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B→Kη
(′) decays in the SM with fourth generation fermions *
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Abstract: By employing the perturbative QCD (pQCD) factorization approach, we calculate the new physics

contributions to the four B→Kη
(′) decays in the Standard Model (SM) with a fourth generation of fermions (SM4),

induced by the loop diagrams involving t′ quark. Within the considered parameter space of the SM4 we find that:

(a) the next-to-leading order (NLO) pQCD predictions for the branching ratios and CP -violating asymmetries in

both the SM and SM4 generally agree with the data within one standard deviation; (b) for Br(B→Kη), the inclusion

of the fourth generation contributions can improve the agreement between the theoretical predictions and the data

effectively; (c) however, for Br(B→Kη
′) the decrease due to t′ loops is disfavored by the data; and, (d) the new

physics corrections to the CP -violating asymmetries of the considered decays are only about 10%.
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1 Introduction

As a simple extension of the Standard Model(SM),
the standard model with the fourth generation fermion
(SM4) was rather popular in the 1980s [1–4]. However,
unfortunately, the direct searches at the LHC experi-
ments [5–7] have not yet found any sign of the heavy
fourth generation t′ and b′ quarks. The phenomeno-
logical studies of the electroweak precision observables
(EWPOs) [8–10] and some B meson rare decays [11–15]
have also resulted in some constraints on the parame-
ter space of the SM4. The observation of the SM Higgs
boson at a mass of 126 GeV as reported by the CMS
and ATLAS Collaboration [16, 17] leads to very strong
limits on the SM4: it was claimed [18, 19] that the SM4
was ruled out at 5.3σ by the Higgs data. The loop dia-
grams (box or penguins) involving the fourth generation
fermions t′ and b′, as is well-known, can provide new
physics(NP) corrections to the branching ratios and CP
violating asymmetries of B meson decays, such as the
B → Kη

(′) decays. At present, it is still interesting to
study the possible NP effects to those well measured B
meson rare decays and to draw additional constraints on
the SM4 from the relevant phenomenological analysis.
Such constraints are complimentary to those obtained
from the EWPOs and/or the Higgs data.

The B→Kη
(′) decays are penguin dominated decays

and they have been studied intensively by many authors,
for example in Refs. [20–24], in the framework of the
SM or various new physical models. These four decays
have been studied very recently [25] by employing the
perturbative QCD (pQCD) factorization approach with
the inclusion of all known next-to-leading order (NLO)
contributions from different sources. The NLO pQCD
predictions for both the branching ratios and the CP
violating asymmetries agree well with the precision ex-
perimental measurements [26, 27].

In this paper, we will study the possible loop contri-
butions induced by the heavy t′ quark that appeared in
the SM4. We will focus on the following points:

1) Besides all the known NLO contributions already
considered in Ref. [25], we will here consider the effects of
the t′ contributions to the relevant Wilson coefficients, as
presented in Refs. [11, 13, 14], on the B→Kη

(′) decays in
the conventional Feldmann-Kroll-Stech (FKS) η-η′ mix-
ing scheme [28].

2) We will check the SM4 parameter-dependence of
the pQCD predictions for the branching ratios and CP -
violating asymmetries, such as those |λt′ |,φt′ ,mt′ with
the definition of V ∗

t′bVt′s=|λt′ |exp[iφt′ ].
The rest of this paper is organized as follows. In Sec-

tion 2, we give a brief review for the pQCD factorization
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approach and the SM4 model. In Section 3, we will make
numerical calculations and present the numerical results.
A short summary will be given in the final section.

2 Theoretical framework

For the charmless B→Kη
(′) decays, the correspond-

ing weak effective Hamiltonian can be written as [29]:

Heff =
GF√

2

{

VubV
∗

uq

[

C1(µ)Ou
1 (µ)+C2(µ)Ou

2 (µ)
]

−VtbV
∗

tq

[

10
∑

i=3

Ci(µ)Oi(µ)
]

}

+H.c., (1)

where q=d, s, GF = 1.16639×10−5 GeV−2 is the Fermi
constant, Oi (i = 1,··· ,10) are the local four-quark op-
erators [29]. The Wilson coefficients Ci in Eq. (1) and
the corresponding renormalization group evolution ma-
trix are known currently at the LO and NLO levels [29].

In the B-rest frame, we assume that the light final
state meson M2 and M3 (here Mi refers to K or η

(′))
is moving along the direction of n = (1, 0, 0T) and
v = (0, 1, 0T), respectively. Using the light-cone coor-
dinates, the B meson momentum PB and the two final
state mesons’ momenta P2 and P3 (for M2 and M3 re-
spectively) can be written as

PB=
MB√

2
(1, 1, 0T), P2=

MB√
2

(1−r2
3 , r2

2 , 0T),

P3=
MB√

2
(r2

3 , 1−r2
2, 0T),

(2)

while the anti-quark momenta are chosen as

k1=
mB√

2
(x1, 0, k1T), k2=

mB√
2

(x2(1−r2
3), x2r

2
2 , k2T),

k3=
mB√

2
(x3r

2
3 , x3(1−r2

2), k3T),
(3)

where ri=mi/MB with mi is the mass of meson Mi, and
xi refers to the momentum fraction of the anti-quark in
each meson. After making the same integrations over
the small components k−

1 , k−

2 , and k+
3 , as in Ref. [25], we

conceptually obtain the decay amplitude

A(B→M2M3) ∼
∫
dx1dx2dx3b1db1b2db2b3db3

×Tr[C(t)ΦB(x1,b1)ΦM2
(x2,b2)

×ΦM3
(x3,b3)H(xi,bi,t)St(xi)e

−S(t)], (4)

where bi is the conjugate space coordinate of kiT. In
above equation, C(t) is the Wilson coefficient evaluated
at scale t, H(xi, bi, t) is the hard kernel, and ΦB(x1, b1)
and ΦMi

(xi, bi) are the wave function. The function
St(xi) and e−S(t) are the threshold and KT Sudakov fac-
tors, which effectively suppresses the soft dynamics [30].

In the pQCD approach, the B meson is treated as a
very good heavy-light system. Following Ref. [31], we
can write the wave function of the B meson in the form
of

ΦB=
i√
2Nc

(6PB+mB)γ5φB(k1). (5)

Here, we have adopted the widely used B-meson distri-
bution amplitude

φB(x,b) = NBx2(1−x)2exp

[

−M 2
B x2

2ω2
b

−1

2
(ωbb)

2

]

, (6)

where the normalization factor NB depends on the value
of ωb and fB and defined through the normalization re-

lation

∫1

0

dxφB(x,b=0)=fB/(2
√

6). We also here take the

shape parameter ωb=0.4±0.04 GeV. For the final state
kaon and η

(′) mesons, we use the same wave functions
and distribution functions as those used in Ref. [25].

In the SM4 model, the classic 3 × 3 Cabibbo-
Kobayashi-Maskawa (CKM) matrix is extended into a
4×4 CKM-like mixing matrix [32]

USM4=











Vud Vus Vub Vub′

Vcd Vcs Vcb Vcb′

Vtd Vts Vtb Vtb′

Vt′d Vt′s Vt′b Vt′b′











, (7)

where the t′ and b′ denote the fourth generation up- and
down-type quark.

In the SM4, the t′ quark plays a similar role as the top
quark in the loop diagrams and will provide NP terms,
such as B0(xt′ ), C0(xt′), D0(xt′) and E0(xt′ ), to those
relevant SM Inami-Lim functions B0(xt), C0(xt), D0(xt)
and E0(xt) directly [33]. When the NP contributions
are taken into account, the ordinary SM Wilson coeffi-
cients Ci(MW) will be changed accordingly. In the SM4,
one can generally write the Wilson coefficients as the
combination of the SM part and the additional fourth
generation contribution [32]

Ci(mW,mt′)=CSM
i

(mW)+C4G

i
(mW,mt′). (8)

As mentioned in previous sections, the three NP input
parameters in the SM4 include λt′ , φt′ and mt′ .

For the mixing scheme of η-η′, we here use the con-
ventional FKS scheme [28] in the quark-flavor basis:
ηq=(uū+dd̄)/

√
2 and ηs=ss̄;

(

η

η′

)

=

(

F1(φ)(uū+dd̄)+F2(φ)ss̄

F ′

1(φ)(uū+dd̄)+F ′

2(φ)ss̄

)

, (9)

where φ is the mixing angle and the mixing parameters
are defined as

√
2F1(φ)=F ′

2(φ)=cosφ,

F2(φ)=−
√

2F ′

1(φ)=−sinφ.
(10)
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The relation between the decay constants (f q
η
, f s

η
, fq

η′ ,
f s

η′) and (fq, fs,) can be found in Ref. [24]. The chiral
enhancement mq

0 and ms
0 have been defined in Ref. [34]

by assuming the exact isospin symmetry mq =mu=md.
The three input parameters fq, fs and φ in the FKS
mixing scheme have been extracted from the data of the
relevant exclusive processes [28]:

fq=(1.07±0.02)fπ, fs=(1.34±0.06)fπ, φ=39.3◦±1.0◦,

(11)

with fπ=0.13 GeV.

3 B→Kη
(′) decays, the numerical results

3.1 NLO contributions in the pQCD approach

In Ref. [25], the authors studied the four B→Kη
(′)

decays with the inclusion of all of the known NLO con-
tributions by using the pQCD factorization approach.
For the SM part of the relevant decay amplitudes, we
use the formulas as presented in Ref. [25], where the au-
thors confirmed numerically that the still unknown NLO
contributions from the relevant spectator and annihila-
tion diagrams are indeed small in size and can be safely
neglected.

In this paper, we will take all known NLO contribu-
tions as considered in Ref. [25] into account. For the sake
of the reader, we list these NLO contributions as follows:

(1) The NLO Wilson coefficients Ci(mW) and the
NLO renormalization group evolution matrix U(t, m, α)
as defined in Ref. [29], and the strong coupling constant
αs(t) at two-loop level.

(2) The Feynman diagrams contributing to the hard
kernel H (1)(α2

s ) at the NLO level in the pQCD approach
include: (a) the Vertex Correction (VC) [34]; (b) the
Quark-Loop (QL) contributions [34, 35]; (c) the mag-
netic penguins (MG) contributions [34, 36]; and, (d) the
NLO part of the form factors (FF) as given in Ref. [37].

For the explicit expressions of the decay amplitudes
for the four B→Kη

(′) decays and the relevant functions,
one can see Ref. [25]. We here focus on the NP contri-
butions from the heavy t′ quark.

3.2 Br(B→Kη
(′)) in SM4

We use the following input parameters [26, 27] in the
numerical calculations (all of the masses and decay con-
stants are in units of GeV)

fB=0.21±0.02, fK=0.16, mη=0.548, mη′ =0.958,

mK0 =0.498, mK+ =0.494, m0K=1.7, MB=5.28,

mb=4.8, mc=1.5,MW=80.41, τB0 =1.53 ps,

τB+ =1.638 ps.

(12)

For the CKM quark-mixing matrix in the SM, we adopt
the Wolfenstein parametrization, as given in Ref. [26, 27],
and take A = 0.832, λ = 0.2246, ρ̄ = 0.130± 0.018,
η̄=0.350±0.013. For the three NP parameters, we have
chosen similar values as those used in Ref. [13]:

|λt′ |=0.015±0.010, φt′ =0◦±45◦,

mt′ =(600±400) GeV.
(13)

We here firstly calculate the branching ratios of the
considered decay modes in both the SM and SM4 by em-
ploying the pQCD factorization approach. In the B-rest
frame, the branching ratio of a general B→M2M3 decay
can be written as

Br(B→M2M3)=τB

1

16πmB

χ |M(B→M2M3)|2 , (14)

where τB is the lifetime of the B meson, χ≈1 is the phase
space factor and equals to unit when the masses of final
state light mesons are neglected.

When all currently known NLO contributions are in-
cluded, we find the pQCD predictions for Br(B→Kη

(′))
in the SM4 (in unit of 10−6):

Br(B0→K0
η)=1.46+0.30

−0.17(ωb)
+1.33
−0.57(ms)

+0.28
−0.22(fB)+0.53

−0.45(a
η

2)
+0.03
−0.09(|λt′ |)+0.14

−0.14(φt′)
+0.04
−0.11(mt′),

Br(B0→K0
η
′)=44.1+15.8

−10.3(ωb)
+11.6
−9.7 (ms)

+8.3
−8.3(fB)+1.2

−0.6(a
η

2)
+3.1
−1.1(|λt′ |)+3.5

−3.5(φt′)
+4.0
−2.1(mt′),

Br(B+→K+
η)=3.59+1.32

−1.02(ωb)
+2.37
−1.57(ms)

+0.67
−0.68(fB)+0.88

−0.77(a
η

2)
+0.23
−0.08(|λt′ |)+0.34

−0.33(φt′)
+0.38
−0.10(mt′),

Br(B+→K+
η
′)=51.7+13.0

−9.8 (ωb)
+12.6
−6.8 (ms)

+9.9
−9.7(fB)+2.2

−1.3(a
η

2)
+1.5
−4.1(|λt′ |)+4.3

−4.7(φt′ )
+1.9
−5.1(mt′),

(15)

where the major theoretical errors are induced by the
uncertainties of two sets of input parameters:

1) The ordinary “SM” input parameters: ωb =0.4±
0.04 GeV, ms=0.13±0.03 GeV, fB=0.21±0.02 GeV and
Gegenbauer moment aη

2 =0.44±0.22 (here aη

2 denotes a
ηq

2

or aηs

2 ), respectively;
2) The NP input parameters with the uncertainties

as defined in Eq. (13).
In Table 1, we list the NLO pQCD predictions in the

framework of the SM (column two) or the SM4 (column
three). In column four we show the NLO SM predictions
based on the QCD factorization (QCDF) approach, as
given in Ref. [35]. And finally, the world averaged val-
ues of experimental measurements [26] are given in the
last column. The SM predictions in the column two of
Table 1 agree perfectly with those as given in Ref. [25],
where the ordinary FKS η-η′ mixing scheme was em-
ployed. The theoretical errors labeled with “SM” or
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“NP” denote the quadrature combination of the theo-
retical errors from the uncertainties of two sets of input
parameters (ωb, ms, fB, aη

2) and (|λt′ |, φt′ , mt′), respec-
tively. From the numerical results as shown in Eq. (15)
and Table 1, we find the following points:

1) The pQCD predictions for Br(B→Kη
(′)) become

smaller than the SM ones after the inclusion of the NP
contributions due to the destructive interference between
the SM and NP contributions, but they still agree with
the measure values within one standard deviation since
the theoretical errors are still large.

2) For Br(B0 →K0
η) (Br(B+ →K+

η)), the NP de-
crease of the central value of the pQCD prediction is
about 40% (10%). The agreement between the theoret-
ical predictions for Br(B→Kη) is improved effectively
after the inclusion of NP contributions.

3) However, for Br(B0→K0
η
′) (Br(B+→K+

η
′)) the

NP decrease is about 23% (12%), but such changes are
disfavored by the data.

Although the four B → Kη
(′) decays are generally

penguin-dominated decays, the relative strength of the
penguin part against the tree and/or other parts can be
rather different for different decay modes. The explicit
numerical calculations tell us that the penguin contri-
bution plays a more important rule in B0 →K0

η decay
than in other three decay modes in consideration, the

t′-penguins consequently provide a much larger modifi-
cation to Br(B0→K0

η) (a decrease about 40%) than to
other decays (a decrease from 10% to 23% in magnitude).

3.3 CP -violating asymmetries in SM4

Now we turn to the CP -violating asymmetries of
B→Kη

(′) decays in the pQCD approach. For B±→K±
η

decays, there is a large direct CP asymmetry (Adir
CP

)
due to the destructive interference between the penguin
amplitude and the tree amplitude. The NLO pQCD pre-
dictions for the direct CP asymmetries (in units of 10−2)
Adir

CP
(B±→K±

η) and Adir
CP

(B±→K±
η
′) in the SM (col-

umn two) and the SM4 (column three) are listed in Ta-
ble 2. As a comparison, the QCDF predictions and the
data as given in Refs. [26, 35] are also given in the last
two columns.

As to the CP -violating asymmetries for the neutral
decays B0→K0

η
(′), the effects of B0−B̄0 mixing should be

considered. The explicit formulae for the CP -violating
asymmetries of B0(B̄0) → K0

η
(′) decays can be easily

found (for example, in Ref. [25]), we here make the nu-
merical calculations and then show the NLO pQCD pre-
dictions for the direct and mixing-induced CP asymme-
tries in Table 3. The theoretical errors labeled with “SM”
or “NP” have been specified previously.

Table 1. The NLO pQCD predictions for the branching ratios (in unit of 10−6) in the framework of the SM (column
two) and SM4 ( column three). As a comparison, the QCDF predictions [35] and the measured values [26] are also
listed in the last two columns.

channel NLOSM NLOSM4 QCDF [35] data [26]

Br(B0→K0
η) 2.53+3.6

−1.7 1.46+1.49
−0.78(SM)+0.15

−0.20(NP) 1.1+2.4
−1.5 1.23+0.27

−0.24

Br(B0→K0
η
′) 57.1+23.7

−17.0 44.1+21.3
−16.4(SM)+6.2

−4.2(NP) 46.5+41.9
−22.0 66.1±3.1

Br(B+→K+
η) 3.94+3.8

−2.2 3.59+2.93
−2.14(SM)+0.56

−0.36(NP) 1.9+3.0
−1.9 2.4+0.22

−0.21

Br(B+→K+
η
′) 58.6+24.0

−17.2 51.7+20.8
−15.4(SM)+4.9

−8.1(NP) 49.1+45.2
−23.6 71.1±2.6

Table 2. The pQCD predictions for the direct CP asymmetries (in units of 10−2) of charged B±
→K±

η
(′) decays in

the SM and SM4.

mode NLOSM NLOSM4 QCDF [35] data [26]

Adir
CP

(K±
η) −25.9+13.8

−17.4 −27.9+12.4
−10.5(SM)+8.6

−6.7(NP) −19+29
−30 −37±8

Adir
CP

(K±
η
′) −4.3+2.0

−1.6 −4.6+2.0
−2.0(SM)+1.3

−0.4(NP) −9.0+10.6
−16.2 1.3+1.6

−1.7

Table 3. The pQCD predictions for the CP asymmetries (in units of 10−2) for neutral B0
→K0

η
(′) decays in the

SM and SM4, and the measured values as given by HFAG [26].

mode NLOSM NLOSM4 data [26]

Adir
CP

(B0→K0
Sη) −11.0+4.0

−3.9 −14.8+5.0
−5.1(SM)+1.3

−0.6(NP) —

Amix
CP

(B0→K0
Sη) 65.9+3.3

−5.1 71.4+3.2
−1.6(SM)±0.03(NP) —

Adir
CP

(B0→K0
Sη

′) 3.5±0.3 4.1+0.2
−0.3(SM)+0.6

−0.3(NP) 1±9

Amix
CP

(B0→K0
Sη

′) 69.8±0.3 70.5+0.1
−0.2(SM)±0.2(NP) 64±11
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From the numerical results, as listed in Tables 2 and
3, one can see that the NP effects on the pQCD predic-
tions for the CP -violating asymmetries of the considered
four decays are generally much smaller than the theoret-
ical errors.

4 Summary

In this paper, we calculated the NP contributions to
the four B→Kη

(′) decays in the SM4. From our numer-
ical calculations and phenomenological analysis, we find
the following points:

1) In both the SM and SM4, the pQCD predic-
tions for the branching ratios and CP -violating asym-

metries agree with the data within one standard devia-
tion, which, of course, is partially due to the still large
theoretical errors.

2) For Br(B0 → K0
η) and Br(B+ → K+

η), the NP
decrease is about 40% and 10%, respectively. The agree-
ment between the theoretical predictions and the data is
improved effectively after the inclusion of NP contribu-
tions.

3) However, for Br(B0 →K0
η
′) and Br(B+ →K+

η
′)

the NP decrease is about 23% and 12%, respectively, but
such changes are disfavored by the data.

4) The NP corrections on the CP -violating asym-
metries of the considered decays are only about
10%.
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