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Dirac equation with a magnetic field in 3D
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Abstract: For a spin-1/2 particle moving in a background magnetic field in noncommutative phase space, the Dirac

equation is solved when the particle is allowed to move off the plane that the magnetic field is perpendicular to. It

is shown that the motion of the charged particle along the magnetic field has the effect of increasing the magnetic

field. In the classical limit, matrix elements of the velocity operator related to the probability give a clear physical

picture. Along an effective magnetic field, the mechanical momentum is conserved and the motion perpendicular to

the effective magnetic field follows a round orbit. If using the velocity operator defined by the coordinate operators,

the motion becomes complicated.

Key words:
PACS: 02.40.Gh, 03.65.-w, 11.10.Nx

1 Introduction

The idea of space-time non-commutativity was pro-
posed to resolve the problem of infinite energies in quan-
tum field theory [1]. Discoveries in string theory and M-
theory that the effects of noncommutative (NC) spaces
may appear near the string scale and at higher energies
[2-4] motivate studies in these areas greatly. Recently,
a lot of problems have been investigated on the theory
of NC spaces [5-25] such as the quantum Hall effects [5—
9], the harmonic oscillator [10-14], the coherent states
[15], the thermodynamics [16], the classical-quantum re-
lationship [17], the motion of the spin-1/2 particle under
a uniform magnetic field [18], various kinds of relativis-
tic oscillators [19, 20, 23, 24], etc. In [18], the particle is
confined to the plane the applied magnetic field is per-
pendicular to. In this article, we discuss the case that
the particle is allowed to move off the plane.

In the next section, we derive the energy spectrum
and wave functions in 3D NC phase space. It is shown
that the 3D NC phase space induces an effective mag-
netic field in a new direction. Matrix elements of velocity
and momentum operators give solutions to the semiclas-
sical equations of motion. The final section is the sum-
mary.

2 Three-dimensional motion

Without loss of generality, we assume that the
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magnetic field is along the z-axis. In the symmetry
gauge, components of the vector potential in 3D space
have the form (A;, Ay, A3)=(—Byi»/2, Byit1/2,0), where
By is the field strength. For a charged spin-1/2 particle
moving in this background magnetic field, the Hamilto-
nian reads

ﬁSD:C(a1ﬁ1+042]52+043]53)+ﬁm027 (1)

where ]31:]514—(1301?2/2, ﬁ2:P2—qBoj1/2 and py =P are
the mechanical momentum operators with (I:’l, P, 1%)
being the canonical momentum operators. From here on,
small p; (j=1, 2, 3) represents the mechanical momen-
tum operators, while the capital ]5] (=1, 2, 3) stands
for the canonical momentum operators. As the compo-
nent A; of the vector potential is zero, the mechanical
and canonical momentum operators along the magnetic
field are the same, which means p; = pg. The matrices
a; (j=1, 2, 3) and § in (1) have the forms

0 oy 1o
MR

with o; being the 2x2 Pauli matrices and I the identity
matrix. In commutative spaces, there are the commuta-
tion relations [py, Ps]=[p2, P3] =0 and so the operator p;
commutes with the Hamiltonian. In another words, the
momentum along the z-axis is conserved. In this case,
the 3D problem is a trivial extension of the 2D system.
However, in 3D NC phase space, the momentum oper-
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ator p; does not commute with the Hamiltonian and is
thus not conserved.

In NC phase space, the coordinate and momentum
operators obey the commutation relations

[5%17@2] = [$27m3] [x?n‘rl]_l/'ba

[P17P2] = iV7[P27P3]:[P37P1]:iV07 (3)

|::E17P1:| = |:"i‘2;P2:| = |:£37P3:| :lhv
with u, v and vy being the NC parameters. To show
clearly the NC effects between (Pl, P2) and P3, the two
parameters v and v, are written using different symbols.
However, v and v, can be equal numerically. The Heisen-

berg equations of motion for the mechanical momentum
operators are

% = UoMwe—UVzma,

dt 2 e 3 0y

dp, . .

— = —U1Mw.+0V3may, 4
at 1 +vUs 0 ()
% = U1mMwe—"sma

dt 1 e 2 09

where 0;=ca; (j=1, 2, 3) and
ao=vo/(mh), we=qBo/m+v/h+¢’Bipu/(4h).  (5)
The three equations in (4) can be rewritten in the vector
form as .
Ocll_f _qux By, (6)
where
By = mwoNse/q,wo=/w2+2a3,
nse = (sinf,sind, v2cosh) /2, (7)
sinf = ﬁao/wo,cosﬁzwc/wo.
Clearly, Eq. (6) describes a charged particle moving in a

effective magnetic field Eg. The mechanical momentum

operator is p and the velocity operator is v =ca. The
unit vector ns, is along the effective magnetic field. From
(5, 7), we know that the motion along the magnetic field
or the parameter v, increases the effective magnetic field
through aq.

The time derivative of the coordinate operator gives

another velocity operator u = (4, 4, 3), the compo-
nents of which are

N dz 1. - B

() =2 m[zl,H]cal(HqQ;“),

R dz 1., - B

Uy (t)= dt2 m[arz,H]*cozg (1+q2;;u>, (8)
. dz B, B
ug(t):d—;:—ca1q2;;u—ca q2;;u—|— Q.

In the case of u =0, this velocity operator u reduces
to ca. We see that the velocity operator defined by
the time derivative of the coordinates and that from the
Heisenberg Equation (6) are not the same. Next we give
a further analysis about the velocity operator from the
point of view of probability. Using the Dirac equation
Hvy=ihov /ot and its Hermitian conjugate, one derives
the equation

ap 1
at
where p:z/;ﬁ/;, which can be considered as the probabil-

ity density without ambiguity. In commutative case and
in the coordinate representation, the canonical momen-

(B whycav—viea-Po] =0, (9)

tum operator is P=—ihV and its complex conjugate is

P =ihV. Now, Eq. (9) becomes the law of probability
conservation

9 v.7—0 (10)
ar V=Y

where J =1'car) is the probability current density. In
the noncommutative case, the situation becomes compli-
cated. To see the meaning of Eq. (9), we make a com-
mutative realization of the noncommutative coordinate
and momentum operators

1 = p(x1—0Py),Zo=p(xa—0 P3),Z3=p(x5—0P;), (11a)

Pl = P1+1/.T2/FL7P2:P2+V‘(L’3/FL,p3:P3+l/.T1/h7 (11b)

where
- (1+\/1_4W/h2) /2,0=p)(hp?).  (12)

In deriving (11a, b), the relation v, = v has been used
for mathematical simplicity. The quantities x; and P;
(=1, 2, 3) in (11a, b) are the coordinate and momen-
tum operators in commutative spaces. Using (11b) and

the realization P = —iAV, it is found that Eq. (9) can
still be written as (10). The current still has the form

j:dﬂcad). So, ca can be considered as a velocity op-
erator related to the probability. The velocity operator

u does not have this meaning. From the definition (8),
we can see that the velocity operator u changes with the
potential in the Hamiltonian.

The mechanical momentum operator along the effec-
tive magnetic field is

Pao=Nze° D= (1/\/5) (P1+P2)sinf-+pscosh. (13)

The plane perpendicular to this effective magnetic field
is spanned by the two orthogonal unit vectors niy =

(1,-1,0)/v/2 and 149 = (cosé, cosd, —v/2sind)//2, which
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are orthogonal to the effective magnetic field. The me-
chanical momentum operators along these two directions
are

ﬁ19:ﬁ19'§:(ﬁ1—ﬁ2)/\/§7
(14)
Poo=T9-p=c0s0(p1+p2)/V2—pssinb.
It is not difficult to show the following commutation re-
lations
[1319 ,1329] =imhwo,
(15)
[D1r0,D30) = [D26,D30] =0.

Defining ajp=a-n;e (j=1, 2, 3), it is found that a-p=
Q19P10+F Q20 Pog+iz9P39. From this result and the commu-
tations (15), we get [psg, H]=0, which means the momen-
tum along the effective magnetic field is conserved, which
is similar to the commutative case. Using p;e, Eqgs. (4)
or (6) are rewritten as

dp . d .
(’1’;":queBe,%:—quleBe,—zo, (16)

where 0;p=07,5. One sees that psy is constant. Writing
the eigenstates of Pss as 1) or psg|n) =n|n), the eigen-
value 7 is real as psg is Hermitian. As the motion along
the effective magnetic field is clear, next we focus on the
motion perpendicular to the effective magnetic field or
we consider the case n=0.

Writing the wave function as

_ i _ | 1)
(o) =lojexn (~3Et). 1o)=| | w»]’ a7)
the stationary Dirac equation Hsp|¢)=E|t)) becomes
me | )+5-peluz) = El), (18)
&-peltn) =me|is) = Elia). (19)
From (19), we have
B E-}%c
Y=g i) (20)

Substituting (20) into (18), after some calculations we
get

~2

[p +m?c'—ho - nggwemc?®] [P,y =E? |1, ). (21)
To solve Eq. (21), we notice that o-n3y commutes with
"2

p and the function |1;) can be written as [1,)=|¢)|\)
with
5 a0 N =AY, (22)

(P2, +DP2g ) +m>c —hdwemc?|p=E?|¢). (23)

It is easy to see that (0-n3s)°=1 and so the eigenvalues
A==£1. The operators in (11) can be rewritten in the
form

1319:P19+qBoX29/27

(24)
ﬁ29=P20—qBoX10/27
where
Pw:(P1—P2)/\/§7X19:(531—572)C089/\/§7
(25)
P29:(P1+P2)COSG/\/§—P35in9,X29:(.’ijl—'—jfg)/ﬁ,
which satisfy the following commutation relations
[Xwapze]:[j(ze,pw]:oa
[Xlg,ng]:i/,LCOSHEi,U/e,
. (26)
[Pw,P23]=il/(cose+\/§sin9)ziue,
|:X19,P19:| = |:X29,P29:| :ihCOSGEihC.
Defining
A PiotiDao 31 Dio—iP2g (27)

\/2mh(d0 ’ N \/2mh(d0 '

Eq. (23) becomes
[2mc2hwo (At A+1/2)4+m2c' —hAwome?]|p)=E?|¢). (28)

The operators (27) obey [A, A]=1, which means that
the eigenvalues of ATA are integers

ATA|n>A:n|n>A7 (29)

where the integer n takes the values 0, 1, 2, 3, ---. Using
the ground state |0), defined by A[0), =0, any state
[n) , can be written as |n) ,=(A)|0), /v/n!. Replacing
|¢) by |n), in (28), we get the energy spectrum

Eon=%+/2mc2hwo(n+1/2)+m2ct—hdwome®.  (30)

In quantum field theory, the negative energy corresponds
to the antiparticle.

For the motion on the plane, the state cannot be de-
scribed by |n) , completely. For a 2D problem, we usually
need two quantum numbers to describe the states of the
system. Define two new operators

@19:Pw—PXze,ljze:Pze—Fpr- (31)

When p = (v.+¢Boh./2)/(he+qBop./2), the operators
(31) commute with (P14, P2p). Using the operators (28),
one can construct a new Hermitian operator such as
(G20 —1G10)(Gap +1G10). We write the eigenstates of the
new Hermitian operator as |k),, the wave function for
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the motion on the plane perpendicular to the effective
magnetic field is finally

[thnxi(£))=In) 4 k) g |N) exp(—iEnst/h).  (32)
In the classical limit or the large quantum number
limit (which is the Bohr’s correspondence principle), g¢-
numbers become c-numbers. Or, the momentum opera-
tors pig, Pos, P3¢ in (16) become classical momenta pyg,
Dag, P3¢ In commutative quantum mechanics, it is known
that the sum of the possible matrix elements gives solu-
tions to the classical equations [26-29] in the classical

limit. Here we show that such conclusions can be ap-

plied to the noncommutative spaces. Define the sum of |

the possible matrix elements

oo

Ui (6= (W) eas [ae (1)),
o (33)
Z (Wi ()55 [ (8)) -

=0

As the positive and negative energies correspond to the
particle and antiparticle states respectively, we calculate
the quantities for the positive energy or the particle state.
In this case, the matrix elements (1;xx|P1.260 |V1nrr) are
nonzero only when {=n=+1 (this fact can be obtained by
using the inverse form of formulas (24)). Through some
lengthy calculations, we have

- - 0190-pC? o poec? i
1o (t ; Yuxk () el hnre (£)) 110 = (P1p41,28] E:jn—kzjncz Enﬂinl—f—mcz P10 2k) €XD |:ﬁ(En+l,)\_En>\)t
0100 pC? o-popc? i
+ (P11 k] Jo T R— |1 nak)€XP E(En—l,A_EnA)t
(Y1011, 2P10€% [Y1ar) i
W)m 1Ak| 2p190 |1/}1nkk>exp —( n— IA_En)\)t
E+mc? h ’
2 (s P [ P (e prolibins) e 1)
EnA—I—ch In+1,2k 160 InXk In—1,)\k 160 InXk
V2me2nhw 2¢cv/2me?nhw
—»%[\/TH—leXp(iQt)—F\/ﬁexp(—iQt)}H%COS(QI&), (34a)
> R 2¢y/2mcthw, |
U20 ; ’lﬁpwk |Ca|¢n>\nk( )> WQQHWSHI(Q”. (34b)
In the derivations, the following relations are used. | the coordinates do not give a clear physical picture. By
In the large quantum number limit some calculations, we also get
Eox — \2mcnhw, tm2ci=E,, (35a) (1) 2BV o
Pol) = —F 5 —
En+1,/\_En)\ — En+1,/\_En/\ ~ aE"n,/\ E +m : (36)
h (n+1)h—nh d(nh) " o \/— _
me2 P20 E. - E.tme®
‘ There are the relations p;e(t)=E.v;6(t)/c?, which agrees
(Bpn_12—E.\)/h = —mcw,/E.=—12. (35¢) with the ones in special relativity. One can check that

From (34), we see that vi,+v3, is really a constant. The
forms (34) describe a round orbit. For the velocity op-
erators (8), u?,4+u2, is not a constant. In other words,
the velocity operators defined by the time derivative of

(34, 36) are the solutions to the classical equations corre-
sponding to (6) or (16). In relativistic quantum mechan-
ics, the eigenvalues of the velocity operator are not the
actual velocity of the particle. Quantum matrix elements
in the classical limit provide the desired results.
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3 Summary

Starting from the Dirac equation, the motion of a
charged spin-1/2 particle in a background magnetic field
is studied in 3D NC phase space. The motion of the
particle off the plane that the magnetic field is perpen-
dicular to tends to increase the effective magnetic field.
The matrix elements of velocity operators from the prob-
ability give classical solutions. The velocity operators
defined by the coordinate operators are quite different
from those related to the probability current.

Finally, let us analyze the effects of the noncommuta-
tivity. From (30), there is a relation between the squared
energies of the two states n+1 and n

Ei+1,>\_Ei>\
2mc?h
On the noncommutative parameters, there are actually
no specific results. From the free fall in a uniform grav-
itational field, it is said that p < 107 m? [30]. In
Ref. [31], it is pointed out that the bounds for the non-
commutative parameters are

p<4x107% m? v<1.76x107% kg*m?-s~2.

=wp. (37)

(38)

The appearance of such a situation is due to the fact
that it is difficult to detect the values of the noncom-
mutative parameters using present experimental tech-

niques in direct way. Using the values p=4x107%" m?

v=1.76x10"%" kg®>-m?-s~2, for the electron we have
BB 4B, v ¢Biu
2mc?h ¢

—(1.76x10"'b)Hz

+(2x10*+1.3x107p*)Hz, (39)

where b is a constant. The value of b is equal to the mag-
nitude of the magnetic field B, when B, is measured
in unit of Tesla. In deriving (39), the electronic mass
m=9.11x10~3! kg, the electronic charge g=—1.6x107°C
and the Planck constant A=1.05x1073* J-S have been
used. The first term on the right-hand side of the equal-
ity is the frequency ¢By/m when the noncommutative
parameters are zero. The terms in the brackets are the
modification due to the noncommutativity. Noncommu-
tativity needs super high energies, which demands that
the quantum number n is large and the magnetic field is
super strong. For a super strong magnetic field on the
surface of neutron stars By ~ 10° T [32], the absolute
value of the modification induced by the noncommuta-
tivity is measurable. However, it is very small compared
to the first term. So, to detect the noncommutative ef-
fects directly needs extremely high precision.
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