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Abstract:

In this paper we have solved the two-body spinless-Salpeter (SS) equation under the Coulomb and

exponential type potentials. We have applied an approximation for the centrifugal term in our calculations. The

energy eigenvalues and the corresponding eigenfunctions are reported by using the Laplace transform approach for

any n, ¢ states.
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1 Introduction

The problem of solving the non-relativistic and rel-
ativistic wave equations has been attracting much in-
tention in the literature. In relativistic quantum me-
chanics, the solutions of the Klein-Gordon (KG), Dirac
and SS equations with various physical potentials play
an important role in nuclear physics and other related
areas. Because of the presence of the centrifugal term,
the exact solution of the above equations is only possi-
ble for some potentials. To solve the SS, KG and Dirac
equations many methods have been applied for exam-
ple, super symmetry quantum mechanics (SUSY) [1],
the Nikiforov-Uvarov (NU) method [2], the quantization
rules [3], series expansion [4], ansatz method [5, 6], etc.

In the present work we have considered the SS equa-
tion which describes the spinless particles. A few authors
have considered this equation, for instance in Ref. [7]
the SS equation is analytically solved for Hulthén poten-
tial after using appropriate approximations with the NU
method. To deal with this equation, we have obtained
the energy eigenvalues and the corresponding eigenfunc-
tions of the system under the Coulomb and exponential
type potentials by using the powerful Laplace transform
approach [8, 9].

The Laplace transform is a widely used integral trans-
form with many applications in physics and engineer-
ing. Applying this method allows us obtain the exact
solutions of central and non-central potentials [8]. In
this approach the SS equation reduces in to a first- or-
der differential equation meaning those solutions may be
obtained easily. The organization of this paper is as fol-
lows: In Section 2 we review the two-body Hamiltonian
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of the SS equation. The eigenvalues and eigenfunctions
of the SS equation under the Coulomb and exponential
potentials with Laplace transform are brought in at Sub
sections 2.1 and 2.2. and finally, our conclusion is given
in Section 3.

2 The two-body- Hamiltonian

In the center of a mass system the SS equation under
a spherically symmetric potential has the form [10]

lz \/mg_mvm_En,l_ml_mzl x(M=0. (1)
i=1,2
Where

X(F):Rnl (T)K77l(97¢)7 (2)
where m; and m, are the masses of particles, A=V? and
V(r) are the interaction potentials and E,,; is the total
energy of the system. In the case of heavy interacting
particles, Eq. (1) can be written as

1 /d2 2d 1(+1) p? 9
o ) V)
+(V(r)=Epy) | Roa(r)=0. (3)

Applying the well-known transformation

na\T
Roa(r) =), (4)
Eq. (3) reads as
B2 d2 1(14+1)h? W2.(r) _
“apdr g W)= | ) =0, 6)
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where
mimeg

Wn =V _En 5 = 3
i(1) (r) 1 S

(6)

N MMy e . n’
= <m1m2—3u2) ’ m_E'
In the next sections, we consider the SS equation un-
der the Coulomb and exponential type potentials.

2.1 The SS equation under the Coulomb poten-
tial

We consider the Coulomb potential as

V=3, ()

r

where C' is a constant, with substitution Coulomb po-
tential into Eq. (3), we have

2 2d 1

! 2 —
E 2L ) Rz, ®
where
uC? , 2uC 2uCE,,
D= 2m_é(€+1)7 En,l: 12 + h2m
2 (9)
F: 2,UEn,l :u’En,l
h2 h2m

By choosing
Rn,l(r):TAfn,l(r)7 (10)

where A is a constant parameter. Substituting Eq. (10)
into Eq. (8) one can find

d2fn,l (T) + 2A+1 dfn,l (7")
dr2 r dr

=0. (11)

m

1
+3 [Fr®—E., r+(A*+A+D)] fou(r)

By considering the following condition
—1—+/1-4D
2 )

we obtain the confluent hypergeometric equation and the
value of A.
By using Eq. (12), Eq. (11) is modified as

A*+A+D=0—A= (12)

e fnm}—O-

dr? dr
(13)
Applying the Laplace transform defined as [11]
LU =10 are s, (14)
0

we arrive at a first-order differential equation from Eq.
(13) as

dfn,l(t)

2
(t*+F) gr

—[@A-D)t=E, ] fu.(t)=0, (15)

where f,, ;(t) is the inverse Laplace of f, ;(r). By solving
Eq. (15) we have

1
+A—3

t+F1/2 2F’f/2
) (16)

fn,l(t):(t_Fl/z)Mil (t—F1/2

To obtain a single-valued wave function, we impose the
following condition

E’:L l 1

"=opiatATy

From Egs. (9) and (12), Eq. (17) is simplified as

(17)

2uC 2uCE,,
h? h2m

2uk,, nE:
2 i B
( h? + h2m

1 4pC* 3
-3 (1— i +4€(€+1)) —1.

[N

(18)

Considering the above condition and applying a simple
series expansion to Eq. (16), we obtain

n!
IO i = F AT @E )

m=0

(19)

Using the inverse Laplace transformation into Eq. (19)
we obtain [11]
" (=1)"n!

B Loa pl/2, I'(—2A+2)
fn,l('r) — Nn,LT e Z{)(n—m)'m' F(m—2A+2)

m=

x (—2FY 2™, (20)

where NN, ; is the normalization constant. From the fol-
lowing definition of hypergeometric function

" (=1)™n! I'(o
1F1(—”a07$)zz (7(1—77)1)!771! F(U(—H)n)

m=0

a2, (21)

Eq. (20) can be written as
Fas(r) =N, r'=24eP"*r F\ (—n,2—24,2F"2r). (22)

From the relation of Laguerre polynomials and confluent
hypergeometric [12]

I'(n4+n+1)
L'(x)=————1F1(— 1 23
n(I) TL'F(??+1) 1 1( TL777+ ,l‘), ( )
we obtain
n'F(2—2A) _ 1/2 _
. — Nn 1-2A _F 'rLl 2A 2F1/2 .
f7 J(T) F(n—|—2—2A) AT S n ( ’f‘)

(24)
Therefore the wave function of the system is
n'F(2—2A) 1-A F1/2 _
'rLl 2A 2F1/2 .
Tnr2—24) ¢ NG

(25)

Rn,l (T) :Nn,l
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2.2 The SS equation under the exponential po-
tential

The exponential type potential that we have consid-
ered, has the following form [10]

V (r)=vee =70, (26)
Substitution of Eq. (26) into Eq. (5) gives
R A2 l(4+1)h? (r—r0)
- N s —a(r—r _En
2p dr? 2ur? + (Voe 'l)

(Vgef2a(r-—m)+E3L’l_2yoefa(r-—r0)Enyl)

- : } ba7)

2m

= 0. (27)

To proceed on, we make use of an approximation of the
form

1
T—Zz(co—i—cle’a’”—i—ge’zw), (28)

where

z=e" %, (30)
And using Egs. (28) and (30), Eq. (27) comes in the form

( ¢ 14 1 |:%(BZ+022+D)]>1/)%Z(Z)_07 (31)

dz? zdz 22

where

2pvy | 200 B p
2
B=r; <01€(€+1)+ = + h? )

C=r2 <— LA e(£+1)> (32)
AR ’

2
D=r} <00€(€+1)— 2B _ ME”Z) .

h? mh?

To obtain the confluent hypergeometric equation, we ap-
ply a transformation of the form

Yna(2)=2"fna (2). (33)
Inserting Eq. (33) in Eq. (31), we have

dzfn’l (Z) + 2A+1 dfn,l (Z)
dz? z dz

1
2

[B,Z+C,Z2+(D,—A2)]fn,z(z)}:07 (34)

where
/ ! C / D
B:oﬂ’C:?’D:?’ (35)
and
D'-A*=0—A=+VD' - A=—VD'. (36)

We can write Eq. (34) as

tMﬂMH)%thé[B'”O/ﬂf”vl(z) =0

dz?
(37)
By using the Laplace Transform into Eq. (37) we arrive
at

dfnu(t)
dt

The solution of the above equation is

(t*—C") —[(2A43)t—B’] f..(t)=0. (38)

—(2D'1/273)

Faa(t) = (t4+C"/%)

t_C’l/? 7B,/2(C,1/2)7%(2D/1/273)
X ( ) . (39)

t+C"/2

To obtain a single-valued wave function, we should have
1

11:—)53’/2(0’1/2)—5 (2D"/2-3). (40)

From Eqs. (32) and (35), the energy eigenvalues satisfy
the following equation

2v0 B 2uvyg
"\ Tamz TR

+01€(€+1))

n =

2 3
2 (— okl +c2é(£+1)>

mh?

2

.
- (COWH)—

St ) ()

2B pEZ ) T3
2

By applying a simple series expansion, we can write Eq.
(39) as

- n!

11/2
fn,l(t)%mZ m'(n_m)' (t_I_C/1/2)—(2D / —3)—m(_2011/2)m'
(42)
Using the inverse Laplace transformation in Eq. (42) we
find [12]

N (2D'1/274) _c't/2, n (_1)mn|
Fra(2) ~ Nz ¢ ;m!(n—m)!
repv?-3
( ) (2011/22)m, (43)

“T@D2+m—3)
finally from Eq. (21) and Eq. (23) one can obtain

, _c’l/2,
fn,L(Z):NZ@D 1/274)e c 1F1(—n,QD/1/2_3,20/1/22)7
(44)
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or
nI[(2D"V/?—3)

N (2D/1/274)
T(n+2D/2—3) "

fn,l(z) =

e/
e TR Pagonzy (45)
Inserting Egs. (29), (30) and (45) into Eq. (33) gives
n!l'(2D""/2-3)
n = N7L T a0 oy
¥na (1) "T(n+2D"/2-3)
xexp(—a(2D""?—44A)(r—ry))

X eXp (_Oll/Zefa(rf'rg)) LiD’l/Z—AL

X (2071/2¢=a(r=r0)), (46)

By using the eigenfunctions of a system we can study the
static properties of the system.

3 Conclusion

We have obtained the solution of the SS equation un-
der two types of potential, the Coulomb and exponential
type potentials. We have reported the eigenfunctions of
the system under these two types of potential by using
the Laplace transformation. It is shown that the Laplace
transformation is a useful and applicable method to ob-
tain the energy spectra and the corresponding eigenfunc-
tions of the system.
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