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Transport coefficients of a massive pion gas
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Abstract We review our main results concerning the transport coefficients of a light meson gas, in particular

we focus on the case of a massive pion gas. Leading order results according to the chiral power-counting are

presented for the DC electrical conductivity, thermal conductivity, shear viscosity, and bulk viscosity. We also

comment on the possible correlation between the bulk viscosity and the trace anomaly in QCD, as well as the

relation between unitarity and a minimum of the quotient η/s near the phase transition.
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1 Introduction

The calculation of transport coefficients in quan-

tum field theory at intermediate and strong coupling

is still a challenge from both the analytical and the

numerical points of view. Due to their intrinsic non-

perturbative nature, even in weakly interacting theo-

ries a resummation of an infinite number of diagrams

is needed in order to obtain the leading-order re-

sult. In the strongly coupled regime, the only reliable

method available is the AdS/CFT correspondence [1],

although it is only applicable to a limited class of field

theories. On the other hand, lattice techniques for ex-

tracting these quantities are still in their infancy, and

the inclusion of a finite quark chemical potential in

these calculations makes of it an even more difficult

challenge because of the sign problem [2].

Transport coefficients are essential inputs to de-

scribe the evolution of systems not far from equilib-

rium. In particular, during the last years there has

been a very active effort to analyze them from both

the theoretical and phenomenological points of view

in the context of heavy-ion collisions, condensed mat-

ter physics, astrophysics and cosmology. We will be

here interested in QCD at zero baryon chemical po-

tential and temperatures below the chiral phase tran-

sition, where the hadrons are the relevant degrees of

freedom. Near Tc the QCD coupling constant is not

small, and usual perturbative techniques give in prin-

ciple not reliable results there. We will present results

concerning a diagrammatic calculation of transport

coefficients in the context of Chiral Perturbation The-

ory for a pion gas, which is the dominant component

of the hadron gas at low temperatures, and we will

extrapolate these results up to temperatures close to

Tc by using unitarization methods.

2 Transport coefficients

Consider a quantum field characterized by two

conserved currents, the energy-momentum tensor Tµν

and another current Nµ. In the local rest frame of

the quantum fluid, we can derive two constitutive re-

lations by considering a small departure from a refer-

ence equilibrium state:

〈T̂ij〉 = Peqδij +η

(

∂i Uj +∂j Ui +
2

3
δij ∂k Uk

)

−

ζδij ∂k Uk , (1)

〈T̂ i0〉−h〈N̂ i〉= κ
T 2

h
∂i

( µ

T

)

, (2)

where 〈·〉 denotes a non-equilibrium statistical aver-

age, Uµ is the fluid velocity normalized as U 2 = 1,

Peq ≡ 〈−T̂ k
k /3〉eq is the (equilibrium) pressure, which
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satisfies an equation of state Peq = Peq(ε,n) in terms

of the energy density ε≡〈T̂00〉 and the charge density

n ≡ 〈N̂ 0〉, and h = (ε + P )/n is the enthalpy. The

shear viscosity η, the bulk viscosity ζ, and the ther-

mal conductivity κ, determine the departure from the

equilibrium state. On the other hand, if we consider

an electrically charged field, the DC conductivity σ is

defined through the constitutive relation 〈Ĵ i〉= σEi,

where 〈Ĵ i〉 is the electric current produced after ap-

plying a (classical) constant electric field Ei to the

system.

From (1) we see that the shear viscosity is related

to departures from equilibrium due to transverse flow

of momentum, whereas the bulk viscosity is related to

variations of pressure, energy density, and charge den-

sity due to uniform compression or expansion of the

system, because ∆P −cε∆ε−cn∆n =−ζ∇·U , where

∆P ≡ 〈−T k
k /3〉−Peq(ε0,n0), cε ≡ (∂Peq/∂ε)(ε0,n0),

cn ≡ (∂Peq/∂n)(ε0,n0), ∆ε≡ ε−ε0, and ∆n≡ n−n0,

with ε0 and n0 the values corresponding to the ref-

erence equilibrium state. And from (2) we see that

the thermal conductivity is identically zero if there

is not a conserved current in the system besides the

energy-momentum tensor (in the case of the pion gas

we consider that the conserved charge is the total

number of pions [3]).

In Linear Response Theory (LRT), a transport

coefficient T is expressed in terms of retarded corre-

lation functions through the Kubo formulas:

T = CT limω→0+ limp→0+

∂ρT (ω,p)

∂ω
, (3)

ρT (ω,p) = 2Imi

∫
d4x eip·xθ(t)〈[Ŝα

T
(x), ŜT

α (0)]〉eq, (4)

where α represents some set of indices. For the dif-

ferent transport coefficients considered here [3]1):

Cσ ≡ −
1

6
, Cη ≡

1

20
, Cζ ≡

1

2
, Cκ ≡−

1

6T
,

Ŝi
σ ≡ Ĵ i ,

Ŝij
η ≡ T̂ ij −gijT̂ k

k /3 ,

Ŝζ ≡ −T̂ k
k /3−cεT̂

00−cnN̂ 0 ,

Ŝi
κ ≡ T̂ 0i−hN̂ i .

2.1 Diagrams vs. kinetic theory

Due to the zero momentum limit, the leading-

order contribution (in powers of the coupling con-

stant) to transport coefficients obtained by using the

formula (3) involves the resummation of an infinite

number of ladder diagrams, as was first shown by

Jeon and Yaffe [4, 5] in the case of a λφ4 theory. This

is essentially because every two propagators which

share the same four-momentum in that limit give a

contribution ∝ 1/λ2. In the case of the bulk viscos-

ity, in addition, another set of diagrams called chain

(or bubble) diagrams give an important vertex cor-

rection that has to be taken into account. In those

papers it was also proved that, in the weakly cou-

pled regime, this resummation is equivalent to solv-

ing the Boltzmann equation corresponding to an ef-

fective kinetic theory where thermal effects are in-

corporated into the dispersion relation of the quasi-

particles as well as into their scattering amplitudes.

Consequently, it is in principle more convenient tech-

nically to adopt the effective kinetic theory approach

to calculate transport coefficients in weakly coupled

theories [6, 7]. However, in the context of ChPT

where we have carried out our analysis for the pion

gas, the relevant power-counting for estimating the

contribution from the different Feynman diagrams

suggests that the leading order of transport coeffi-

cients is given by a one-loop diagram with dressed

pion propagators [3, 8], which simplifies significantly

the calculation.

2.2 Results for a pion gas

We dress the thermal pion propagators by con-

sidering the lowest order process according to ChPT

in pion-pion scattering, and we unitarize the cor-

responding amplitude by the Inverse Amplitude

Method (IAM) [3, 9, 10] (the ChPT expansion even-

tually violates unitarity as we increase the collision

energy). Unitarization allows to extend the range of

applicability of the ChPT expansion to higher tem-

peratures, and correctly reproduces the resonances

f0(600) and ρ(770) in the pion-pion scattering chan-

nels (I,J) = (0,0),(1,1) respectively. This unitariza-

tion also allows the study of the evolution of these

resonances with temperature and baryon density, as

was presented in the references [9, 10].

In Fig. 1 we can see that unitarization changes

the qualitative behavior of transport coefficients with

temperature. In particular it makes the quotient η/s,

with s the entropy density, to satisfy the conjectured

lower bound 1/4π from AdS/CFT [1], and the value

near Tc is close to the full hadron resonance + Hage-

dorn states gas result [11]. In the case of the bulk

viscosity, unitarization enhances the anomalous peak

close to Tc [12], nevertheless the quotient ζ/s is still

smaller than η/s, although vertex corrections in the

1)There is typo in the formula (3.43) of Ref. [3], where c
2
s and µ should be substituted by cε and cn respectively
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Fig. 1. Leading order contribution (one loop) to the transport coefficients for a massive pion gas according to

ChPT. The solid line represents the unitarized result to O(p4) in the pion scattering amplitudes. The dashed

line represents the non-unitarized result to O(p4). For the thermal conductivity and the shear viscosity we

compare with the kinetic theory results of [14].

case of ζ may play an important role [4, 13].

It has been recently proposed using a sum rule and

an ansatz for the spectral function that the bulk vis-

cosity and the trace anomaly in QCD should be cor-

related [15], so that a maximum in the trace anomaly

would drive a maximum in ζ. The spectral function

was modified very recently in [16], and the form of

Fig. 2. Trace anomaly of the pion gas calcu-

lated in ChPT perturbatively.

the ansatz has been questioned in [17]. So it is at

the moment not clear how these two quantities are

actually related to each other. According to our re-

sults for the trace anomaly in Fig. 2 and the bulk

viscosity in Fig. 1, we obtain a clear correlation be-

tween the two [12], with a first peak associated to the

explicit breaking of the scale symmetry due to the

finite quark mass, and a second peak near Tc due to

the scale anomaly.

In the near future we plan to analyze carefully the

massless case for the pion gas, vertex corrections in

the calculation of the bulk viscosity, and the inclusion

of finite pion-number chemical potential effects [18].
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