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Abstract We study the Klein-Gordon oscillators in non-commutative (NC) phase space. We find that the
Klein-Gordon oscillators in NC space and NC phase-space have a similar behaviour to the dynamics of a particle
in commutative space moving in a uniform magnetic field. By solving the Klein-Gordon equation in NC phase
space, we obtain the energy levels of the Klein-Gordon oscillators, where the additional terms related to the
space-space and momentum-momentum non-commutativity are given explicitly.

Key words noncommutative phase space, Landau problem, Klein-Gordon oscillators

PACS 02.40.Gh, 03.65.-w, 03.65.Pm

1 Introduction

There are many papers devoted to the study
of various aspects of quantum mechanics in NC
space and NC phase space with the usual time
coordinate™ ™. For example, the Aharonov-Bohm
phase in NC space and NC phase space has been stud-
ied in Refs. [I—3]. The Aharonov-Casher phase for
a spin-1/2 and spin-1 particle in NC space and NC
phase space has been studied in Refs. [4—8]. The
Landau problem in NC quantum mechanics has been
discussed in Refs. [9—12]. Ref. [13] studied the Klein-
Gordon oscillators in non-commutative space. It is
still interesting to study the Klein-Gordon oscillators
in non-commutative phase space.

This paper is organized as follows: in Section 2,
we discuss the Klein-Gordon oscillators in NC space.
In Section 3, we study the Klein-Gordon oscillators
in NC phase space. In Section 4, by solving the
Klein-Gordon equation, we deduce the energy levels
of a particle in a magnetic field in NC phase space.
A summary is given in the last section.
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2 The Klein-Gordon oscillators in NC
space

In NC space the coordinate &; and momentum p;
operators satisfy the following commutation relations
[‘ii,jj]:ieijv [ﬁivﬁj]zoa [izvﬁj]zlhéw (1)

By replacing the normal product with a star product,
the Schrodinger equation in commuting space will
change into the Schrodinger equation in NC space.

H(p,z)*(x) = Ey(x), (2)

where the Moyal-Weyl (or star) product between two
functions is defined as

(fg)(@) = 9% f(2,)g(x;) =
T(@)g(@)+ 56559, [3;9|, _, +O(6°).
(3)

Here f(z) and g(z) are two arbitrary functions. In-
stead of solving the NC Schrodinger equation by us-
ing the star product procedure, we use Bopp’s shift

T;=x;
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method, that is, we replace the star product in the
Schrédinger equation by the usual product by making
a Bopp’s shift

1
2h
Then the noncommutative Schrodinger equation can
be solved in the commuting space, and the non-
commutative properties can be realized by the 6 re-
lated terms.

Studies in Refs.[9—12] have shown that the non-
relativistic harmonic oscillators in noncommutative

Ti=T;— eijpju Di = D;- (4)

space have properties also encountered in the Lan-
dau problem in commutative space. Now , following
Ref. [13], we review the Klein-Gordon oscillators in
NC space. The the Klein-Gordon oscillators in two
dimensional commutative space is defined by the fol-
lowing equation

A(p+imwr)-(p—imwr)y = (E* —m?c*)y, (5)

By a straightforward calculation (in 2 dimensions) we
arrive at the following equation

l(pz +py) +miw? (@ +y*)]¢ =
(E? —m?c* +2mc® hw), (6)
with energy eigenvalues

E?2 . =2mc*hw(n, +n,+1)+m’c' —2mc*hw. (7)

Ny Ny

In a noncommutative space one may describe the
Klein-Gordon oscillators by the following equation

A[(p+imwr)-(p—imwr)] 1y = (E* —m?2c*)p, (8)

Instead of solving the NC Klein-Gordon Eq. (8) by
using the star product, an equivalent method will be
used in this paper, i.e., we replace the star product
in the Klein-Gordon equation

(B3 +10y) +m*w? (2 + 9]¢ =
(E? —m?c* +2mc’hw)y, (9)

by the usual product with a Bopp’s shift Eq. (4). In
the two dimensional non-commutative space, Eq. (4)
becomes

. 1 . 1 . .
&=2=520py, §=Yt+5p00s, Po=Pay Dy =py- (10)
Inserting Eq. (10)into Eq. (9), we have

1 2
& [(pi +p§) +miw? (:17 — %pr> +

—m?2c* +2mc’hw)p.

(11)

By a straightforward calculation, we arrive at the fol-

1 2
m2w? <y+ %sz) }/} = (E?

lowing equation

m2w?6?
& [(1 + ) (P2 +p)) +m*w? (2 +y°) —
m2w?6

h

Neglecting terms with 62, we have

Lz] = (E*—m?c*+2mc*hw)y. (12)

c? [(pi +p))+miw’ (2 +y°) - m2§2eLz Y=
(E? —m?c* +2mc hw). (13)
The energy eigenvalues are given by
Ezmnyml = 2mc*hw(n, +n, +1)—
<@) meh+m?c* —2mc*hw (14)

and indicate a similarity to the normal Zeeman effect.

3 The Klein-Gordon oscillators in NC
phase space

The Bose-Einstein statistics in non-commutative
quantum mechanics requires both space-space and
momentum-momentum non-commutativity. On NC
phase space, we replace the commutation relations

(1) by

[£3,8,] =055, [DisB;] =103, [2:,0;]=ihd;;.  (15)
The Schrodinger equation in NC phase space is the
same as given in Eq. (2), but the star product in
Eq. (2), for NC phase space, is defined by,

(f*9)(x,p) = 7% %03z 0590% (4 pyg (2, p) =

f(%p)g(x’p)Jrﬁ@m J; [0 g +

Ti=x;
i
ﬁoij a?faﬁg‘pi:pj +O(02)a (16)

where O(6?) stands for the second and higher order
terms of @ and 6. In NC phase space the star prod-
uct in the Schrédinger equation can be replaced by
a generalized Bopp’s shift, i.e., the non-commutative
coordinates and momenta are shifted by

1

T — I = awi_ﬁeijpja
. 1~
Pi— P = apit o015 (17)

Now we are in the position to discuss the energy
levels of the Klein-Gordon oscillators in NC phase
space . In two dimensional NC phase space, Eq. (17)
becomes

1

X 1
- Eﬂpy, =ay+s—0p.,

2ah

T = ax

1 - 1 -
. = — Oy, p=ap,— —0z. (1
Pz = apo+ 50y, By =ap, =50z (18)
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Inserting Eq. (18) into Eq. (9), we have

1 2 1 2
2 L —0 )
¢ {<O‘p *2ah y> +<O‘py 20h :”) +

1 ? 1 ?
2.9 - - =
miw [(aw 2ah9py) + (ay+ 20&9}%) }}w

(E? —m?c* +2mc’hw)p. (19)

With a similar procedure as in NC space, we ob-

tain the following Klein-Gordon equation in NC phase

space

0 +m2w?0
h

(E? —m?c* +2mc® hw), (20)

c? [CVQ(pi+p§)+a2m2w2(w2+y2)— Lly=

and the energy eigenvalues are given by

Eiznyme = 2mc*h2(n, +n, +1)—
2@ 2,,2 29
(H#) meh+m2c* — 2mcthw,
(21)
where
N=wa’. (22)

The energy levels Ezmnym[ represent both, space-

space and momentum-momentum non-commutativity.
In a 2 dimensional non-commutative plane, éij = éeij,
and the two NC parameters 6 and @ are related by
0=4a’h>(1—a?) /0" If a =1, then ;; =0, and the

nanym, (EQ- (21)) in NC phase space will return to
EZ .me (Ed. (13)) in NC space.

By comparing Eq. (12) and Eq. (20) with the Lan-
dau problem in non-relativistic quantum mechanics,
one finds that the Klein-Gordon oscillators in non-
commutative space and noncommutative phase-space
have similar properties as the dynamics of a particle
in a uniform magnetic field in a commutative space.

4 Energy levels of the Klein-Gordon
equation for a particle in a uniform
magnetic field in NC phase space

In this section we discuss the energy levels of the
Klein-Gordon equation for a particle in a uniform
magnetic field in NC phase space. The Klein-Gordon
equation for a particle in a uniform magnetic field in
a commutative space can be written as

-5 - 3o

where

A:B;r. (24)

Substituting Eq. (24) into Eq. (23)one gets

22

i +p;)+ (Zg )(w2+y2)—

< (apy—ypl = (B2 w2y, (25)

By comparing Eq. (25) with the Eq. (12) and
Eq. (20) one finds that, even in the relativistic case,
the Klein-Gordon oscillators in non-commutative
space and noncommutative phase-space also have a
behaviour similar to the dynamics of a particle in a
uniform magnetic field in commutative space.

In NC phase space Eq. (25) can be written as

e?B?

4¢2

¢ [(pi+pi)+ ( ) (z*+y%) -

B op )| 0= (B -ty (26)

After replacing the star product with the shift defined
in Eq. (18), one obtains

1 2 1 2
) 1 1
c { (apx—i— 2ah6y) + (apy 204716@) +
1 : 1 :
2, 2 - - _
miw;y [ (a:v 2ah9py> + (ay-i— 2ah9p”> }
2 — Lg — Lg -
mwy | | az = 5—0p, | { ap, — 5 =0

20k
L g L 5 _
(ay+ﬁ pz> (apﬁﬁ y)”w—
(E? —m®c" )y, (27)

where
B
w = (28)

" 2me

By a further simplification we get the Klein-Gordon
equation for a particle in a constant magnetic field in
NC phase space as

9
02[<a2+%> (P2 +p2) +

0

0 +m2w?6 +2mhw,
h

up—wtm%w.m>

The energy eigenvalues are given by

Eiznyme = 2mc*hf (n, +n,+1)—
<c29+ m2wfc;9+2mc2hw1 ) Y
(30)
where
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_ ) mw-,0 ) 0
2, =wi/a?+ > e +hmw1 . (31)

The energy levels EfLMyW contain the effects of

both, space-space and momentum-momentum non-
commutativity.

5 Summary

First, we discussed the energy levels of the Klein-
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