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Critical temperature and condensed fraction of
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Abstract: Based on Bose-Einstein condensation at minimized momentum state, we get the expressions for

the critical temperature and condensed fraction of Bose-Einstein condensation (BEC) in an external potential

in the three-dimensional (3D) case. For the 1D and 2D cases, we present not only the critical temperature and

corresponding particles but also the condition of BEC occurrence.
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1 Introduction

In 1924, Bose and Einstein predicted the theory of

Bose-Einstein condensation phenomena (BEC). Since

then, a lot of theoretical and experimental research

on Bose-Einstein Condensation (BEC) has been car-

ried out [1–7]. Alkali Metal BEC was first achieved

in 1995 [8–11]. In the experiment [12–15], BEC was

achieved often with external potentials.

First, Vanderlei Bangnato [16] presented the the-

oretical results for the critical temperature for BEC,

condensate fraction, and heat capacity of a gas of

Bose particles that were confined by a generic power-

law potential trap. All three of these quantities were

found to vary clearly with the shape of the potential.

Later, Mo Ying [17] showed the theoretical results for

the critical temperature for BEC that were different

from the published results in the literature. These re-

sults show the relationship between the critical tem-

perature and the external potentials, and they are

based on the minimized momentum state. By com-

parison, it is significant to study the relationship be-

tween the external potential and the critical temper-

ature using the method of the paper [17]. Therefore,

we take advantage of the method to study the critic-

al temperature and condensed fraction of BEC in dif-

ferent dimensions with external potential field.

2 Critical temperature in general po-

tential field

Considering the ideal Bose gas placed in a po-

tential V (r) , with the local density approximation

(LDA) [18], the density of states in this case can be

expressed as

D(ε) =
2π

h3
(2M)3/2(ε−V (r))1/2,

nε = gε

1

e
ε−µ
kBT −1

,
(1)

where nε denotes the occupation of particles with en-

ergy ε, gε degeneracy, µ the chemical potential, h the

planck constant, T the temperature of the Bose gas

system, and k the Boltzmann constant. Therefore,

the total particle number can be expressed as

N = N0 +

∫
∞

V (r)

D(ε)nεdε

= N0 +
(2πM)3/2

h3
gε(kBT )3/2

∞
∑

l=1

l−3/2e
−l

V (r)−µ
kBT , (2)

with V (r) = ε1
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, then Eq. (2)

becomes
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×Γ (1/p)Γ (1/l)Γ (1/q)×
(

∞
∑

l=1

l−η−1e
l

µ
kBT

)

, (3)

where

Γ (1/k)=

∫
∞

0

θ
1
k
−1e−θdθ,

k = (p, l,q), η =
1

2
+

1

p
+

1

l
+

1

q
.

(4)

For the three-dimensional (3D) optical lattice poten-

tial well [19, 20]

V (r) = V0(sin
2 kx+sin2 ky+sin2 kz). (5)

Here it can approximate that [19, 20]

V (r)≈V0((kx)2 +(ky)2 +(kz)2), k =
2π

λ
, (6)

where k is the wave vector and the total atom number

is

N = N0 +
(2πM)3/2

h3
gε(kBT )3/2

×
∞
∑

l=1

l−3/2

( √
π

2α1/2

)3

elµ/kBT , α =
lV0k

2

kBT
. (7)

The integral still diverges for µ > 0, but it is the

maximum for µ = 0. In the ideal bose gas, by taking

µ = 0 and N0 = 0, we get an equation to determine

the critical temperature and the condensation frac-

tion respectively

N =
(2πM)3/2

h3
gε (kBT )3/2

∞
∑

l=1

l−3/2

( √
π

2α1/2

)3

, (8)

TC =
1

kB













Nh3(V0k
2)3/2

(2πM)3/2gε

(√
π

2

)3 ∞
∑

l=1

l−3













1/3

. (9)

BEC under low dimension.

In a free potential field, BEC does not occur in

the 1D and 2D cases, but it may occur to BEC in the

external potential field. The following discussion is

that BEC might happen in the 1D and 2D potential

field of power function.

The 1D Bose gas density of quantum states can

be expressed as [21]

D(ε)=

√
2M

h

∫l(ε)

−l(ε)

dx
√

ε−V (r)
, l(ε) = L

(

ε

V0

)1/η

. (10)

Suppose the external potential field V (x) = V0

(x

L

)η

,

then we can state that

D(ε) =

√
2M

h
L

(

ε1/η−1/2

V 1/η
0

)

F (η),

F (η) =

∫1

−1

y
1−η

η

√
1−y

dy,y =
V0

ε

(x

L

)η

.

(11)

The logarithm of the giant partition function can be

expressed as

lnΞ = −
∑

ωi ln[1−e
µ−εi
kBT ]

= −
∫
∞

V (x)

D(ε) ln[1−e
µ−εi
kBT ]dε

= −
√

2M

h
L

F (η)(KBT )1/η−1/2

V 1/η
0

×
∫
∞

r

x′1/η−1/2
ln[1−ze−x′

]dx′, (12)

where

r =
V (x)

KBT
, x′ =

ε

KBT
, z = e

µ
KBT . (13)

For convenience, we only discuss the above infernal

part, ∫
∞

r

x′1/η−1/2 ln[1−zex′

]dx′

=
1

1/η+1/2

[

ln[1−ze−x′

]x′1/η+1/2|∞r

−
∫
∞

r

x′1/η+1/2d(ln[1−ze−x′

])

]

=
1

1/η+1/2

[

−
∫
∞

r

x′1/η+1/2ze−x′

1−ze−x′

]

dx′, (14)

when x′ = r and if and only if V (x)� kBT , this part is

equal to zero. For the ideal Bose gas, we get 0 < z 6 1

because of µ 6 0, consequently,

ze−x′

1−ze−x′
=

∞
∑

l=1

(ze−x′

)l. (15)

Eq. (14) can be rewritten as

1

1/η+1/2

[

−
∫
∞

r

x′1/η+1/2
∞
∑

l=1

(ze−x′

)ldx′

]

=
1

1/η+1/2

∞
∑

l=1

∫
∞

r

e−lx′

(lx′)1/η+1/2zld(lx′)

× 1

l1/η+1/2+1
=

1

1/η+1/2
Γ ′(m+1)gm+1(z). (16)

Let:

m = 1/η+1/2,

∞
∑

l=1

zl

l1/η+1/2+1
= gm+1(z). (17)

This function converges for z < 1, for z=1

gm(1) =

∞
∑

l=1

1

lm
= ξ(m),

∂gm+1(z)

∂z
=

1

z
gm(z). (18)
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Therefore for T > Tc,

N = −∂ lnΞ

∂α
=

√
2M

h
L

F (η)(KBT )1/η+1/2

V 1/η
0

× 1

1/η+1/2
gm(z)Γ ′(m+1), (19)

Tc =
1

KB









N(1/η+1/2)V 1/η
0√

2M

h
LF (η)gm(z)Γ ′(m+1)









1
1/η+1/2

.

(20)

For µ = 0, z=1, that is to say T < Tc, gm(1) converges

for m > 1 and N is a limited value. Therefore, BEC

can happen. Calling for m =
1

η
+

1

2
> 1, namely η < 2.

The 2D Bose gas density of quantum states can

be expressed as

D(ε) =
2πM

h2

∫r′

0

2πrdr. (21)

Suppose the external potential field

V = V0r
η , r′ =

(

ε

V0

)1/η

,

Eq. (21) can be rewritten as

D(ε) =
2Mπ

2

h2

(

ε

V0

)2/η

. (22)

The logarithm of the giant partition function can be

expressed as

lnΞ = −
∑

ωi ln[1−ze−βµ]

= −2Mπ
2

h2

∫
∞

V

(

ε

V0

)2/η

ln[1−ze−βµ]dε, (23)

where

β =
1

kBT
, z = eβµ. (24)

We get an equation to determine the critical temper-

ature and the condensation fraction respectively by

(19) and (20).

N =
2πM

h2

1

(2/η)+1

1

V 2/η
0

1

β(2/η)+1
gm(z)Γ ′(m+1),

(25)

Tc =
1

kB









N
2πM

h2

1

(2/η)+1

1

V 2/η
0

gm(z)Γ ′(m+1)









1
2
η

+1

,

(26)

when T < Tc, for µ→ 0, z → 1,

gm+1(z) = ξm+1(1) =

∞
∑

l=1

1

l
2
η

+1+1
, m =

2

η
+1. (27)

The function is divergent for any η > 0, at the same

time, N is a limited value. BEC can occur for any

η > 0.

3 Conclusion

Based on the Bose-Einstein condensation at min-

imized momentum state, we get expressions for the

critical temperature and condensed fraction of Bose-

Einstein condensation (BEC) in an external poten-

tial, taking the optical lattice potential well, for ex-

ample, we present the critical temperature and the

condensation fraction for three-dimensional optical

lattice potential. What is more, we get the condi-

tion for occurring to BEC in the low-dimension and

critical temperature and condensed fraction of Bose-

Einstein condensation in an external potential.
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