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Gluon condensate in color superconductivity
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Abstract In color superconductor the gluon condensate drops down at moderate density but goes up at high

density and can even exceed its vacuum value when the density is high enough.
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1 Introduction

Quarks and gluons condense in the vacuum of
Quantum Chromodynamics (QCD), reflecting spon-
taneous chiral symmetry breaking and trace anomaly
of the system [1, 2]. From lattice QCD calculations
and effective QCD models in hot and dense medium,
it is widely accepted that the quark condensate (Yn))
which is the order parameter of the chiral symme-
try restoration decreases with increasing temperature
and density. The gluon condensate (G¢., G4") [3, 4]
which describes the degree of the scale symmetry
breaking is, however, not so optimistic. For lack of a
direct relation to experimental data, its value in the
vacuum is even not precise.

The QCD condensates in vacuum and at finite
temperature are investigated in the framework of in-
stantons [5, 6] which are semiclassical configurations
of the gluon field in 4-dimensional Euclidean space.
While the calculation is more feasible than starting
directly from the QCD Lagrangian, the instanton
mechanism is still rather complicated and encounters
some problems in dealing with the gauge field. An-
other often used way to study the non-perturbative
behavior of the QCD condensates is with effective
QCD models [7, 8] at low energy. Combining with
the QCD trace anomaly, the gluon condensate at fi-
nite temperature and density is calculated in vari-
ous models without gauge fields. While the results
are quantitatively different, depending on the mech-
anisms and model parameters, almost all the calcula-
tions give the same temperature behavior of the gluon
condensate: it stay invariable at low temperature and
starts to decrease monotonously at the critical tem-
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perature for the chiral phase transition.

At low temperature, the ground state of a QCD
system is in pion superfluidity at finite isospin den-
sity and in color superconductivity at finite baryon
density. A natural question is then how the gluon
condensate behaviors in such a superfluidity or su-
perconductivity. From the study of Son [9], very dif-
ferent from the temperature and baryon density ef-
fects which lead to the deconfinement phase transi-
tion from hadron gas to quark matter, there is no
deconfinement along the isospin density axis at zero
temperature. Considering a charged pion system [10],
both the Lee-Huang-Yang model for a dilute Boson
gas and the Nambu—Jona-Lasinio (NJL) model at fi-
nite isospin density show a surprising isospin behavior
of the gluon condensate: in the pion superfluidity it
drops down slightly only at very low isospin density
but goes up and even exceeds its vacuum value when
the density is high enough.

In this paper we study the gluon condensate in
a color superconductor. We first analyze the QCD
scale symmetry and then discuss the correlation be-
tween the gluon condensate and diquark condensate
in the framework of the NJL model with Polyakov-
loop potential (pNJL) [11].

2 Gluon condensate

The QCD Lagrangian
1 — .
Ez—ZGWGW‘f'@[’(WuDM_mOW]’ (1)

with the non-Abelian field strength tensor G, is in-
variant under the scale transformation  — Az, ¥ (x)—
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N2p(Ax), A,(x) — AA,(\z), if the current quark
mass m, is neglected. The corresponding Noether cur-
rent is not conserved in quantum case [1-3],

07, =15 =20 e, (1490050, (2)
with the QCD ( and ~ functions and the effective
coupling constant . The first term comes from the
measure of the fermionic functional integral, and the
second is due to the explicit breaking of the scale
symmetry by the current quark mass. Note that T#
is the divergence of the Noether current, instead of
the normal energy-momentum tensor. However, if
the anomaly term is taken into account, the trace of
(T#) is equal to the trace of the energy-momentum
tensor [12], and the gluon condensate is controlled by
the deviation of the system from the ideal gas,

e~3p = (210G G0 mo (14700 ~

9 as —
—§<;G ) +mo (Y1), (3)

with the energy density e and pressure p of the sys-
tem. For the second equality, we have expanded the
0 function to its leading order and neglected the con-
tribution from the function ~.

To calculate the gluon condensate in a color su-
perconducting quark matter via the thermodynam-
ics of the system, we choose the flavor SU(2) pNJL
model [11, 13, 14],

L = Y(iy" Dy —mo+ o)+
2G, (op +mins o) +
GaA (Y iyseect) +Pinsecect)”) —
G, (0?+7)—Ga A’ +U(¢)+ 6L, (4)

where p = diag(p,, pa) = diag(us/3+ /2, ps/3 -
p1/2) is a diagonal matrix in the flavor space with
up and py being the baryon and isospin chemical po-
tential, o = (Y1), ™ = (Yiys71h) and A = (Piysere))
are the chiral, pion and diquark condensate, being re-
spectively the order parameter of chiral restoration,
pion superfluidity and color superconductivity, e; and
€. are the total antisymmetric tensor in flavor and
color space, U(¢) as a function of the Polyakov-loop
expectation value ¢ is the effective confinement po-
tential extracted from the lattice calculation, and 6L
is the contribution beyond the mean field. With the
vacuum values of the pion mass, pion decay constant
and the constituent quark mass m =mq,—2G,0o as in-
put, we can determine the current quark mass mg =
5.5 MeV, the momentum cutoff 4 = 0.65 GeV and
the coupling constant in the scalar and pseudoscalar

channel G, = 5.04 GeV~2. The coupling constant in
the diquark channel is taken to be G4/G,=3/4.

Before taking numerical calculations with the
thermodynamic relation (3), we first estimate the ef-
fect of QCD superfluidity and superconductivity on
the gluon condensate. In the pNJL Lagrangian, the
fermionic kinetic term and the mean field potential
are scale invariant, while the chemical potentials and
the related isospin symmetry spontaneous breaking
and color symmetry spontaneous breaking destroy
the scale symmetry, like the current quark mass term.
Therefore, the explicit non-conservation term of the
Noether current in the pNJL model is

Tyt = motp — ppyot) — 26, (0 + s ) —
GaA (P iyserect) + Piysesect) . (5)

Assuming it as the total non-conservation and substi-
tuting it into the QCD relation (2) at finite chemical
potentials, the ensemble average leads to

§<%G2>~2Gs(a2+w2)+2GdA2. (6)
For normal quark matter with only chiral conden-
sate, the gluon condensate drops down monotonously
along with the process of chiral symmetry restoration.
However, when the quark system is in a superfluidity
or superconductivity state, the behavior of the gluon
condensate is controlled by the competition between
the chiral and pion or color condensate. It decreases
with isospin or baryon chemical potential in the chi-
ral symmetry governed phase but may increase in the
deep superfluidity or superconductivity phase.

We now numerically calculate the gluon conden-
sate via the equation of state in the pNJL model.
In mean field approximation, the thermodynamic po-
tential 2 (T, p; o, ™, A, ¢) contains two parts, one
is the classical potential, and the other is the Fermi-
Dirac distributions for the quasi-particles. From the
minimum of the thermodynamic potential, we easily
obtain the gap equations which characterize the tem-
perature and density dependence of the order param-
eters of the phase transitions. Since we focus on the
color superconductivity phase at finite baryon chem-
ical potential, the order parameters o, A and ¢ are
determined by

002/d0 =0, 3°02/d0%>0,
002/0A =0, 0°2/9A?>0,
02/d¢p =0, 9°02/34*>0. (7)

With the known physical order parameters as func-
tions of temperature and baryon chemical potential,
we obtain the pressure p = —{(2 and energy den-
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sity € = —p+ T's+ ugng with the entropy density
s = —082/9dT and baryon density ng = —d§2/9dug.
Then using the thermodynamic relation (3), we can
get the gluon condensate at finite temperature and
density. To compare the chiral, diquark and gluon
condensates in the medium with their vacuum val-
ues, we show in the following the ratios,

(=)
0T, up AT,HB T T,pp
Rg——, RA: 5 Rg:ai (8)
00,0 00,0 <_5gz>
Tt 0,0

We first turn off the color superconductivity. The
temperature and chemical potential dependence of R
and R, are shown in Fig. 1. As we qualitatively es-
timated above, the behavior of the gluon condensate
in normal quark matter is fully controlled by the chi-
ral condensate. Since the chiral phase transition is of
second order at finite temperature and of first order
at finite density, the gluon condensate decreases con-
tinuously along the temperature axis and drops down
suddenly at the critical chemical potential. Our cal-
culation agrees with the results from other effective
models [8] and instanton model [6].
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Fig. 1. The chiral (dashed lines) and gluon
(solid lines) condensates as functions of tem-
perature T' (us = 0) and baryon chemical po-
tential up (T'=0) in normal quark matter.

We now move to the competition between the chi-
ral and color condensates and see its effect on the
gluon condensate. The ratios R,, Ra and R, as func-
tions of baryon chemical potential are demonstrated
in Fig. 2 at zero temperature. In the chiral sym-
metry breaking phase, all the condensates are con-
stants. At the critical chemical potential where the
chiral condensate jumps down and the diquark con-
densate jumps up, the gluon condensate drops down,
because the jump for the chiral condensate is larger
than the jump for the diquark condensate and the
system is controlled by the chiral symmetry at this
point. In the beginning part of the color supercon-
ductor, the chiral condensate is still the dominant one
and its decreasing leads to R, <1 in a wide region of
baryon chemical potential. The case here is very dif-
ferent from the pion superfluidity where the ratio of
the gluon condensate is less then unit only in a very
narrow window of isospin chemical potential. Only in
the region where the chiral condensate is very small
and the diquark condensate becomes to control the
system, the gluon condensate starts to increase and
finally exceeds its vacuum value.
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Fig. 2. The chiral (dashed line), diquark (dot-
ted line) and gluon (solid line) condensates
as functions of baryon chemical potential up
(T=0) in color superconductor.

3 Conclusion

The gluon condensate in color superconductor be-
haves very differently from that in normal quark mat-
ter. It decreases at moderate baryon density but in-
creases later at high density and can even exceed its
vacuum value when the density is high enough.
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