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Minimum emittance in TBA and MBA lattices
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Abstract:

For reaching a small emittance in a modern light source, triple bend achromats (TBA), theoretical

minimum emittance (TME) and even multiple bend achromats (MBA) have been considered. This paper derived

the necessary condition for achieving minimum emittance in TBA and MBA theoretically, where the bending angle

of inner dipoles has a factor of 31/3 bigger than that of the outer dipoles. Here, we also calculated the conditions

attaining the minimum emittance of TBA related to phase advance in some special cases with a pure mathematics

method. These results may give some directions on lattice design.
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1 Introduction

In recent years, electron storage rings have been
widely used as a synchrotron light source for research
in atomic, molecular, condensed matter and solid state
physics, chemistry, cell biology, etc. For many experi-
ments, it is desirable to use a high brilliance light, which
requires a small emittance of the beam.

Assuming negligible insertion-device contributions to
the radiation integrals, the horizontal natural emittance
of electron beams in a storage ring is given by [1]

2 <H/|p|3>dipolc Cq7? I

ExOZCq'/y : Jz<1/P2> = J;c '127 (1)

here
C,=(55/32V3)(h/mc)=3.83x10""* m

for electrons; 7 is the Lorentz factor of beam energy;
J» = 1 is the horizontal damping partition numbers, p
is the dipole bending radius; the brackets (---) indicate
average over the bending magnets, and the dispersion
action.

H=~n"+2amm'+ 61", (2)

where (3, a and «y are the Courant-Snyder parameters of
horizontal betatron motion, n and n’ are the dispersion
and its derivative, respectively.

In the past, small emittance lattices are often double
bend achromats (DBA), triple bend achromats (TBA),
theoretical minimum emittance (TME), etc. Recently, a
possibility of multiple bend achromats (MBA) has also
been considered.

Well over a quarter of a century ago, it was realized
that there is a theoretical minimum emittance achiev-

Received May 2014

minimum emittance, dipole achromats, light source

DOI: 10.1088/1674-1137/39/3/037005

able in electron storage rings [2]. Thorough analyses
have been done which can serve as a guideline for re-
alistic lattice design [3-5]. Since H is proportional to
L% and L = p6, (0 is the bending angle and L is the
dipole length), the emittance obeys a scaling law

e.0=FCY*60) .., (3)

where the factor F' depends on the lattice structure.

For a TME lattice using uniform field dipoles, there
is no constraint on the optics parameters at both ends of
the dipoles. The minimum emittance is

erme=Cq7202 /12V/15.J,. (4)

This is achieved when a, =17/, =0,3,=Ly,/2v/15, and
1.=Ly0,/24 at the center of the dipole.

For a DBA lattice using uniform field dipoles, 7, and
7, is required zero at the entrance of the dipole. In this
case, the minimum emittance is

EDBA = q729]§/4\/ﬁg}z (5)

This is achieved when 3, =6L,/v/15, and o, =15
at the entrance of the dipole [6].

Some people generally believe that the theoretical
minimum emittance in the TBA lattice is erga =(erme+
2eppa)/3. In reality, the result is not like that.

This paper is organized as follows: In Section 2, we
first list the basic formula which is used in the calcula-
tions. In Section 3, we calculate the minimum emittance
in TBA and MBA. We will describe the methods used
for this study, and then present our results in graphs in
Section 4. In Section 5, we will give the results when the
phase advance equals zero. We give a brief conclusion in
Section 6.
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2 The basic formula

By minimizing I5 /I, in dipoles, a minimum emittance
can be attained.

The transport matrix of an isomagnetic dipole with
small angle approximation is

2
1s sz
2p
Mbcnd_ 01 f (6)
p
00 1

Giving the initial values By, oo, Y0, 70 and 7, at the

become formula (7)

14+a?
5(5@0,50):50—2@084'6—052
0
14+a?
04(57040750):040_ OS
Bo
14+a2
7(5,0&0,5{)):’}/:6—0 : (7)
0
2
1(,m0,15,P) =10+ 15+ o~
P
s
77’(5,770a776ap):776+;

Therefore, the expressions of the radiation integrals

bending magnet entrance, the horizontal optics functions | /5 in (1) is

, L
IS(vaaO[()vﬁOanOvnO) = 605 p5
0

[(14a) (3L* =201, L? p+6015 p* ) —5xo Bo (3L ~12n0 Lp+415 L2 p

—24mo17,p*)+2052(L*+3n), Lp+3n.2p%)). (8)

The transfer matrix from s, to s; in beam line is

iR

M (s1/50)= o

— (cospu—+agpsinpy)

(—aptay)cospu+(1+apay )sinp

vV B1Bosinp
9)

V1P

where (i, a; and By, ap are values of betatron ampli-
tude functions at s; and sq, respectively, u is the phase
advance from sy to s;

3 The theoretical minimum emittance in

TBA and MBA

Assume that the TBA and MBA consists of two types

\/%(cos,u—&—al sinp)

To ensure every dipole can reach the achievable min-
imum emittance, the Twiss function at the first dipole
entrance satisfied 3, =6L,/v/15, a;=+/15 and the Twiss
function at the middle of the inner dipole satisfied

014:772120, 64:L2/2\/E7
m=L3/(24p).

Here, we can get

of dipoles. One type is the first dipole and the end dipole, 16L,
where the length is L, the bending angle is 6, and the Ba = B(Ly,01,01)= V15’ (10)
radius is p;. The other is the inner dipole (s), where the
length is L, the bending angle is 6, and the radius is ps. y = OZ(L1,061,51)——5\/§, (11)
Fig. 1 shows the twiss functions in the entrance and end 3
of dipoles in TBA. az = —a(Ly/2,14,0,p2)=V15, (12)
Sl Sz S3
p1, 01, Ly P2 05, L, P, 01, L,
B B, B By By B, B
o a, 03 0 —a
0y %
0 o) 3 4
M Uk Ny s 1, 0
0 4 n; 0 , 0
2 M -

Fig. 1.

(color online) Twiss functions in the entrance and end of dipoles in TBA.
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Bs = oy (13)
T2 — n(LlaOaOapl) , (14)
775 n,(Lluoaoapl)

T3 — W(L2/2777470702) (15)
77; _nl(L2/2u774707p2)
The phase advance from s, to s; is u

(”? ) — M(s3/55) <”? ) (16)
M3 b

where M (s3/s5) is the transfer matrix (9).
Solving formula (16), we obtain

(D),

V3L
=" psm P (18)
Let 0,=r0,, from (18), we get
3
pP2= T—gpl- (19)
If the ring has n TBA cells, we know
2
291+92:%. (20)

The radiation integral of a TBA is
I5 = 215(p17L17a17617070)

+215(p2,L2/2,0,84,14,0), (21)
I = 2L,/pi+La/p3, (22)

we obtain
I 2m3(18+r") (23)

L 3y/T5n3(2+47)3(6+11)
The minimum emittance is then obtained by imposing
the condition

A3 (—=347r3) (184+14r34+Tri 417
aT(I5/IQ): ( )( )

15n3(2+71)%(6+14)2

=0. (24)

Solving (24), we get
r=33, (25)

3
() o~ v () - @
I TBAmin 4\/E(2+31/3)3 n

For an MBA ring, the number of MBA cells in the stor-
age ring is n

So

2
291+(M—2)02:§ , (27)

I5 = 2XIs(pl7L17a17617070)+(M_2)

X2XIS(p25L2/2707/64777450)3 (28)
I = 2L/pi+(M—2)Ls/ p;. (29)

Using the same process of that in TBA, we get the con-
dition that the minimum emittance of MBA which can
be achieved is also r=3%/3.

So

I 1 om\?

— = — ) . (30)

I ) \pamin  4V15(2=2x3Y/34M31/3)3 \ n

From these calculations, we find that the necessary
condition for reaching the minimum emittance of TBA
and MBA is the bending angle of inner dipoles which has
a factor of 3'/% bigger than that of the outer dipoles.

4 The attained minimum emittance in
TBA with various conditions

Let the total bending angle of TBA be 6, 8,=0.L1,
pP2=pep1, 01=0.0, then 6,=(1-26,)6.
From Fig. 1, we can get the relations:

(1+03)0%0; p3

Br=0(L1,—az,02)=Po420200,p1 + 3 , (31)
a1——Q(Lb—042752)—042+7(1+a?99rp17 (32)
_ Ly(1+a3)
=2l (33
Bu= (Lo 2.0y, )= 2020 (g

20&3
m\ (00,00 _ [ 5662
/ = / T = 2 rl ) (35)
T2 n (Llaoaoapl) 99,

ms\ _ ( 1(L2/2,14,0,p2)
us =1 (L2/2,14,0,p2)
1 2 2 2
774+§9 (1-26,)p1p?

1
—~50(1-20,)

The phase advance from s, to sz is u

("? ) = M(ss/52) (”3 ) : (37)
M3 b

where M (s3/s2) is the transfer matrix (9).
Solving formula (37), we obtain
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Then,

_V 20307 [(c3 =28, — ) cosptsinpita (26,4 ) sing]

The radiation integral of a TBA is

Pr Tt VA(1-20)" : (38)
m = 0°07p1{—(as+03)[1+(2+25,)* | +{ 303 (3+05)+85;

+das[14as(3403) B +as(3+a3) (487 —1) } cos2u

+2{(a2+25r)[042—0[3 (3+a§)+2ﬁr]_1}Sln2u}/[8(1+a§)ﬁ(29r_1)] (39)
. (14+a32)3.(1-26,)?

LnfLa= 20302 (3 — e —2, ) cosp+(1+aaaz+2a36, ) sinpu]? (40)
Is=2xI5(p1,L1,01,51,0,0)+2xI5(pa, L2/2,0,54,14,0) (41)
I,=2L:/p{+La/ pi, (42)

The emittance factor F' is

F(Oé27043,9r,ﬁ”,u) =

Searching the minimum emittance using the order
“Find Minimum” of mathematics [7], we get

%/93:{8(8+8a§+25a26r+20ﬂf)9r7+{(1+a§)ﬂf (20,—1)"{—(1+0a3)(10+a3)[1+ (a2 +20.)?]

+[—5—a2(4+a3)+a3 (5+4ai+as) —das(5+3a3) B4 (5+4ai+a;) 52
+2a5(—=5az—3a3+2(5+4as+a3) b} cos2u—{azas(5+3a3)+203,
+as[—b—3ai+4as(4+al) B +4(5+3a3) B2]+202 {5+ as[108,+as (4+a3+6as 3, )] } sin2u} }
J{e;[(as—as—20,) cos ptsinptas(ax+206,)sing]* }/{1205,[46;

+(1403) 8. (1-26,)* /{as[ (s —as—20,) cos p+sinp+as(ax+206,)sinu]* }] }. (43)

| this figure; we can get the attaining minimum emittance
with a different phase advance. There are sharps in u=0
1 since we calculate the case =0 separately.

F=0.00158259=——+o——— 44 i i . i
1/15(2431/)3 (44) We. d.1scuss a fe.w special cases as fo.110\'7vs, table 1 gives
the minimum emittance and Fig. 3 indicates the com-
when parison between the attained minimum emittance with
5 a different phase advance.
oy = —6.45497=-5 3’
25|
az = 3.87298=+/15,
20 f
6, = 0.290508=1/(2+3'/3),
x|
16 S st
, = 4.13118=—, 8
g V15 g
E 107
= 2.22985= 5
w=2. =arccos ) o5k
This result fits very well with the result in Section 3. L
With a different phase advance p, we get the emit- 0 20 40 60 80 100 120 140
tance curve, which is shown in Fig. 2. K
Fig. 2 indicates the relationship between Fig. 2. (color online) Conditions of reaching mini-

Frea/{1/[4v/15(2+3"%)*]} and phase advance p, from

mum emittance with different p.
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Table 1. The minimum emittance in some concrete cases.

Cricti the attain minimum diti attaining minimum emittance with different
restriction emittance Frpa conditions phase advance Frga/{1/[4v/15(2+31/3)3]}
a=—5.99511, a3—=4.21945, g 25
Lo=1IL, 0.00162033 Br=3.69409, p©=2.16096, § 20
6,=0.290395 E
S 15
0 20 40 60 80 100 120 140
i
251
az=—"7.05659,a3=3.65581, ©
Q
Li=Ly/2 0.00161569 Br=4.61861,=2.24161, g 20
0,=0.291167 g
15
0 20 40 60 80 100 120 140
o
ap=—6.45497, a3 =3.87298, 25
o 2
p1=p2 0.00158259 Br=4.13118,1=2.22985, 2
0,=0.290508 £ 240
s
0 20 40 60 80 100 120 140
yn
\
p1=2p2 0.00180386 ap=—6.49114,0i3=3.87305, 0 251\
Br=4.06587,11=2.25833, 2 2o
6,=0.275443 £
“ s
0 20 40 60 80 100 120 140
u
45
as=—6.01503,03=9.77783, L 40
Li=Lo, p1=p2 0.00208453 Br=3.71767,1=2.37634, g 35
0,=1/3 g 30
r £ 25
o
2.0
15
0 20 40 60 80 100 120 140
i
3510
ap=—7.39219,0:3=3.82692, ® 3.0 11
Li=Ls, p1=2p2 0.00214232 Br=4.87853,1u=2.32599, g o 1Y
br=1/4 £ 20
15

0 20 40 60 80 100 120 140
u

037005-5



Chinese Physics C  Vol. 39, No. 3 (2015) 037005

Table 1. (continued)

o the attain minimum
restriction .
emittance Frga

conditions

attaining minimum emittance with different
phase advance Frpa /{1/[4V/15(2+31/3)3]}

6

5
[
aa=—11.4593, a3=3.65911, 24
Li=L3/2, p1=p2 0.00207506 B:=17.85698, u=2.44258, £3
0,=1/4 2
020 40 60 80 100 120 140
u
3.0
ag=—6.45497, a3=3.87298, g 25
as=v15 0.00158259 Br=4.13118, p=2.22985, £ 20
0:=0.290508 5 s
0 20 40 60 80 100 120 140
n
Table 2. Minimum emittance when p=0. Searching the minimum emittance directly with (45),
the attain we find when reaching the minimum emittance, az —oc0.
restriction minimum conditions This solution is absolutely not reasonable. Because,

emittance F'
none length and
radius restriction 0.00399202

2=—5.67335, a3=3.61007,
Br=3.44141, 0,=0.37067
Qp=—5.24004, a3=3.32108,

Ly=L1 000460814 5" 81109, 6,=0.211549
b o AT
Bols e S o
511:;;2 0.00572654 23:1_.222'%};?21317;94029’
ﬁll;L;/ 2 0.00960369 gf::;;éggi??grz§7j-8439l,
aamiE  000iTazss  C2=—6-98036, 3,=2.32828,

0,=0.214522

5 The case of u=0

Fuzo(azaasﬁraﬁr)

= {8(8+8a3+25a,3,+2037)67
—{(1+a2) 3 [2az+az (5+T7a3)+20as 5,
+1202 3,425 (5as+3a3+108,+14a35,)
+5(3+482)+a3(15+2832)](20,—1)"}
[{az(as—an—26,)"}}/{1205,[40; +(1+0a3)
X Be(1-20,)* /{as (s —2—25,)"}} (45)
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VBaBs  \ Bs
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The results of attaining the minimum emittance when
1=0 are listed in Table 2.

6 Conclusions

This paper derived the minimum emittance in TBA
and MBA. The necessary condition for reaching the min-
imum emittance of TBA and MBA is that the bending
angle of inner dipoles has a factor of 31/3 bigger than that
of the outer dipoles. We gave the TBA achieving mini-
mum emittance in some special cases with restrictions on
dipole length and radius; these results may be of benefit
in TBA lattice design. In this paper, we do not discuss
the emittance reduction using insertion devices or special
dipoles.
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