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Solutions of the two-body Salpeter equation under the Coulomb and

exponential potential for any l state with Laplace approach
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Abstract: In this paper we have solved the two-body spinless-Salpeter (SS) equation under the Coulomb and

exponential type potentials. We have applied an approximation for the centrifugal term in our calculations. The

energy eigenvalues and the corresponding eigenfunctions are reported by using the Laplace transform approach for

any n, ` states.
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1 Introduction

The problem of solving the non-relativistic and rel-
ativistic wave equations has been attracting much in-
tention in the literature. In relativistic quantum me-
chanics, the solutions of the Klein-Gordon (KG), Dirac
and SS equations with various physical potentials play
an important role in nuclear physics and other related
areas. Because of the presence of the centrifugal term,
the exact solution of the above equations is only possi-
ble for some potentials. To solve the SS, KG and Dirac
equations many methods have been applied for exam-
ple, super symmetry quantum mechanics (SUSY) [1],
the Nikiforov-Uvarov (NU) method [2], the quantization
rules [3], series expansion [4], ansatz method [5, 6], etc.

In the present work we have considered the SS equa-
tion which describes the spinless particles. A few authors
have considered this equation, for instance in Ref. [7]
the SS equation is analytically solved for Hulthén poten-
tial after using appropriate approximations with the NU
method. To deal with this equation, we have obtained
the energy eigenvalues and the corresponding eigenfunc-
tions of the system under the Coulomb and exponential
type potentials by using the powerful Laplace transform
approach [8, 9].

The Laplace transform is a widely used integral trans-
form with many applications in physics and engineer-
ing. Applying this method allows us obtain the exact
solutions of central and non-central potentials [8]. In
this approach the SS equation reduces in to a first- or-
der differential equation meaning those solutions may be
obtained easily. The organization of this paper is as fol-
lows: In Section 2 we review the two-body Hamiltonian

of the SS equation. The eigenvalues and eigenfunctions
of the SS equation under the Coulomb and exponential
potentials with Laplace transform are brought in at Sub
sections 2.1 and 2.2. and finally, our conclusion is given
in Section 3.

2 The two-body- Hamiltonian

In the center of a mass system the SS equation under
a spherically symmetric potential has the form [10]

[

∑

i=1,2

√

m2
i−∆+V (r)−En,l−m1−m2

]

χ(~r)=0. (1)

Where
χ(~r)=Rnl(r)Ylm(θ,φ), (2)

where m1 and m2 are the masses of particles, ∆=∇2 and
V (r) are the interaction potentials and En,l is the total
energy of the system. In the case of heavy interacting
particles, Eq. (1) can be written as

[

− 1

2µ

(

d2

dr2
+

2

r

d

dr
− l(l+1)

r2

)

− µ2

2η3
(V (r)−En,l)

2

+(V (r)−En,l)

]

Rn,l(r)=0. (3)

Applying the well-known transformation

Rn,l(r)=
ψn,l(r)

r
. (4)

Eq. (3) reads as
[

− ~
2

2µ

d2

dr2
+
l(l+1)~2

2µr2
+Wn,l(r)−

W 2
n,l(r)

2m̃

]

ψn,l(r)=0, (5)
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where

Wnl(r)=V (r)−En,l, µ=
m1m2

m1+m2

,

η=µ

(

m1m2

m1m2−3µ2

)1/3

, m̃=
η3

µ2
.

(6)

In the next sections, we consider the SS equation un-
der the Coulomb and exponential type potentials.

2.1 The SS equation under the Coulomb poten-

tial

We consider the Coulomb potential as

V (r)=−C
r
, (7)

where C is a constant, with substitution Coulomb po-
tential into Eq. (3), we have

[

d2

dr2
+

2

r

d

dr
+

1

r2
(

D+E′

n,lr+Fr
2
)

]

Rn,l(r)=0, (8)

where

D=
µC2

~2m̃
−`(`+1), E ′

n,l=
2µC

~2
+

2µCEn,l

~2m̃
,

F=
2µEn,l

~2
+
µE2

n,l

~2m̃
.

(9)

By choosing

Rn,l(r)=r
Afn,l(r), (10)

where A is a constant parameter. Substituting Eq. (10)
into Eq. (8) one can find

[

d2fn,l(r)

dr2
+

2A+1

r

dfn,l(r)

dr

+
1

r2
[

Fr2−E′

n,lr+(A2+A+D)
]

fn,l(r)

]

=0. (11)

By considering the following condition

A2+A+D=0→A=
−1−

√
1−4D

2
, (12)

we obtain the confluent hypergeometric equation and the
value of A.

By using Eq. (12), Eq. (11) is modified as
[

r
d2fn,l(r)

dr2
+(2A+1)

dfn,l(r)

dr
+

1

r

[

Fr2−E′

n,lr
]

fn,l(r)

]

=0.

(13)
Applying the Laplace transform defined as [11]

L{f(r)}=f(t)=

∫
∞

0

dre−trf(r), (14)

we arrive at a first-order differential equation from Eq.
(13) as

(t2+F )
dfn,l(t)

dt
−

[

(2A−1)t−E ′

n,l

]

fn,l(t)=0, (15)

where fn,l(t) is the inverse Laplace of fn,l(r). By solving
Eq. (15) we have

fn,l(t)=(t−F 1/2)2A−1

(

t+F 1/2

t−F 1/2

)
E

2F1/2
+A−

1
2

. (16)

To obtain a single-valued wave function, we impose the
following condition

n=
E′

n,l

2F 1/2
+A−1

2
. (17)

From Eqs. (9) and (12), Eq. (17) is simplified as

n =











2µC

~2
+

2µCEn,l

~2m̃

2

(

2µEn,l

~2
+
µE2

n,l

~2m̃

)
1
2











−1

2

(

1−4µC2

~2m̃
+4`(`+1)

) 1
2

−1. (18)

Considering the above condition and applying a simple
series expansion to Eq. (16), we obtain

fn,l(t)≈
n

∑

m=0

n!

(n−m)!m!
(t−F 1/2)2A−1−m(2F 1/2)m. (19)

Using the inverse Laplace transformation into Eq. (19)
we obtain [11]

fn,l(r) = Nn,lr
1−2AeF1/2r

n
∑

m=0

(−1)mn!

(n−m)!m!

Γ (−2A+2)

Γ (m−2A+2)

×(−2F 1/2r)m, (20)

where Nn,l is the normalization constant. From the fol-
lowing definition of hypergeometric function

1F1(−n,σ,x)=
n

∑

m=0

(−1)mn!

(n−m)!m!

Γ (σ)

Γ (σ+m)
xm. (21)

Eq. (20) can be written as

fn,l(r)=Nn,lr
1−2AeD1/2r

1F1(−n,2−2A,2F 1/2r). (22)

From the relation of Laguerre polynomials and confluent
hypergeometric [12]

Lη
n(x)=

Γ (n+η+1)

n!Γ (η+1)
1F1(−n,η+1,x), (23)

we obtain

fn,l(r)=
n!Γ (2−2A)

Γ (n+2−2A)
Nn,lr

1−2AeF1/2rL1−2A
n (2F 1/2r).

(24)
Therefore the wave function of the system is

Rn,l(r)=Nn,l

n!Γ (2−2A)

Γ (n+2−2A)
r1−AeF1/2rL1−2A

n (2F 1/2r).

(25)
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2.2 The SS equation under the exponential po-

tential

The exponential type potential that we have consid-
ered, has the following form [10]

V (r)=ν0e
−α(r−r0). (26)

Substitution of Eq. (26) into Eq. (5) gives
[

− ~
2

2µ

d2

dr2
+
l(l+1)~2

2µr2
+

(

ν0e
−α(r−r0)−En,l

)

− (ν2
0e−2α(r−r0)+E2

n,l−2ν0e
−α(r−r0)En,l)

2m̃

]

ψn,l(r)

= 0. (27)

To proceed on, we make use of an approximation of the
form

1

r2
≈(c0+c1e

−αx+c2e
−2αx), (28)

where

x=
r−r0
r0

, α=ar0, c0=
1

r20

(

1− 3

α
+

3

α2

)

,

c1=
1

r20

(

4

α
− 6

α2

)

, c2=
1

r20

(

− 1

α
+

3

α2

)

.

(29)

By introducing a new variable of the form

z=e−αx. (30)

And using Eqs. (28) and (30), Eq. (27) comes in the form
(

d2

dz2
+

1

z

d

dz
− 1

z2

[

1

α2
(Bz+Cz2+D)

])

ψn,l(z)=0, (31)

where

B=r20

(

c1`(`+1)+
2µν0

~2
+

2ν0Enlµ

m̃~2

)

,

C=r20

(

− µν2
0

m̃~2
+c2`(`+1)

)

,

D=r20

(

c0`(`+1)−2µEnl

~2
−µE

2
nl

m̃~2

)

.

(32)

To obtain the confluent hypergeometric equation, we ap-
ply a transformation of the form

ψn,l(z)=z
Afn,l(z). (33)

Inserting Eq. (33) in Eq. (31), we have
{

d2fn,l(z)

dz2
+

2A+1

z

dfn,l(z)

dz

− 1

z2
[B′z+C ′z2+(D′−A2)]fn,l(z)

}

=0, (34)

where

B′=
B

α2
, C ′=

C

α2
,D′=

D

α2
, (35)

and

D′−A2=0→A=±
√
D′→A=−

√
D′. (36)

We can write Eq. (34) as
{

z
d2fn,l(z)

dz2
+(2A+1)

dfn,l(z)

dz
−1

z
[B′z+C ′z2]fn,l(z)

}

=0.

(37)
By using the Laplace Transform into Eq. (37) we arrive
at

(t2−C ′)
dfn,l(t)

dt
−[(2A+3)t−B′]fn,l(t)=0. (38)

The solution of the above equation is

fn,l(t) ≈ (t+C ′1/2)
−(2D′1/2

−3)

×
(

t−C ′1/2

t+C ′1/2

)−B′/2(C′1/2)− 1
2
(2D′1/2

−3)

. (39)

To obtain a single-valued wave function, we should have

n=−B′/2(C ′1/2)−1

2
(2D′1/2−3). (40)

From Eqs. (32) and (35), the energy eigenvalues satisfy
the following equation

n =

r0

(

2ν0Enlµ

m̃~2
+

2µν0

~2
+c1`(`+1)

)

2

(

− µν2
0

m̃~2
+c2`(`+1)

) 1
2

− r20
α2

(

c0`(`+1)−2µEnl

~2
−µE

2
nl

m̃~2

) 1
2

+
3

2
. (41)

By applying a simple series expansion, we can write Eq.
(39) as

fn,l(t)≈
n

∑

m=0

n!

m!(n−m)!
(t+C ′1/2)−(2D′1/2

−3)−m(−2C ′1/2)m.

(42)
Using the inverse Laplace transformation in Eq. (42) we
find [12]

fn,l(z) ≈ Nz(2D′1/2
−4)e

−C′1/2z
n

∑

m=0

(−1)mn!

m!(n−m)!

× Γ (2D′1/2−3)

Γ (2D′1/2+m−3)
(2C ′1/2z)m, (43)

finally from Eq. (21) and Eq. (23) one can obtain

fn,l(z)=Nz
(2D′1/2

−4)e
−C′1/2z

1F1(−n,2D′1/2−3,2C ′1/2z),
(44)
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or

fn,l(z) =
n!Γ (2D′1/2−3)

Γ (n+2D′1/2−3)
Nz(2D′1/2

−4)

×e
−C′1/2z

L2D′1/2
−4

n (2C ′1/2z). (45)

Inserting Eqs. (29), (30) and (45) into Eq. (33) gives

ψn,l(r) = Nn,l

n!Γ (2D′1/2−3)

Γ (n+2D′1/2−3)

×exp
(

−a(2D′1/2−4+A)(r−r0)
)

×exp
(

−C ′1/2e−a(r−r0)
)

L2D′1/2
−4

n

×(2C ′1/2e−a(r−r0)). (46)

By using the eigenfunctions of a system we can study the
static properties of the system.

3 Conclusion

We have obtained the solution of the SS equation un-
der two types of potential, the Coulomb and exponential
type potentials. We have reported the eigenfunctions of
the system under these two types of potential by using
the Laplace transformation. It is shown that the Laplace
transformation is a useful and applicable method to ob-
tain the energy spectra and the corresponding eigenfunc-
tions of the system.
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