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Topological approach to examine the singularity of

the axial-vector current in an Abelian gauge

field theory (QED)
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Abstract A topological way to distinguish divergences of the Abelian axial-vector current in quantum field

theory is proposed. By using the properties of the Atiyah-Singer index theorem, the non-trivial Jacobian factor

of the integration measure in the path-integral formulation of the theory is connected with the topological

properties of the gauge field. The singularity of the fermion current related to the topological character can

be correctly examined in a gauge background.
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1 Introduction

The analysis of the current conservation equation

for the axial-vector current in quantum field theory

shows that the origin of the occurrence of anomalies

in the Ward-Takahashi (WT) type identity in gauge

field theory such as QED is a twofold one[1]. First,

from the path-integral viewpoint, the anomaly term

associated with this identity can be understood in the

path-integral formulation of quantum gauge theory

as a consequence of the fact that the functional mea-

sure is not invariant with respect to the relevant local

group transformations on the fields[2]. The mathe-

matical explanation of such an anomaly is directly re-

lated to the Atiyah-Singer index theorem[3], which ex-

plains why the anomaly only arises in theories where

fermions couple to gauge fields and indicates a con-

nection between topology and the anomaly. In the

case of Abelian gauge theory, the behavior of the

anomaly function of the Abelian anomaly is linked

with the index of the Dirac operator in a gauge

background[4, 5].

Besides this, another type of anomaly may appear

in the generalized Ward-Takahashi identity, which is

related to the product of quantum operators such as

fermion currents. Such an issue has already been pre-

sented in the expansion of the generating functional

under the chiral gauge transformation of field vari-

ables, which is properly treated in the path-integral

formulation of Abelian gauge field theory[5]. For in-

stance, in the derivation of a conservation equation

for the axial current, the differential equation of mo-

tion for the fermion fields can not be used to reduce

the fermion-photon vertex in the QED in the most

straightforward way[4]. A closer look at the manipu-

lations reveals some subtleties, which come from the

fact that the axial vector current is a composite oper-

ator built out of fermion fields. The product of the lo-

cal operators is often singular, which can destroy sym-

metries of the classical equations of motion[6]. Thus

the hope is to find a means to distinguish the diver-

gences of the axial-vector current coupling with the

gauge field. In this paper we concentrate on develop-

ing a topological method to examine the singularity

of the Abelian axial-vector current by means of the

path-integral and topological viewpoints. An explicit

proof of the argument from the topological point of

view will be presented.
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2 The functional measure and the

Abelian anomaly

For this purpose, we now display the path-integral

derivation of the Jacobian of the integral measure in

the background of Abelian gauge theory, which gives

rise to an anomalous contribution of integral measure

to the generalized Ward-Takahashi identities. (see

Refs. [2, 5] for details). An infinitesimal local chiral

transformation of fermion fields is given by

ψ′(x) = eiθ(x)γ5ψ(x),

ψ
′
(x) = ψ(x)eiθ(x)γ5 ,

(1)

where the group parameter θ(x) is a real function.

Then the fermion fields in a basis of eigenstates of

the regulation operator Hψ can be decomposed

ψ′(x) =
∑

n

c′nφn(x),

ψ̄′(x) =
∑

n

c̄′nφn(x),

δnm =

∫
d4xφ†

nφm.

(2)

The expansion coefficients of ψ and ψ′ are related

by an infinitesimal linear transformation, computed

as follows

c′n(x) =
∑

m

∫
d4xφ†

n(x)e
iθ(x)γ5φmcm, (3)

where, in general, the sum extends over repeated in-

dices.

Note that a specific application of Fujikawa’s idea

leads to the path-integral derivation of the axial

anomaly. Under the above transformation (1), the

functional measure dµ over ψ, ψ̄ has the transforma-

tion property

dµ= [Dψ][Dψ] =
∏

n

dcn
∏

m

dcm (4)

and

dµ′ =
∏

n

dc′n
∏

m

dc′m = JAdµ , (5)

where dµ′ is the functional measure over ψ′, ψ̄′, JA is

the Jacobian determinant of the corresponding trans-

formation of the fermion variables (1).

Subsequently the variation of the Jacobian is eval-

uated

JA(x) = ei
∫

d4xA(x)θ(x)e−i
∫

d4(x)Ā(x)θ(x) =

e−
i

8π
2

∫
d4xθ(x)εµνρσTrace(FµνFρσ)

, (6)

where A(x) is the anomaly function.

To prepare for the discussion of properties of the

axial-vector current, let’s define the function µ which

is the operator product of the anticommuting coeffi-

cient (for Grassman variables see (3))

µ=
∏

n

cn
∏

m

cm. (7)

After the transformation (1), the expression of the

function µ is changed explicitly into

µ′ =
∏

c′n

∏
c′m =

∏

n

∑

m

∫
d4xφ†

n(x)e
iγ5θ(x)φmcm×

∏

l

∑

s

∫
d4xφ†

l (x)e
iγ5θ(x)φscs = J̃Aµ. (8)

Combining equations (5) and (8), by virtue of the

properties of the Grassmann algebra, yields the fol-

lowing identity

J̃A = J−1
A . (9)

It shows that the Jacobian J̃A of the transformation

of the operator product µ is linked with the inverse

of the Jacobian of the corresponding transformation

of the measure.

3 Topological properties of the

Abelian anomaly and the axial

current

From the topological viewpoint[7, 8], the non-

perturbative effect of the Abelian anomaly associated

with WT type identities is related to the topological

character in the presence of the topologically non-

trivial field configuration. The topological exposition

of a quantum anomaly is addressed by the Atiyah-

Singer index theorem in a gauge background. It indi-

cates a connection between a functional of the gauge

field and the numbers of zero modes of the Dirac op-

erator γµ(∂µ−igBµ(x)). That is
∫

(d4x)EA
[ν](x) = ν+−ν− =

−
1

32π
2

∫
d4xεµνρσTrace(FµνFρσ). (10)

The fact reveals the important information that the

integral of the anomaly function A[ν](x) can not

change smoothly under variations in the gauge field.

The Abelian anomaly arisen here is a local quantity,

because it is a consequence of short distance singu-

larities. This argument is verified since the anomaly
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function in (10) can be written as a total derivative

−
1

32π
2

∫
d4xεµνρσTrace(FµνFρσ) = 4∂µ(εµνρσAν ∂ρAσ).

(11)

The space integral of the anomaly function depends

on only the behavior of the gauge field at the bound-

aries. This property already indicates a connection

of topology and anomalies[8]. Thus between, we can

further study the property of the axial-vector current

by using the above argument, which is used to exam-

ine the singularities of the operator products of the

current.

We now turn to the form of the fermion current.

The axial-vector current is defined as[9]

J5µ(x) =ψ(x)Γψ(x) =
∑

nm

cncmφ
†
nΓφm, (12)

where the letter Γ indicates Dirac matrix product

iγ5γµ. After the local chiral transformations, the

fermion current coupling to the gauge field will ap-

pear as an interaction term in the expansion of the

variation of the action, and is changed now into

J ′
5µ(x) =ψ

′
(x)Γψ′(x) =

∑
c′nc

′
mφ

†
nΓφm. (13)

To specify the relation between the fermion cur-

rent and the corresponding integral measure, let’s

construct the square functions of the axial-vector cur-

rent over ψ, ψ̄:

J2(x) =
∑

nm

cncmφ
†
nΓφm

∑

n′m′

cn′cm′φ
†

n′Γφm′ . (14)

In the same way, the square function over ψ′, ψ̄′ can

be defined as

J
′2(x) =

∑

nm

c′nc
′
mφ

†
nΓφm

∑

n′m′

c′n′c
′
m′φ

†

n′Γφm′ . (15)

Obviously due to the property of the Grassmann al-

gebra, expression (15) implies that J
′2(x) links with

the operator product µ′ (7), and is only the function

of µ′. That is, the topological properties of the axial-

vector current J ′(x) are related to the Jacobian of the

corresponding integral measure.

For simplicity, we take a two-dimensional

eigenspace of the regulation operator Hψ, as an ex-

ample, to illustrate the link between the Jacobian of

the integral measure and the topological property of

the fermion current.

In the path-integral formulation of gauge fields,

the functional measure over ψ′, ψ̄′ can be read off

from the chiral transformation (1)

dµ′ = dc′1dc
′
2dc

′
1dc

′
2, (16)

and the operator product µ′ is given by

µ′ = c′1c
′
2c

′
1c

′
2, (17)

with the Grassmann expansion coefficients of ψ and

ψ given by

c′1 = c1

∫
φ†

1e
Γφ1 +c2

∫
φ†

1e
Γφ2,

c′2 = c1

∫
φ†

2e
Γφ1 +c2

∫
φ†

2e
Γφ2. (18)

Introducing the symbols∫
mn

=

∫
d4xφ†

meΓφn,

∫†
mn

=

∫
d4x(φ†

meΓφn)
†, (19)

expansion (18) becomes

µ′ = c1c1c1c1

∫†
11

∫†
11

∫
11

∫
11

+c2c1c1c1

∫†
11

∫†
12

∫
11

∫
11

+

· · ·+c2c2c2c2

∫†
22

∫†
22

∫
22

∫
22

. (20)

The corresponding expansion of the current can

be implemented in the eigenspace

J ′(x) = (c′1φ
†
1 +c′2φ

†
2)Γ (c′1φ1 +c′2φ2) =

c′1c
′
1φ

†
1Γφ1 +c′1c

′
2φ

†
1Γφ2 +

c′2c
′
1φ

†
2Γφ1 +c′2c

′
2φ

†
2Γφ2. (21)

Then the square of the axial-vector current J
′2 is

written out as

J
′2(x) = (c′1c

′
1φ

†
1Γφ1 +c′1c

′
2φ

†
1Γφ2 +c′2c

′
1φ

†
2Γφ1 +

c′2c
′
2φ

†
2Γφ2)(c

′
1φ

†
1 +c′2φ

†
2)Γ (c′1φ1 +c′2φ2) =

c′1c
′
1c

′
1c

′
1φ

†
1Γφ1φ

†
1Γφ1 +

c′2c
′
1c

′
1c

′
1φ

†
2Γφ1φ

†
1Γφ1 + · · ·+

c′2c
′
2c

′
2c

′
2φ

†
2Γφ2φ

†
2Γφ2. (22)

Further, by taking the property of the Grassmann

algebra into account, the calculus leads straightfor-

wardly to the result

J
′2(x) = 2c′1c

′
2c

′
1c

′
2φ

†
1Γφ1φ

†
2Γφ2 +

2c′1c
′
2c

′
1c

′
2φ

†
1Γφ2φ

†
2Γφ1 =

−2µ′φ†
1Γφ1φ

†
2Γφ2 +2µ′φ†

1Γφ2φ
†
2Γφ1 =

−2J̃Aµφ
†
1Γφ1φ

†
2Γφ2 +2J̃Aµφ

†
1Γφ2φ

†
2Γφ1 =

−2J−1
A µφ

†
1Γφ1φ

†
2Γφ2 +2J−1

A µφ
†
1Γφ2φ

†
2Γφ1.

(23)

Finally, we get the desired result. Clearly the topo-

logical property of products of the fermion currents

J2(x) (i.e. J(x)) is related to the corresponding Ja-

cobian factor. In other words, the singularity of the

product of the fermion operators can be examined
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by the Jacobian factor of the integral measure un-

der chiral transformation of the fermion variables. In

the above case, the straightforward calculus shows

that the axial-vector current J 5
µ = ψ̄(x)iγ5γµψ(x) cou-

pling with the gauge field is singular, which is consis-

tent with previous analysis made by a perturbational

method[10].

4 Conclusion

We have presented a topological method to exam-

ine the singularity of axial-vector currents coupling to

a gauge field by making use of the topological proper-

ties of anomalies in quantum gauge theories. Through

analyzing the properties of the Atiyah-Singer in-

dex theorem and using the Grassman algebra rules,

the connection between the Jacobian of the integral

measure and the singularity of the fermion current

has been illustrated here only for the Abelian gauge

fields. For verifying the argument, we give an ex-

ample that the Dirac spinor can be decomposed in a

two-dimensional eigenspace of the regulation factor,

and show that the axial-vector current is indeed sin-

gular in the simple situation of this approach. The

proposal provides a useful procedure dealing with

the reduction of the interaction vertex in the Dyson-

schwinger equation by using the Dirac differential

equation of motion[11]. In fact, the method is valid in

general, and can be used in investigating other issues

relevant to the singularity of the axial-vecor currents

in quantum gauge theory[12].

The authors wish to thank Professor Wang Qing

(Tsinghua University in China) for valuable discus-

sions.
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