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Abstract:

A new Hamiltonian model is introduced to study the spectrum of light hadrons. It combines relativis-

tic field theory with elements of the constituent quark model. In addition to the standard linear confining and

pseudoscalar meson exchange interactions with predetermined parameters, an additional interaction with different

covariant spin structures is examined. Using a large scale Monte Carlo variational procedure, the resulting model
Hamiltonian provides a very good, unified description of the light quark baryon (both octet and decuplet) and meson

spectra.
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1 Introduction

Although QCD is widely accepted as the fundamental
theory for strong interactions, it is extremely challeng-
ing to calculate the observed hadron spectrum directly
from the QCD Lagrangian. Due to non-Abelian and non-
perturbative aspects, one method is lattice QCD, which
provides reasonably well described ground states [1-3]
and some success for excited states [4-6]. However for
light hadrons such as the pion and even the proton, ac-
curate predictions are still not possible. Consequently
there are many phenomenological models and effective
theories, such as QCD sum rules [7-11], NRQCD [12-
14], chiral perturbation theory [15-19] along with poten-
tial models [20-22]. Typical potential models utilize a
Cornell type interaction, having linear confinement sup-
plemented with the usual Coulomb potential governing
short-distance behavior. A representative example is the
constituent model detailed in Ref. [23] which, with an
additional spin dependent interaction, obtained a good
description of the light meson spectrum. This model has
also been applied to baryons [24] with similar success but
requires different model parameters. To describe the in-
teraction between color singlet objects, potential models
have been extended by including a meson-exchange in-
teraction, such as the chiral SU(3) quark potential model
[25-28], which gave a good description of the baryon in-
teraction.
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A more theoretical and less phenomenological ap-
proach is the Coulomb gauge model, which has been
successfully applied to mesons [29-31], glueballs [32, 33],
hybrids [34-36] and tetraquark states [37-39]. The pre-
dicted results are consistent with both lattice simula-
tions and experimental data. Different from the above
potential models, the Coulomb gauge approach entails
relativistic field theory and is formulated in the same
mathematical framework as the exact QCD Hamiltonian
in the Coulomb gauge. Further, it contains no free model
parameters as it only utilizes the known current quark
masses and two dynamical constants, the string tension
o and the QCD coupling constant c, that are predeter-
mined from the literature. While this model provides a
reasonable hadron description it does not simultaneously
reproduce both the meson and baryon spectra with the
same overall accuracy as the multi-parameter pure me-
son or baryon models mentioned above.

The purpose of the current work is to provide a uni-
fied model that can accurately reproduce both meson
and baryon masses with the same set of model parame-
ters which to date has not been achieved. The motivation
is to develop a robust framework for reliably predicting
and understanding more exotic systems, such as light
and heavy tetraquark states which are of intense inter-
est. Building on the attractive theoretical features of the
Coulomb gauge model and phenomenological successes of
constituent quark models, a unified Hamiltonian appr-
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oach has been developed that combines relativity, field
theory and elements of the constituent quark model with,
most significantly, a single set of parameters that can si-
multaneosuly describe both meson and baryon masses.
This paper is organized into six sections. In Section 2,
the unified Hamiltonion is described and then the meson
and baryon model wave functions are detailed in Section
3 and Section 4, respectively. Section 5 presents numer-
ical results and highlights the accurate hadron descrip-
tions. Finally, conclusions are summarized in Section 6.

2 Model Hamiltonian

The model Hamiltonian is
H, = Hynet+tHpo+Hp+Ha,, (1)

where Hy,, is the relativistic kinetic energy
Hkine:J'd:v!I/T(m)(—ia~V+ﬂm)W(a:), 2)

and H;o, H;i, and Hg, are the interactions detailed be-
low. Similar to the Coulomb gauge model [29, 31], H,
is the confining interaction

Hiy = =3 |dedylP(@) T ¥ (@) Vel )

X [@(y)y° T (y)], (3)

where T*="— are the color SU(3) group generators and

Vo(lz—y]) is a Cornell type potential

C Qg
Volle—yl)=7—3

(27{)3_|w—y|+0|w_y|' (4)

Following constituent quark models a constant energy C
is introduced and o, ag are the same as in the Coulomb
gauge model. This is a “charge-charge” color interac-
tion. Performing a Fourier transformation, the potential
in momentum space is

8o

+53<q>jdq' o

The last term is to satisfy the condition that at r =0,
the confining potential is zero [40]. It is also important
to deal with the divergence of the integral with linear
confining potential at zero momentum transfer.

The interaction between two colored objects can have
other forms, for example, “current-current” interaction,
“spin-spin” interaction, etc. In particular, to account for
hadron spin splittings, a hyperfine type interaction Hp,
is included with structure

4, 810
2 ¢

Vo(lgl)=Cd%(q)—

Hin=— [dedyl?(@) I T*¥(@)Vi(fo-y]) () T T0 (w)].

(6)
The I' matrix can be 1, v, vs, Y0, V5%, V7Vs- The po-
tential Vi (|z—yl) is taken to be similar to V; with linear

and Coulomb terms
ay

Villa—y)=-
This interaction will be used to reproduce the mp split-
ting which is large due to the small 7t mass governed by
chiral symmetry as documented in Ref. [29], which uses a
Random Phase Approximation diagonalization to obtain
a light chiral pion. Here a light pion mass is obtained
entirely via spin-splitting similar to the constituent treat-
ment of Ref. [23].

The above interaction is between two colored ob-
jects. To describe interacting color singlet hadrons a
pseudoscalar meson exchange interaction H,, is also in-
cluded using the quark-meson Lagrangian

Ech:_gchw (1752)%7-[&) Q/J (8)

+oile—yl. (7)

Here )\, are the SU;(3) generators and 7, are the pseu-
doscalar meson fields. The coupling constant g, is de-
termined from the NN7t interaction [27]

ggh — g mi QI%INH (9)
4t 25m% 4m’

2
where gz% =13.67 [41]. The constituent quark mass m,
is chosen to be 220 MeV [23, 24]. The Goldstone field is
1
+—n

7 Vert V2K
;)\ana: Vo —7:04—%77 V2K° |, (10)
V2K~ 2K°

=N

V3

From the quark-meson interaction the one-meson ex-
change potential can be extracted. For example, the
one-pion exchange potential between two color singlets
is

1 T, 5 T T 5
H3,= 5 |dady P (@) P @)V (o~ [P (w10 (w)]
(11)
where V7 (|x—y]|) is the Fourier transformation of V' (q)

ch

’ 92

Vala)= (chmi (12)
The pseudoscalar meson mass in the meson exchange
potential is chosen to be the experimental value. In the
previous quark model, there is a cut-off in the form fac-
tor of the meson exchange interaction [27]. This reflects
the non-point structure of the meson. Here we treat the
pion as a point particle. The meson exchange potential
is derived directly from the meson free propagator. We
work in momentum space and there is no divergence due
to the variational Gauss function.
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In the above equations, the quark field operators can
be expanded as:

V() = J% [us (E)bac(k)+vs(—k)d . (—k)]e*ec,
(13)
7( ) = J(;gs[_A(k) Lc(k)_FEA(_k)dxc(—k)]e'kIEC,
(14)
where the Dirac spinors are
w—I—mX
1 w
w(k) = , (15)
ﬂa"%)ﬁ
1 w
ua(k) = ﬁ T , (16)
X

and w=+v/m?2+k?. The spinors y, are fermions,

X+:<(1)>7 X:<(1)>7 (17)

and anti-fermions,
0 1
= s = . 18
X+ ( ) ) X <0> (18)

In the center of momentum the meson state |qg) is
given by

pc dk PC
077 = 3 | P 000, (), (I,

CiXg

3 Mesons

(19)
with convention 1 for a quark having momentum k and
3 for an anti-quark having momentum —k. Color and
spin are represented by C;(i=1, 3) and \;(i=1, 3), re-
spectively. The wavefunction WCJIPC;I », (k) has the form

JgPC

!pcm (k) = 5c1c3f(k) Z <%%)\1/\3|Sm5>

mrmg

X (LSmLms|JmJ>(—1)%7A3YL77LL (k), (20)

with spin and angular momentum coupling S +8, =9,
where L+S5=J, Y/"(k) is the spherical harmonic func-
tion and f(k) is the radial wavefunction with variational
parameter o:

k2

F(k)=k" e~ 5. (21)

The meson mass is given by

<W‘]PC |Ht|wJPC>
M = <WJPC|WJPC>
0 Hu V) (07 | Hiaf )
- <U7JPC|L[/JPC> <u7JPC|u7JPC>
<WJPC |H11 |WJPC> <W‘]PC |HCh|WJPC>
+ <!pJPC|!pJPC> <!pJPC|!pJPC>
= Myine+Mo+M+Mg,, (22)
where
dk 2 2 2 2) £2
Myine = W(\/ml"‘k +\/m3+k7 )f (k)
11 2
X 55/\1)\3|5m5 <LSmLmS|JmJ>
XY " (k)Y (K), (23)
4 dk dk' -
My = =-|———— k—k' k)f(E
= 3 | k=R DS (1 E)
1 1 / / ! / / ! / / ! /
X <§§/\1)\3|5 ms> (L'S"m!, ms|J'm/;)
11
><<§§/\1)\3|Sms><LSmLms|Jm]>
X (L)Y (Y ()
X [t (K )7 ux, (K)] [0x, (—k)7 v (—K')], (24)
4 dk dk' - , ,
My = 5 | e s Ve (R D)8

[y, (K) Tus, (K)] [03, (= k) Cox (—K1)] . (25)

The above expressions omit the summations on A;, A,
my, mpmg, my. Similarly, the contribution from the
meson-exchange interaction is

M = —J%%mhak—k'w(ww

11 PN | Q! P Qo ot | T
X <§§)\1/\3|5 m5><L S'mlmglJ'm';)

11
><<§§)\1/\3|Sm5><LSmLmS|JmJ>

(~DF s Ny (Y (k)
[ (K353, ()] [0, (o) 35, ()] - (26)
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4 Baryons

The baryon state can be constructed using quark cre-
ation operators acting on the vacuum state:

dkl dk2 P
JPY = E — =y
|quI7 > C»A»f-J'(27T)3 (2m)3 CiXifi

szlhfl (kl)bfszz (k2)b£3ng3 (k3)|0), (27)

here C;, \;, fi(i=1, 2, 3) represent the color, spin and
flavor of the three quarks, respectively. We work in the
rest frame where k;+k,+k;=0. The baryon wave func-
tion, !pé]iiifi(kl’ ks, k3), can be written as the product
of momentum, flavor-spin and color wave functions

(k17k27k3)

W% g, (Ko ks) = (e K Ks)
was()\17)‘27)‘37f17f27f3)

X wcolor (Cl 762 763) )

where 9, is the flavor-spin wave function and .., is the
color wave function. We only study the ground octet and
decuplet states and no angular momentum part appears.
Fermi-Dirac statistics require that the total baryon wave
function must be antisymmetric under the exchange of
quarks. The baryon color state is a singlet and is anti-
symmetric

(28)

Yeotor (C1,C2,Cs)=¢c,cycs- (29)
Hence the remaining wave function must be symmet-
ric. Since the ground state momentum wave function
f(kq, ko, ks3) is symmetric, the flavor-spin wave function
1, must also be symmetric. In the following calculation,
we will take the proton and A* as examples.

To construct a completely symmetric momentum
space wave function the momentum Jacobi coordinates
are utilized:

1 1

szﬁ(kl—kz))\m:%(kﬁ'kz—m%% (30)
1 1

P23:%(kz—ks)a)\zsz%(kz‘f'ks—mﬁ)a (31)
1 1

(kg—kl),)\glz (k3+k1—2k2) (32)

P31:ﬁ %

The proper symmetric variational wave function can then
be written as

flki,koks)=e °1 °2 4e 1 9 4e 1 2 (33)

where a; and a, are determined by the variational
method.

The proton is taken as an example for calculating the
baryon octet mass. According to the discussion above,

the proton state can be expressed as

1 dk, dk,
|proton,§> = Z J'—(27_[)3 —(27_[)3f(k17k72,k3)
CiXifi
1
was (pI‘OtOH7 §> X€c1c2c3
><bzzlxlu(kl)bzfzx2u(k2)b2@3d(k3)|0>7
where

1 2
b (oin ) -

—d(T)u(Mu(l)]-

Contributions to the Hamiltonian expectation value
are summarized in Fig. 1. The expectation value for the
proton mass is

(34)

1 1
<prot0n, 3 | H,|proton, 3 > = Myinet+Mi2+Mos+Ms,

where the kinetic energy has the form

[ dk dE, ;
Myne = waf (k1 k2, ks)(\/ m2+k:

+\/mﬁ+k22+\/m3+k32).
The matrix elements My, Moz, M3, have many terms
due to the complexity of proton flavor-spin wave func-
tion 1g. For example M, is
dk, dk, dgq
(2m)* (2m0)* (2m)°

(35)

My = —FCJ F(ky ks k)

L 4 2 2
x f (kK5 k5)V (1q]) <EEI+EE2+EE3

8 2 2 4
B+ FE+lE——FE.—
Tt gt e 18

4

where Fg is the color factor. It is —2/3 and 1 for color-
octet and coler-singlet interactions, respectively. The ini-
tial and final momentum have the following relationship:
ki=Ek +q, k,=k;—q, k;=k;. The eight contributions
E; are given in Table 1. They are classified by different
spin configurations. The above Eq. is the compressed
form for all kinds of interactions. The expressions for
M3 (M) are similar to M, with the replacement of ks
and k;, by ks and k; (k; and k; by ks and k). Due to
the symmetry of the wave function, the numerical values
of My, M3 and Mg are the same.
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Table 1.  Expressions F; and coefficients M for the proton.

spin contributing terms coefficient matrix element

111 w(Du(t)—u(t)u(1) = Ev=liy (k1 )Ty () y (ko' Ty (k)]
(A —u(Dd() = Ey=ay (k1) Ty (n)[dy (o' Ty (ko))

11l w(u(l) —u(t)u(l) 2 Ba=lay (k1) (k)i g (k2" Tu_y (ko)
a(Nd(D)—u(Dd(]) > Ba=lay (k)T (kn))id_y (ka')Td_y (k)]
d(tyu(D)—d(1)ul) 2 Bs=(dy (k1) Ty (k)][a_y (ko) Ty (k)]

T—1t w(u(l) —u(l)u(1) 2 Bo=(a_y (k1" )Ty (o)l (k2" Tu_y (ko)
(D)= u(Dd() - Br=(a_y (k1) Ty (ko)idy (k)T (k)]
a(tyu(l)—d(Lu(?) - By=(d_y (k') Tdy (k)[ay (ko) (k)]

Table 2. Expressions EL E; and coefficients M{z for the A™T.

spin contributing terms coefficient matrix element
1 /
=11 u(Mu(T)—w(T)u(l) 3 By =[ag () uy (k1)][ay (k') 'uy (k2)]
2 , -
w(Nd(D)—u(Dd(1) : By=lny (k) (k1) (k2" )y (k)
—&—] and the mass is given by
= —.— 3 3 ’ ! ’ ’
Mo i i <A+,§ H, A+7§>:Mkine+M12+M23+M317 (39)
+
_ _ where
, dk, dk, I
+ : + + Mkine = J'W (27_[)3f (k17k27k3)( m%'i_kl
| ' +\/m§+k22+\/m§+k32), (40)

Fig. 1. Baryon diagrams for (1qqq|H¢|%qqq). The
solid dots are for the kinetic energy and the M. = —FCJ dk; dk; dq F(k, K, k)
dashed lines are for the quark-quark interaction. 12 (27)3 (2m)3 (27m)3 T

xf (K} o, ki) V (g (B, +Es). (41)

The expressions for E; and E, are given in Table 2.
Again, due to the symmetry of the wave function, the
numerical values for Ml/3 and M;3 are the same as M.

L3\ J’dkl dk,
A 2/ Z (2m)3 (2n)3f(k1’k2’k3) 5 Numerical results

Cixifi

For the decuplet states the AT is used as a represen-
tative example and has a wavefunction given by

The new spin splitting interaction Hamiltonian Hpy

X g ( A+,§> XEc,CoCs was investigated by calculating the meson and baryon
2 masses for all possible I" matrices. The interaction with

; ; ; matrices 1 and 5 invert the baryon octet and decuplet
Xbeyayu(R1)be, g0 (K2)beynga(K3)10), (37) spectra, i.e. produce larger octet masses than decuplet

in which masses. The matrices ¥7o,7vs570, and 475 produce P wave
meson masses several hundred MeV lower than the ex-

Ve (A*E) _ i[U(T)U(T)d(T)+U(T)d(T)U(T) perimental values. The calculated pseudoscalar meson

2 V3 mass is about 600 MeV, which is only half of the experi-
+d(Du(T)u(1)], (38)  mental data. For the matrix 75, though meson mass can
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be reproduced well, the baryon masses are far away from
the experimental data. For example, the calculated nu-
cleon mass is around 1200 MeV, while the A mass is 900—
1000 MeV, which is even smaller than the nucleon mass.
Only the interaction with the I"=4 could produce rea-
sonable baryon and meson masses simultaneously. This
is the same Lorenz structure as in Ref. [30] using an ef-
fective one gluon exchange hyperfine interaction.

Table 3. Unified model parameters. The different
meson [23] and baryon [24] parameters from Isgur
et al. are also listed.

The parameter £ will only modify the wave function.
The free quark spinor is obtained for £ =1 while £ — oo
produces the non-relativistic two component spinor x .
The hadron spectra were studied for different values
of £ and quark masses and the results are listed in Ta-
ble 4. While different sets of values produce comparable
hadron spectra, the value & = 2.1 yields quark masses
similar to the constiuent quark model while for £=1 a
much lighter u quark mass of 50 MeV is required. Note
the quark masses are purely parameters which should not
necessarily be identified as constituent quark masses.

parameters  {=2.1 §=1.0 Ref. [23] Ref. [24] Table 4. Calculated hadron spectrum in MeV. The
(mu/mq)/MeV 313 50 220 220 experimental values from PDG are listed in the
ms/MeV 660 640 419 419 last column.
as 0.40 0.40 0.60 0.60 ~po — T ———5G
0/GeV?2 0.18 0.18 0.18 0.15 mmeson 1 W01r41(§_ 1) this Wolrgf_ -0) o
C/MeV ~195 —198 —9253 615 - T
0.762 0.490 0—+t K 494 498 493
Oél V2 0'207 0 6625 . s o 76
o1/Ge : : - K* 891 888 894
. . . . 1029 995 1020
For the potential V; in Hamiltonian Hjy, we use the ]:) 1195 1043 1935
predetermined values 0=0.18 GeV? and a,=0.4. Then |, KllB 1346 1277
the remaining free model parameters, the u/d, s quark hy 1512 1485 1380
masses, the potential strengths o, and o in Hy; and con- a0 1460 1352 1450
stant C' in Hyy, were determined by reproducing the light ot++ K} 1519 1473 1430
quark meson spectrum. These parameters are listed in fo 1623 1609 1710
Table 3 along With Godfr.ey an.d Isgur’s quark model val- 1t N 934 941 938
ues for c.ompdarlson. Th; Cinchfmlon of the mebon—excllllani? A 1158 1180 1116
1nterz.1ct10n oes not a . z? r§e parameter. We shou > 1204 1196 1189
mention that our potential is different from the one-gluon = 1360 1340 1314
exchange potential though the interacting I' matrix is 3+
.. — A 1233 1254 1232
the same. The momentum dependence of our additional
potential is the combination of linear and Coulomb po- = 1385 1400 1385
. c 1. . . . =* 1544 1543 1533
tential which is determined by the numerical calculation.
Q 1704 1681 1672

In this model the relativistic four-component spinor
uy is related to the free quark propagator by

> us (k)i (k) =p+m. (42)

However for confined quarks lattice results obtain a dif-
ferent propagator, so modified spinors of the form

w—E&m

1 o O'I;:X/\

N ﬁ w+Em ,
w X

have also been investigated. Here w = +/k2+£?m? with
parameter £&. We should mention that here w does not
correspond to the energy of the particle with mass m.

(44)

The hadron masses are obtained by variationally us-
ing the Monte Carlo method and are compared to the
experimental results in Table 4. Only meson states sug-
gested as qg in the PDG review table (Table 14.2) [42]
are addressed. For mesons the Goldstone exchange inter-
action is small, less than 20 MeV. However for baryons it
is larger, reducing the decuplet masses by about 30 MeV
and for octets between 60 and 100 MeV which is now
sufficient to reproduce the observed 300 MeV NA mass
splitting. This is gratifying because this splitting with-
out Goldstone exchange is only 250 MeV. It appears
Goldstone exchange interactions play an important role
in the baryon spectrum [43].

The calculated meson masses agree quite well with
the PDG data, especially the 0~ and 17~ states. The
7p splitting is close to 640 MeV and the KK* splitting is
about 400 MeV. In traditional quark models these split-
tings are produced by the color hyperfine interaction. In
this work it is predominantly obtained from the Hamil-
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tonian H;; which lowers the 0~ masses by about 500
MeV while reducing 17~ masses less than 100 MeV.

The model parameters were mainly determined by
the 7, p/w, K and K* masses and then the remain-
ing hadron masses were predicted. With the exception
of three states (h;, K; and f;) the overall meson and
baryon spectra are in very good agreement with previ-
ous observations. This model calculation also predicts
that the lightest scalar mesons have mass well above 1
GeV. This would indicate that the aq(980), f,(980) and
f5(500) mesons are not pure qq states and possibly have
a tetraquark structure.

6 Summary

A new, unified Hamiltonian model has been devel-
oped which combines the attractive features of phe-
nomenologically based quark models with many of the
theoretical ingredients common to QCD. A new spin
interaction has also been investigated for a variety of
Lorentz structures with a clear preference for I'=+. A

Goldstone exchange interaction was also included and,
along with the spin interaction, found necessary to accu-
rately reproduce the NA mass splitting.

The parameters are mainly determined by fitting the
m, p/w, K and K* masses. The remaining meson and
baryon masses were then predicted and found to be in
good agreement with previous observations. All scalar
mesons are predicted to have mass well above 1 GeV
suggesting the ay(980), {,(980) and f,(500) are not sim-
ple qq states but perhaps tetraquarks. Most significantly,
a good Hamiltonian description for the meson, baryon
(octet and decuplet) spectra has been obtained with a
common set of parameters which has previously not been
achieved.

Future work will address heavy quark systems to
further test this model. If robust results are obtained,
applications to exotic systems will be performed.

The authors are grateful to S. R. Cotanch for helpful
discussions.
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