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Study of the beam loading effect in the CSNS/RCS *
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Abstract: The China Spallation Neutron Source/Rapid Cycling Synchrotron (CSNS/RCS) accelerates a high-

intensity proton beam from 80 MeV to 1.6 GeV. Since the beam current and beam power is high, the beam loading

is a severe problem for the stability of the circulating beam in the RCS. To study the beam loading effect in the

CSNS/RCS theoretically, the RLC circuit model of the rf cavity, the method of Fast Fourier Transform and the

method of Laplace transform have been employed to obtain the impedance of the rf system, the beam spectrum and

the beam-induced voltage, respectively. Based on these physical models, the beam dynamics equations have been

revised and a beam loading model has been constructed in the simulation code ORIENT. By using the code, the

beam loading effect on the rf system of the CSNS/RCS has been investigated. Some simulation results have been

obtained and conclusions have been drawn.
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1 Introduction

The Rapid Cycling Synchrotron (RCS) is a key com-
ponent of the Chinese Spallation Neutron Source (CSNS)
[1]. The kinetic energy of the beam reaches 80 MeV af-
ter acceleration through the linac. After the beam is
injected into the RCS, the beam kinetic energy and the
beam power can reach 1.6 GeV and 100 kW respectively.

For this kind of synchrotron, how to control the beam
loss to a low level is an important issue. According to
the operating experience in other existing machines in
the world, the beam loading effect is one of the most im-
portant contributions to the beam loss [2–4]. It affects
both the amplitude and the relative phase of the volt-
age seen by the beam as it passes through the rf cavity.
Specifically, as the beam passes through the cavity, it
can induce wakefield and the corresponding voltage will
affect the distribution of the electromagnetic field and
voltage in the cavity. As a result, the effective voltage,
which is a superposition of rf voltage produced by the
generator and the beam-induced voltage, will influence
the beam longitudinal motion and will cause instability
and even beam loss.

A new simulation code, named ORIENT [5], has been
developed for the optimization of the rf voltage waveform

and simulation of the longitudinal beam motion in the
CSNS/RCS. With the beam loading model developed in
the code, it can be used for simulating and evaluating
the beam loading effect in the CSNS/RCS. The work
has been performed in two steps: Firstly, the impedance
of the rf cavity can be calculated using the equivalent
RLC circuit of the cavity and the beam spectrum can
be obtained by using the Fast Fourier Transformation;
Secondly, the beam-induced voltage can be calculated
with the method of Laplace transform and the influence
of the beam-induced voltage on the beam itself, such as
the beam distribution in the phase space, the beam loss
and the ratio of the beam-induced voltage to the effec-
tive voltage can be calculated by using revised particle
tracking equations with the beam loading effect consid-
ered.

2 The equivalent RLC circuit model of
the rf cavity

The rf cavity employed in the CSNS/RCS is a low fre-
quency ferrite loaded coaxial cavity. The main parame-
ters are listed in Table 1 [6]. From the view of the circuit
characteristics, the rf cavity in the CSNS/RCS can be
equivalent to two RLC parallel resonance circuits, since
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the cavity includes two accelerating gaps. The equiva-
lent circuit is shown in Fig. 1. Here the generator and the
beam are viewed as two current sources and C1, L1, R1

and C2, L2, R2 represent the value of the capacitances of
the accelerating gap, the equivalent inductance and the
shunt impedance in each part of the cavity, respectively.
Ig and Ib denote the current of the generator and the
beam.

Table 1. Main parameters of the ferrite-loaded cav-
ity in the CSNS/RCS.

parameters values

frequency/MHz 1.02–2.44

total rf voltage/kV 165

cavity numbers 8

cavity length/m 2.71

number of gaps 2

gap voltage/kV 10.3

capacitance per gap/nF 3

inductance per gap/µH 8.1–1.4

Fig. 1. Schematic drawing of the direct-equivalent
RLC circuit of the rf cavity.

The equivalent circuit in Fig. 1, which contains a
combination of two RLC circuits, can be further sim-
plified to one RLC circuit shown in Fig. 2 [7]. The cor-
responding parameters are given by






Rsh=

(
1
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1
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)
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,
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(
1
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1
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)
−1

,

Cgap=C1+C2.

(1)

The total impedance of the RLC circuit Zsum, which
can represent the impedance of the rf cavity, can be writ-
ten as

Zsum(ω)=

(
1

R
+

1

jωLeq

+jωCgap

)
−1

(2)

where R=RgRsh/(Rg+Rsh).

3 The beam-induced voltage

According to Kirchhoff’s laws, the current equation
for the circuit in Fig. 2 can be written as,

iRg+iRsh+iL+iC=ig+ib, (3)

where the subscript means the current in the branch of
that element. The generator current can be written as,

ig=Ig sin(ωrt+φg), (4)

where ωr is the resonance angular frequency and φg is the
initial phase of the generator. The current of the beam
circulating in the ring can be expanded as a Fourier se-
ries with the resonance frequency of the rf cavity as the
fundamental frequency,

ib=
∑

k=0

Ibkcos(kωrt+φbk), (5)

where Ibk, φbk denote the amplitude and the phase of the
kth order respectively. In fact, the quality factor Q of the
ferrite-loaded cavity in the CSNS/RCS may reach up to
100 in an acceleration period. Therefore the first-order
component (k=1) in Eq. (5) has the largest contribution
to the beam-induced voltage in the cavity and the con-
tribution made by other harmonic components can be
neglected. Eq. (5) can be simplified to

ib=Ib1cos(ωrt+φb1). (6)

For calculating the beam-induced voltage, the
Laplace transform method can be employed. After trans-
formation from the time domain to the s-domain (i.e. the
Laplace domain), the whole impedance and the beam
current in Eq. (2) and Eq. (6) become

Z̃sum(s)=
1

Cgap

s

s2+s/CgapR+1/LeqCgap

, (7)

ĩb=
scosφb1−ωrsinφb1

s2+w2
r

, (8)

where s is the independent variable after the Laplace
transform.

Fig. 2. Schematic drawing of the simplified equiv-
alent RLC circuit of the rf cavity.

The expression of the beam-induced voltage in the s-
domain can be calculated from the above two equations,

ṽb= ĩbZ̃sum. (9)

With the beam current as the periodical driving
source, the beam-induced voltage in the cavity would
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contain a stationary term and an a transient term; there-
fore it can be written as

ṽb=
ms+nωr

s2+ω2
r

+
ks+l

s2+s/(CgapR)+1/(LeqCgap)
. (10)

Combining Eq. (9) and Eq. (10), and taking the res-
onance condition ω2

r =1/(LeqCgap) into account, the co-
efficients m, n, k, l can be solved by using the method
of undetermined coefficients,






m=Rcosφb1,

n=−Rsinφb1,

k=m,

l=
−Rsinφb1√

LeqCgap

.

(11)

After performing the inverse Laplace transform on
both terms in Eq. (10), we can obtain,

£−1

(
ms+nωr

s2+ω2
r

)
=mcosωrt+nsinωrt, (12)

£−1

(
ks+l

s2+s/(CgapR)+1/(LeqCgap)

)

=

(
Rcosφbcosω′t+

−sinφbRω−cosφb/(2C)

ω′
sinω′t

)
e−ξt,

(13)

where ω′=(ω2
−1/(4C2R2))1/2, and ξ=1/(2RC). An ex-

ponential decay term appears after the inverse Laplace
transform. In fact, the total capacitance of the two ac-
celerating gaps in an rf cavity of CSNS/RCS is 6 nF,
and the shunt impedance is about several hundred ohm,
which means that the term decreases very quickly, so it is
reasonable that only the stable term needs be considered
in the evaluation and simulation of the beam loading ef-
fect. The beam-induced voltage becomes a concise form
under the resonance condition of the circuit:

vb=RIbcos(ωrt+φb1). (14)

4 Simulation model with beam loading
effect

4.1 The phasor diagram of the voltages

The generator voltage can be written as a sinusoidal
form from the generator current in Eq. (4). For simplic-
ity, we assume the initial phase of the generator equals
zero,

vg=Vg sin(hωrt). (15)

Similarly, the beam-induced voltage can be written
as a sinusoidal form from Eq. (14),

vb=RIbsin(ωrt+φb). (16)

in which
φb=φb1+

π

2
. (17)

The generator voltage and the beam-induced voltage
in the form of Eq. (15) and Eq. (16) can be expressed as
two phasors in a phasor diagram, as shown in Fig. 3. It
can be seen in the figure that both the amplitude and the
phase of the effective voltage acted on the synchronous
particle and the synchronous phase have changed with
the beam loading effect considered.

Fig. 3. The relation between voltage phasors (a)
without and (b) with beam loading effect.

The amplitude and the relative phase of the effective
voltage, Veff and α can be written as

Veff =
√

(Vg−Vbcosφb)2+V 2
b sin2φb, (18)

α=tan−1

(
Vbsinφb

Vg−Vbcosφb

)
. (19)

According to the principle of the phase stability, the
relation between the voltage and the synchronous phase
is determined by the derivative of the dipole field in the
ring with,

ρL
dB(t)

dt
=Veff sinφ′

s. (20)

The new synchronous phase φ′

s can be found from
Eq. (20) and Eq. (18). The synchronous phase becomes
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larger with the beam loading, for the reason that the
beam-induced voltage cancels part of the voltage sup-
plied by the generator (generator voltage) (see Fig. 4).

Fig. 4. The change of the waveform of the voltage
and the synchronous phase with beam loading ef-
fect.

4.2 Beam dynamics equations with beam load-

ing effect

After the voltages are expressed in the form of pha-
sors, the relation among voltages becomes distinct and
the longitudinal particle tracking with beam loading ef-
fect can be achieved by revising the beam dynamic equa-
tions. With the beam loading effect, both the phase of
the synchronous particle and the non-synchronous par-
ticles are changed. However, the methods to solve them
are different: the former can be obtained according to
Eq. (18) and Eq. (20), while the latter can be found ac-
cording to the change of the phase of voltage seen by the
particle. Let us consider the ith particle. In the absence
of the beam loading effect, we assume its phase relative
to the generator voltage is π/2−φi and the energy of the
particle acquired from the rf cavity can be written as

∆E=eVg sinφi. (21)

With the beam loading effect, its phase relative to
the effective voltage changes to π/2−φi+α , as is shown
in Fig. 5. The energy acquired from the rf cavity would
change to,

∆E′=eVeff sin(φi−α). (22)

The longitudinal tracking equation set of the ith par-
ticle at nth turn can be revised to,

∆E(n+1)
i

ω(n+1)
s

=
∆E(n)

i

ω(n)
s

+
eV (n)

total

ω(n)
s

[sin(φ(n)
i −α(n))−sin(φ′(n)

s )],

(23)

φ(n+1)
i = φ(n)

i +
2πω(n+1)

s hη(n+1)

(β(n+1)
s )2E(n+1)

s

∆E(n+1)
i

ω(n+1)
s

+∆φ(n)
s ,

(24)

where ωs, βs, Es denote the revolution angular frequency,
the relativistic speed and the energy of the synchronous

Fig. 5. The effective voltage in the rf cavity seen
by the i

th particle.

phase. e, h and η denote the unit charge, harmonic num-
ber and the slip factor, respectively, and ∆φ(n)

s =φ(n+1)
s −

φ(n)
s .

5 Simulation study for the CSNS/RCS

The physical model of the beam loading effect has
been developed in the code ORIENT based on the

Fig. 6. The curve of (a) rf voltage and (b) shunt
impedance of rf cavity in an acceleration period.
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Table 2. The input parameters of the RCS and the
bunch for simulation.

parameters values

injection starting time/ms −0.3

injection energy/MeV 80.0

the number of turns during injection 200

the numbers of macro particles per turn 50

the number of protons per bunch 7.8×1012

energy divergence/MeV 0.1

longitudinal distribution of beam uniform

energy distribution of beam Gaussian

chopping factor 0.5

harmonic number 2

repetition rate/Hz 25

Fig. 7. (a) The change of the amplitude of voltage
in the rf cavity and (b) the synchronous phase
with beam loading effect in one acceleration pe-
riod.

theory and equation described above. By using the code,
simulation of the beam loading effect in the CSNS/RCS
has been performed and several conclusions have been
drawn. The value of the rf voltage and shunt impedance
on each millisecond during one acceleration period and
the basic parameters of the CSNS/RCS employed as the
input data of the code are drawn in Fig. 6 and listed in

Table 2. Fig. 7 to Fig. 9 show the results of the calcula-
tion simulation.

The changes of the amplitude of the voltage acted on
the synchronous particle and the synchronous phase are
shown in Fig. 7. The beam-induced voltage and the ra-
tio of the beam-induced voltage to the generator voltage
calculated by the code are shown in Fig. 8. The com-
parisons of the particle distribution in the longitudinal
phase space without and with beam loading are plotted
in Fig. 9 from the code.

Fig. 8. (a) The curve of the beam-induced voltage;
(b) The ratio of the beam-induced voltage to the
generator voltage in one acceleration period.

The simulation results demonstrate that the am-
plitude of the effective voltage acted on the beam
will decrease and the synchronous phase will increase
with the beam loading effect taken into account in the
CSNS/RCS. The beam-induced voltage can reach up to
40% of the generator voltage. Moreover, due to the beam
loading effect, the beam loss will occur mainly in the first
300 turns and the ratio of beam loss is nearly 1%, which
suggests that the beam loading compensation is needed
in the beam operation.
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Fig. 9. The beam distributions in phase space (a) with and (b) without beam loading at 200 turns, 2000 turns and
5000 turns.

6 Summary

In order to study the beam loading effect in the
CSNS/RCS, the physical model of the beam loading
effect is developed in the simulation code ORIENT, in-
cluding model of the RLC circuit, the calculation of the
current spectrum based on the method of Fast Fourier

Transform and the beam-induced voltage based on the
method of Laplace transform. By using the code, the
simulation of the beam loading effect has been performed
for CSNS/RCS and some results are drawn.
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