
symmetric extensions of the AdS algebra and its con-
tractions are listed in Table 2.

The relationship of these superalgebras can be seen
more clearly in Fig. 1.

The realizations of possible kinematical algebras
without supersymmetric extension are depicted in light

grey.

5 Concluding remarks

Fig. 1. Contraction scheme for the AdS superalge-
bra and its contractions. The second version of

anti-Newton-Hooke, Galilei, para-Galilei algebras It has been shown in Ref. [9] that if the realiza-
have no supersymmetric extension. Thus, n_o, tions of possible kinematical algebras are taken into
g2 and g5 are denoted in light grey. account, more possible kinematics possessing the same
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so(3) isotropy generated by J will be obtained than in
the Bacry-Lévy-Leblond’s classical work [2], having dra-
matically different physical and geometrical meanings [4—
6, 9]. For example, the second realization of Poincaré
group will not preserve the Minkowksi metric. In this
paper, we apply the same method as in Ref. [9] to study
the supersymmetric extension of the AdS algebra and
present more explicit Beltrami realizations of the AdS
superalgebra and its contractions. In particular, the su-
persymmetric extensions of the p,, h_, p’, ¢, and g’
algebras are obtained. It is remarkable that the p, and
c, superalgebras have the same algebraic structure as p
and c superalgebras but have very different physical and
geometrical meanings.

In this paper, we also show that not all Beltrami
realizations of the possible kinematical algebras con-
tracted from the AdS algebra have supersymmetric ex-
tension. The n_,, g, and g, algebras are such a kind
of algebras. The immediate causes are that the Bel-
trami fermionic generators of AdS superalgebra contain
o=14+1"2n,,2*z” >0 and that it cannot keep positive
when the corresponding limits are taken. In fact, the ge-

ometries invariant under the transformations generated
by n_,, g, or g, come from the contraction from the
double-time de Sitter space [9]

Nualvo x> dztda” )

120

1
ds’=—— (nuudx“dx”—
o

with ¢ < 0, which is also invariant under the trans-
formations generated by so(2,3) but has the signature
(+,+,—,—). In other words, there is no n_,-, g,- or
gs-invariant geometries contracted from the AdS space-
time. Therefore, it is reasonable that the AdS superal-
gebra cannot give rise to the supersymmetric extensions
of n_,, g, and g, algebra by the contraction approach.
The supersymmetric extension of n_,, g, and g, might
be attained by the contraction from the supersymmetric
extension of so(2,3) realized on the double-time de Sitter
spacetime (i.e. 0<0). But, in that case, p will fail to be
extended supersymmetrically.

Finally, since the central charge is not taken into
account in the present paper, the fermionic generators
(e.g.(86)) for g) are different from the expressions in the
literature [12].
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