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Abstract: We have calculated and compared the three-body force effects on the properties of nuclear matter under

the gap and continuous choices for the self-consistent auxiliary potential within the Brueckner-Hartree-Fock approach

by adopting the Argonne V18 and the Bonn B two-body potentials plus a microscopic three-body force (TBF). The

TBF provides a strong repulsive effect on the equation of state of nuclear matter at high densities for both the

gap and continuous choices. The saturation point turns out to be much closer to the empirical value when the

continuous choice is adopted. In addition, the dependence of the calculated symmetry energy upon the choice of the

self-consistent auxiliary potential is discussed.
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1 Introduction

One of the original aims of the microscopic Bethe-
Brueckner-Goldstone (BBG) theory of nuclear matter [1]
is to study the equation of state (EoS) of nuclear matter
and reconcile the empirical saturation point. There are
two most important uncertain points in the BBG theory
[1]. One is the choice of the auxiliary potential U(k), an-
other is the relevance of the higher order contributions
in the BBG expansion. Over the last decades, the many-
body uncertainties in the BBG theory have been checked
carefully, and considerable progress has been made in im-
proving the predicted saturation point.

In an early stage of the BBG theory [2–4], the aux-
iliary potential U(k) was introduced based on the re-
summation of Feynman diagrams [3], in order to de-
crease the number of diagrams in the calculation [2, 4].
It has been argued that different choices for the self-
consistent auxiliary potential affect the convergence rate
of the hole-line expansion, and can produce energy shifts
in the calculated total binding energy [5]. As shown by
Day and Wiringa [6, 7], the three-hole line contribution
in the BBG expansion is non-negligible in the gap choice
of the auxiliary potential. Baldo and Song have extended

the analysis to symmetric nuclear matter [8–10] and pure
neutron matter [11] at the three-hole line level with the
local separable Argonne V14 (AV14) [12] and Argonne V18

(AV18) [13] two-nucleon potentials by solving the Bethe-
Fadeev equations [2, 14]. Their results give strong evi-
dence that convergence has been reached [15, 16] within
the gap and continuous choices for density up to six times
the saturation value [17]. Furthermore, the results show
that using the continuous choice leads to a faster conver-
gence than the gap choice [8]. Since the EoS of nuclear
matter are obtained at the level of two-hole line, the
results of Ref. [8] indicate that the Brueckner-Hartree-
Fock (BHF) approximation under the continuous choice
is able to incorporate most of the three-hole correlations
within the gap choice. Although the convergence can be
reached, the BHF approach is not able to reproduce the
empirical saturation point by adopting purely two-body
interactions in both the gap and the continuous choices
[8, 9, 17, 18]. Three-body forces (TBFs) are required for
describing reasonably the nuclear saturation properties
[19–22].

In recent years, calculations in the BHF approach
have been updated by incorporating consistent micro-
scopic TBFs [18–21] constructed with realistic Bonn B
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[23] and AV18 two-nucleon potentials as input. As shown
in Refs. [21, 22], the saturation points can be improved
by including the TBFs from (0.34 fm−3, −22 MeV)
to (0.17 fm−3, −15.9 MeV) and from (0.27 fm−3,
−18.3 MeV) to (0.2 fm−3, −15.1 MeV), for the Bonn B
and AV18 potentials respectively, under the continuous
choice.

In this work, we extend the previous results within
the BHF approach in the gap and continuous choices
by employing the Bonn B and AV18 potentials plus
their corresponding self-consistent TBFs, respectively.
We concentrate on the comparison between the TBF ef-
fects on the properties of nuclear matter obtained under
the gap choice and the continuous choice. The symme-
try energy within the two different choices for the self-
consistent auxiliary potential is also investigated and dis-
cussed. In Section 2, we give a brief review of the BHF
theory and the TBF model. The numerical results are
presented and discussed in Section 3. Our conclusions
are summarized in the last section.

2 Formalism

Our calculations are based on the microscopic BHF
approach. The BHF description of nuclear matter is de-
rived by a linked cluster of independent hole-line expan-
sion. The starting point of this theory is the in-medium
two-body Brueckner reaction matrix G, which is the so-
lution of the Bethe-Goldstone equation:

G(ρ;ω)=v+v
∑

k1k2

|k1k2〉Q(k1,k2)〈k1k2|

ω−ε(k1)−ε(k2)+iη
G(ρ;ω), (1)

where v is the realistic nucleon-nucleon (NN) interaction,
ω is the starting energy, and ρ denotes nucleon number
density. Q(k1,k2) is the Pauli operator, which prevents
the two nucleons from being scattered into their respec-
tive Fermi-seas. The single-particle (s.p.) energy is given

by: ε(k)=
~

2k2

2m
+U(k), where U(k) is the auxiliary s.p.

potential. Within the framework of the BHF approxi-
mation, the convergence rate of the hole-line expansion
depends on the specified choice of the auxiliary potential
[1]. Two different choices have been usually adopted in
the BHF calculations [1]: the continuous choice and the
gap choice. Under the continuous choice, the auxiliary
potential is given by:

U(k)=Re
∑

k′6kF

〈kk′|G[ρ,ε(k)+ε(k′)]|kk′〉A, (2)

where the subscript A denotes antisymmetrization of the
matrix elements. For the gap choice, the auxiliary po-
tential for the hole states (k<kF) is calculated according
to Eq. (2), while it is set to zero above the Fermi surface
(k > kF). There are also other possibilities for choos-
ing the auxiliary potential, e.g. the model-space BHF

(MBHF) [24]. In this work, we will restrict the calcula-
tions to the gap and continuous choices.

For the realistic NN interaction, we adopt different
realistic two-body interactions (i.e., the AV18 and the
Bonn B potentials [23]) plus their corresponding micro-
scopic TBFs, which are based on the meson exchange
current approach [19–22]. In the OBEP approxima-
tion, π, ρ, σ, ω mesons are considered and the cor-
responding meson parameters (meson-nucleon couplings
and form factors) in the TBF model are determined self-
consistently with the two-body potentials. In the present
calculation, the TBF is reduced to an equivalently effec-
tive two-body force by averaging over the third nucleon
degree of freedom in a nuclear medium [19, 25–27]:

V ij(r)=ρ

∫
d3rk

∑

σk ,τk

[1−g(rik)]
2[1−g(rjk)]

2Vijk, (3)

where g(r) is the defect function which reflects the NN
correlations in nuclear medium. Within the BHF ap-
proximation, the energy per nucleon is given by:

B

A
=

3

5

k2
F

2m
+

1

2ρ
Re

∑

k,k′6kF

〈kk′|G[ρ;ε(k)+ε(k′)]|kk′〉A.

3 Results and discussion

Figure 1 shows the self-consistent single particle (s.p.)
potentials in symmetric nuclear matter at density ρ =
0.17 fm−3, obtained under the gap choice (BHFG) and
the continuous choice (BHFC) respectively. For the
continuous choice, it is seen that the s.p. potential is
strongly attractive at low momenta and its attraction
decreases monotonically as a function of momentum con-
tinuously through the Fermi surface. In the gap choice,
the self-consistent s.p. potential is cut off for momenta k

larger than kF, and shows a big gap at the Fermi surface.
It is clear from Fig. 1 that the s.p. potentials are more
attractive in the continuous choice than those in the gap
choice, indicating that the effective interaction is more
strongly attractive between the nucleons in the continu-
ous choice than the gap choice. This is consistent with
the analysis in Refs.[5, 8, 28], where it has been shown
that the suppression of the gap at kF in the s.p. potential
tends to increase the correlation energy.

The TBF effects on the s.p. potential are also re-
ported in Fig. 1 (dashed lines) with the gap choice and
the continuous choice, respectively. We find that the
TBF leads to a repulsive contribution and affects the
s.p. potential mainly in the low momentum region not
only for the Bonn B potential (right panel) but also
for the AV18 potential (left panel), besides the lower
magnitude for the AV18 potential, both in the gap and
the continuous choices. In addition, one may notice the
discrepancy (about 3–4 MeV at k=0 fm−1) between the
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Fig. 1. (color online) (a) The s.p. potential in symmetric nuclear matter at ρ=0.17 fm−3, obtained with the AV18
potential. The dashed (red) curves have been obtained by taking into account the TBF contribution, while the
solid (blue) curves denote the results without including the TBF. The vertical dashed lines show the location of
the Fermi surface. The s.p. potentials discontinuous and continuous at the Fermi momentum kF correspond to the
gap (BHFG) and continuous choice (BHFC), respectively. (b) The same as in (a), but for the Bonn B potential.

Fig. 2. (color online) (a) Energy per nucleon calculated for symmetric nuclear matter with the AV18 potential. The
lines with circles have been obtained by taking into account the TBF contribution, while the square symbols denote
the results without considering the TBF. Open and filled symbols correspond to the two cases with the gap and
continuous choice for the auxiliary potential, respectively. (b) The same as in (a), but for the Bonn-B potential.
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s.p. potentials obtained using the AV18 and Bonn B
potentials. The discrepancy turns out to be regardless
of the different choices for the auxiliary s.p. potential
and can be traced back to the totally different analytical
structures of the local potential (AV18) and the non-
local potential (Bonn B). The non-locality in the Bonn
B potential increases the attractive strength of the s.p.
potential [29, 30].

In Fig. 2 the saturation curves are given as a func-
tion of density in symmetric nuclear matter with the gap
and the continuous choices adopted. For the two-nucleon
AV18 potential (left panel), the results are in good agree-
ment with the previous two-hole line BHF calculation in
Ref. [17], with the maximum deviation less than 1 MeV
for density up to 0.5 fm−3, both in the gap and the con-
tinuous choices. Under the continuous choice, the re-
sults of Fig. 2 have already been obtained in Refs. [21]
and [22] for the AV18 and Bonn B potentials plus the
corresponding TBFs. Here we repeat those results sim-
ply to discuss the influence of the different choices of
the auxiliary potential. One may notice that using the
continuous choice tends to give binding energies about
4–6 MeV larger than the gap choice, since the continu-
ous choice incorporates more non-negligible correlation
effects in the nuclear medium. This has been confirmed
in Refs. [8–10, 15, 16] by solving the three-body Bethe-
Fadeev equation with a series of separable potentials and
the full AV14, AV18 two-body interactions. Similar re-
sults hold for the Bonn B potential (right panel), except
that the obtained EoSs are more attractive due to the
non-locality of the Bonn B potential [29, 30].

On the standard BHF level, by adopting purely the
AV18 and Bonn B two-body potentials, one also obtains
strong binding (solid curves in Fig. 2). For comparison,
the TBF effects are also displayed in the same figure.
The TBFs adopted are self-consistently determined by
the AV18 and Bonn B two-body potentials, respectively,
in Refs. [21, 22]. The TBF gives a repulsive contribu-
tion to the EoSs (dashed curves) both in the gap and
the continuous choices. The TBF effect is fairly small
at low densities. The repulsive contribution of the TBF
increase rapidly as a function of density, which leads to a
stiffer EoS and lower binding energies at the saturation
point as compared with the results from using purely the
two-body interactions, under both the gap and continu-
ous choices.

The saturation points extracted from the previous
results are reported in Fig. 3. Moreover, we give addi-
tional results with the AV14 potential in the same figure
for the sake of comparison. The results can be roughly
classified into four cases, i.e., including TBF and exclud-
ing TBF respectively under the two different kinds of
choices (the gap choice and the continuous choice). By
adopting purely the AV14, AV18, and Bonn B two-body

potentials, the predicted saturation points clearly miss
the empirical saturation region under both the gap and
continuous choices. The saturation densities and the sat-
uration energies obtained within the continuous choice
are shown to be much larger than the empirical values.
Similar results are applicable for the gap choice, but the
saturation energies calculated using the AV14 and the
AV18 potentials are slightly less than the empirical value.
The above results are consistent with the conclusion of
the “Coester band” both in the gap choice [1, 31] and the
continuous choice [1, 18]. After including the TBFs (with
the AV14, AV18, and Bonn B potentials), the predicted
saturation properties of symmetric nuclear matter are
improved remarkably by the TBF repulsion, especially
in the continuous choice. For the gap choice, the TBFs
lead to a significant improvement of the saturation den-
sity, whereas the saturation energies turn out to be too
small. It is clearly seen that, after including the TBFs
in the calculation, the predicted saturation points turn
to be much closer to the empirical one in the continuous
choice than the gap choice.

Fig. 3. (color online) Saturation points obtained by
adopting different NN interactions under the gap
and continuous choices for the auxiliary potential.
The square indicates the empirical saturation re-
gion.

In Table 1, we compare the contributions from vari-
ous partial wave channels to the potential energy of sym-
metric nuclear matter in the gap choice and the contin-
uous choice at ρ = 0.17 fm−3. The S channel plays a
dominant role, while the contributions from the P and
D channels almost cancel each other out in the total
potential energy when the AV18 and Bonn B two-body
potentials plus their corresponding TBFs are adopted.
A similar result has been reported in Ref. [5] by adopt-
ing the optical-model with the Reid hard core interac-
tion. By comparing the results using the two different
choices of the auxiliary s.p. potential, one may notice
that the discrepancy between the total binding energies
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Table 1. Potential energy per nucleon obtained for
symmetric nuclear matter with the AV18 and
Bonn B potentials in the gap and continuous
choice, at ρ=0.17 fm−3. Units are given in MeV.

AV18 AV18+TBF
channel

gap cont. gap cont.
1S0 −15.87 −16.31 −13.05 −13.61

3S1−
3D1 −15.86 −19.85 −16.82 −20.59

3P0 −3.37 −3.44 −2.09 −2.11
3P1 10.25 9.88 7.65 7.15
1P1 3.95 3.87 3.34 3.28
1D2 −2.67 −2.71 −2.05 −2.08
3D2 −3.87 −3.97 −1.87 −1.88

3P2−
3F2 −7.76 −8.15 −7.32 −7.76

J>3 1.21 1.13 −0.39 −0.47

kinetic energy 23.04 23.04 23.04 23.04

total binding −10.94 −16.5 −9.54 −15.03

Bonn B Bonn B+TBF
Channel

Gap Cont. Gap Cont.
1S0 −16.67 −16.88 −14.65 −15.61

3S1−
3D1 −17.3 −20.52 −18.52 −21.18

3P0 −3.57 −3.61 −0.75 −0.34
3P1 10.57 10.21 5.23 4.25
1P1 1.52 2.36 4.01 3.45
1D2 −2.43 −2.45 −0.93 −0.79
3D2 −4.01 −4.1 −0.23 0.07

3P2−
3F2 −7.89 −8.29 −6.48 −6.45

J>3 1.84 1.74 −0.82 −1.04

kinetic energy 23.04 23.04 23.04 23.04

total binding −14.92 −18.49 −10.1 −14.62

calculated in the gap and continuous choices mainly
comes from the 3SD1 channel, in fairly good agreement
with the analysis in Ref. [10] using the AV14 potential.
It is seen from Table 1 that, after including the TBF,
the dominant effect of the T =0 SD coupled channel on
the discrepancy remains the same as that obtained by
adopting purely the AV18 and Bonn B two-body poten-
tials.

In Fig. 4, the EoSs of pure neutron matter obtained
within the gap and the continuous choices is reported.
Due to lack of the strongly attractive effect of the tensor
coupling in the isospin T =0 SD channel, a faster con-
vergence of the hole-line expansion is expected for pure
neutron matter than that for symmetric nuclear mat-
ter. It is seen that there is a weak dependence on the
choice of the auxiliary s.p. potential using the AV18 and
Bonn B two-body potentials (solid curves). The contin-
uous choice tends to give slightly larger binding energies
than the gap choice, with a maximum deviation of about
2 MeV, which is much less than that for symmetric nu-
clear matter (4–6 MeV). This result is in agreement with
Ref. [11] and the smaller average depletion in the neutron
Fermi sea [32]. After including the TBF, the convergence
property remains the same as that obtained using purely
the AV18 and Bonn B two-body potentials, whereas the
EoSs become much stiffer at high densities.

According to the microscopic investigations [21, 33,
34], nuclear symmetry energy can be calculated as
the difference between the energy per nucleon of pure

Fig. 4. (color online) The same as Fig. 2, but the results are obtained for pure neutron matter.
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Fig. 5. (color online) (a) The symmetry energy obtained by adopting the AV18 two-body potential (blue curves
with squares) and the AV18 potential plus the TBF (red curves with circles). Open and filled symbols correspond
to the two cases with the gap and continuous choice for the auxiliary potential, respectively. (b) The same as in
(a), but for the Bonn-B potential.

neutron matter and that of symmetric nuclear matter.
Based on the results in Figs. 2 and 4, the symmetry en-
ergy is expected to depend on different choices of the aux-
iliary s.p. potential. Fig. 5 displays the symmetry ener-
gies obtained within the gap and the continuous choices,
respectively. Under the continuous choice, the results
in Fig. 5 have already been obtained and given in Refs.
[21] and [35]. For all the cases presented in Fig. 5, the
symmetry energy increases monotonically with increas-
ing density, and becomes much stiffer at high densities
when the TBF is self-consistently included in the cal-
culation. The discrepancy between the calculated EoSs
under the gap choice and the continuous choice, which
is sizeable for symmetric matter, is substantially smaller
for pure neutron matter. Consequently, the symmetry
energy obtained under the gap choice turns out to be
smaller than that under the continuous choice with both
the AV18 and Bonn B two-body potentials. Similar re-
sults hold after including the TBFs. For the Bonn B po-
tential, the discrepancy between the symmetry energies
calculated in the gap choice and the continuous choice is
quite small, especially at high densities.

4 Conclusions

We have studied and compared the TBF effects on
the properties of symmetric nuclear matter and pure neu-

tron matter under the two different choices (i.e., the gap
choice and the continuous choice) for the self-consistent
auxiliary potential within the BHF approach. Special at-
tention has been paid to discuss the difference between
the TBF effects under the two different choices. In our
calculation, the recent versions of the realistic AV18 and
Bonn B two-body potentials plus the corresponding self-
consistent microscopic TBFs have been employed. By
adopting purely the two-body forces, symmetric nuclear
matter turns out to be more binding under the continu-
ous choice than that under the gap choice, confirming the
previous results. Under both the gap and the continuous
choices, the TBF effects on the EoSs of symmetric nu-
clear matter and pure neutron matter are repulsive. The
repulsive TBF contribution increases rapidly as a func-
tion of density and leads to a significant improvement in
the predicted nuclear saturation properties. Therefore,
TBFs are necessary under both the gap and continuous
choices for reliably predicting the EoS of nuclear mat-
ter and for reproducing the empirical saturation proper-
ties of nuclear matter within the framework of the BHF
approach. Under the continuous choice, the saturation
points calculated by including the TBF are closer to the
empirical saturation point as compared with the predic-
tions under the gap choice. After including the TBF, the
convergence property remains the same as that for the
two-body interactions. The TBF also affects considerably
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the auxiliary s.p. potentials in the relatively low mo-
mentum region, making the s.p. potential less attrac-
tive. Furthermore, the symmetry energy obtained under
the gap choice is shown to be slightly smaller than that
under the continuous choice. Under both the gap and
the continuous choices, the TBF plays an important role

in determining the high-density behavior of symmetry
energy and its effect leads to a strong stiffening of sym-
metry energy at high densities.

In future, the TBF should be included at the three-
hole line level for checking the convergency again by solv-
ing the Bethe-Fadeev equations.
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