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¤÷v�Dirac�§

[α •(P̂ −eA)+βm]Ψ(r, t)= i∂t Ψ(r, t), (1)

XÚ�Hamiltonþ�

Ĥ = [α •(P̂ −eA)+βm], (2)

�
{ü, �Ù¥�¥³A�� (0,Bx,0), ±�2?

ØØÓ5�e�)�5�. α, β Ý
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α=

(

0 σ

σ 0
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, β =
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I 0

0 −I

)

. (3)

��§�½�)�Ψ(r, t) = Ψ(r)e−iE′t, �\(1)��

���§

[α •(P̂ −eA)+βm]Ψ(r)= E′Ψ(r), (4)
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é�â´âf�Uþ.

2 γ Ý
�m�©)Ú�I–g^�m

��é¡5)

Uìγ Ý
�mk(�!�©)�*:
[5—7]

, Ú

?g^�msu(2)�f–�pÝ
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(

0 σ

σ 0

)

= σ⊗τ1, β =

(

Iσ 0

0 −Iσ

)

= Iσ⊗τ3, (5)
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XÚ�M�î�U��

Ĥ =[α •(P̂ −eA)+βm] =

σ •(P̂ −eA)⊗τ1 +mIσ ⊗τ3 =
[

σ1P̂x +σ2(P̂y −eBx)+σ3P̂z

]

⊗τ1 +mIσ ⊗τ3.

(6)

éuþã5�, �I�mÚg^�m�Åðþ´

P̂y, P̂z Úσ •(P̂ −eA), �Ù�Ó��)�

fpypS′

z
(r)= exp(iPyy+iPzz)χS′(x), (7)

���§�

P̂yfpypS′

z
(r)= PyfpypS′

z
(r) (8a)

P̂zfpypS′

z
(r)= PzfpypS′

z
(r), (8b)

σ •(P̂ −eA)fpypS′

z
(r)= σ •P̂ ′fpypS′

z
(r)= S′fpypzS′(r),

(8c)

σ • P̂ ′ = σ1P̂x +σ2(Py −eBx)+σ3Pz, (8d)

Ù¥Py, Pz ®�����. (8c)ª´g^�©þ¼ê

χS′(x)����§, ���

σ • P̂ ′χS′(x)= S′χS′(x), (9)

dd½Ñ�©þ¼êχS′(x)�äN/ª. (9)ª´g

^��Ix�m��é¡���§. �

χS′(x)=

(

u(x)

w(x)

)

, (10)

K(9)ªäN�Ñ�
(

Pz ξ+

ξ− −Pz

)(

u(x)

w(x)

)

= S′

(

u(x)

w(x)

)

, (11a)

Pzu(x)+ξ+w(x)= S′u(x)

ξ−(x)u(x)−Pzw(x)= S′w(x)
, (11b)

Ù¥ ξ± = −i∂x∓i(Py − eBx). (11a)ª��é¡5L

y�: 2×2Ý
�Lg^�1/2�¤�fgdÝ, 
�

Ix9Ù�©�LÀÚfgdÝ, �öÑy3cö�

Ý
�¥���Ý
, L«¤�fÚÀÚfü«gd

Ý�ÍÜ. e¡òw�, ù«AÏ�ÍÜ���é¡

5Údd
5�{¿.

Ú?�Ix���: u
py

eB
�����f��

�8�z��)

Iν(x) =

(

eB

π

)1/4
1√
2ν

ν!
exp

(

−1

2
eB

(

x− Py

eB

)2
)

×

Hν

(√
eB

(

x− Py

eB

))

, (ν = 0,1,2, · · ·) (12)

Ù¥Hν ´Hermiteõ�ª. Iν(x)÷v��8�^�∫
dxIµ(x)Iν(x)= δµν (13a)

Ú��5^�

∞
∑

ν=0

Iν(x)Iν(x′)= δ(x−x′). (13b)

|^4íúª

ξ+Iν(x)= i
√

2(ν +1)eBIν+1(x),

ξ−Iν(x)=−i
√

2νeBIν−1(x),
(14)

�y�§(11)ª���8�z��)�χρν(x), Ùä

N/ª�

χρν(x)= i

√

Pz +ρS

2ρS







Iν(x)

− i
√

2νeB

Pz +ρS
Iν−1(x)






, (15)

§÷v���§

σ • P̂ ′χρν(x)= S′

νχρν(x), (16)

Ù����

S′

ν = ρSν(Pz), ρ =±1, Sν(Pz)=
√

P 2
z +2νeB,

(17)

ρ´g^3Û�ÄþP ′ ���ÝK–Û�Ú^5þf

ê (´gdDiracâf�Ú^5þfê�í2), Sν(pz)

(±e�Lã�B, {P�S)´�Ä
z ��Äþ��

zÚz ��g^–^Ý�Zeeman�A��z�3x�

����$Ä�Uþþfê. �Eþã)�, ^�d

�§(11b)���eª

Wν(x)=
ξ−

Pz +ρS
Iν(x)=

−i
√

2νeB

Pz +ρS
Iν−1(x). (18)

äN�Ñχρν(Pz,x)�

1) m^)

ρ = +1,

χ+ν = i

√

Pz +S

2S







Iν(x)

− i
√

2νeB

Pz +S
Iν−1(x)






.

(19a)

2) �^)

ρ = −1,

χ−ν = i

√

Pz +S

2S







i
√

2νeB

Pz +S
Iν(x)

−Iν−1(x)






.

(19b)
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3 ��âf�m���)ÚXÚo��

�Å¼ê

TXÚ�M�îþĤ �k��âfτ �m�gd

Ý. �XÚo�Å¼ê�

Ψpypzρνα = exp(iPyy+iPzz)χρν(x)υ̃α(τ), (20)

Ù¥ υ̃α(τ)´��âf�m�Å¼ê. r(20)ª�\

Dirac�§(4), ��

Ĥτ υ̃α = Eν τ̃3υ̃α = Eαν υ̃α, Eαν = αEν , (21)

Ù¥

Ĥτ = ρSτ1 +mτ3 =

(

m ρS

ρS −m

)

=

Eν τ̃3 = Eν

(

cosθ ρsinθ

ρsinθ −cosθ

)

, (22)

Eν =
√

m2 +S2 =
√

m2 +P 2
z +2νeB, (23a)

τ̃3 = e−
i

2
ρθτ2τ3e

i

2
ρθτ2 , (23b)

cosθ =
m

Eν

, sinθ =
S

Eν

. (23c)

α = ±1´ τ̃3 ����–��âfþfê (�e¡�O

��?Ø). k¦ τ3 ���), 3Ùé�L�¥, Ù�

��υα�

υ+ =

(

1

0

)

, υ− =

(

0

1

)

, (24)

§�÷v���§

τ3υα = αυα, (25a)

α =±1. (25b)

l(25a)ª²N�C���

τ̃3υ̃α = e−
i

2
ρθτ2τ3e

i

2
ρθτ2e−

i

2
ρθτ2υα =

αe−
i

2
ρθτ2υα = αυ̃α, (26a)

=

τ̃3υ̃α = αυ̃α, (26b)

Ù¥

υ̃α = e−
i

2
ρθτ2υα. (27)

du

e−
i

2
ρθτ2 =









cos
θ

2
−ρsin

θ

2

ρsin
θ

2
cos

θ

2









=

√

E+m

2E









1 − ρS

E+m

ρS

E+m
1









, (28)

l(24), (27)Ú(28)ª�� τ̃3 ���� υ̃α�

υ̃+ =

√

E+m

2E







1

ρS

E +m






, υ̃− =

√

E+m

2E





− ρS

E+m

1



.

(29)

dd, �±��þ!^|¥�>�Diracâf���

�§(4)�)���8 (Ù¥α���âfþfê, ρ�

Û�Ú^5þfê. �{zeI-E = Eν):

1) âf): ��âfþfêÚM�îþĤ ���

�©O�α = +1, E′ = αE = +E.

m^âf): ρ = +1, S′ = S

Ψ1 = Nν

























Iν(x)

−i
√

2νeB

Pz +S
Iν−1(x)

S

E+m
Iν(x)

− S

E+m

i
√

2νeB

Pz +S
Iν−1(x)

























eiPyy+iPzz−iEt =

u1(x)eiPyy+iPzz−iEt, (30a)

�^âf): ρ =−1, S′ =−S

Ψ2 = Nν

























i
√

2νeB

Pz +S
Iν(x)

−Iν−1(x)

− S

E+m

i
√

2νeB

Pz +S
Iν(x)

S

E +m
Iν−1(x)

























eiPyy+iPzz−iEt =

u2(x)eiPyy+iPzz−iEt; (30b)

2) �âf): ��âfþfêÚM�îþĤ ��

��©O�α =−1, E′ = αE =−E.
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m�âf^): ρ = +1, S′ = S

Ψ3 = Nν

























− S

E+m
Iν(x)

S

E+m

i
√

2νeB

Pz +S
Iν−1(x)

Iν(x)

−i
√

2νeB

Pz +S
Iν−1(x)

























eiPyy+iPzz+iEt =

v1(x)eiPyy+iPzz+iEt, (30c)

�^�âf): ρ =−1, S′ =−S

Ψ4 = Nν























S

E+m

i
√

2νeB

Pz +S
Iν(x)

− S

E+m
Iν−1(x)

i
√

2νeB

Pz +S
Iν(x)

−Iν−1(x)























eiPyy+iPzz+iEt =

v2(x)eiPyy+iPzz+iEt; (30d)

Ù¥ ui, vi(i = 1,2) ´Å¼ê�^þÜ©, 8�zÏf

�

Nν = i

√

(E+m)(S +Pz)

4ES
. (30e)

dþã)���8��, þ!^|¥��>Dirac

âf�UþE = |E′|éuÛ�Ú^5þfêρÚ�

�âfþfêα´{¿�. ùü«{¿�TXÚ�

ü«�é¡5�éA: ρéAX5
ug^gdÝ

�suσ(2)é¡5, αéAX5
u��âfgdÝ�

suτ (2)é¡5. þãü«su(2)é¡5ÑØ´Xg^

�m½X��âf�m�é¡5, 
´3rÀÚ.�

Ir �m!¤�.g^σ �mÚ��âfτ �mÍÜ

3�å���m¥�é¡5. þãnagdÝÏAÏ

ÍÜ
/¤��m�é¡5��Ï´ÄåÆ�: ù´

duXÚ�M�îþrnagdÝÍÜå5
. ùü

«��m�su(2)é¡5�Ly´: §��su(2)é¡

5�+�Ú)¤��f�U3��m¥�Ñ5, ù


�f�¹
ÀÚ.�IgdÝr 9Ù�©!¤�.g

^gdÝσ Ú��âfgdÝτ .

���Ñ�´, þã��m�ü«su(2)�é¡

5���Uþ����{¿, ´éâf�M�îþ Ĥ

�����ýé�E = |E′|
ó�, =éM�îþ�

²�
ó�. éuM�îþ Ĥ = σ • P̂ ′⊗τ1 +mIσ ⊗τ3

��9Ù���
ó, ùü«��m�su(2)�é¡

5%Ñy
ÄåÆé¡5»": éu�g^�'�

suσ(2)�é¡5
ó, ÄåÆé¡5»"�Û�Ú^

5�u(1)�fσ •P̂ ′⊗ τ1 +mIσ ⊗ τ3; éu���âf

gdÝ�'�suτ(2)é¡5
ó, ÄåÆé¡5»"

�u(1)�f Iσ ⊗ (ρSτ1 +mτ3) = EνIσ ⊗ τ̃3. äN/`,

éu��âfgdÝ�u(1)�f Iσ ⊗ τ̃3 
ó, ©O3

�âfÚ�âf�f�m, ØÓÛ�Ú^5�ü��

é Ĥ ����â´{¿�; éug^gdÝ�u(1)�

fσ • P̂ ′⊗τ1+mIσ⊗τ3 
ó, z��Ú^5ρ(½��

�mÑ�3��âf�mé¡5�»", τ̃3 þfêØ

Ó�ü���âf��M�îþ����´ØÓ�.

Ï
, éM�îþ Ĥ 9Ù���
ó, ��âf�m

é¡5»"´��� (= τ̃3 þfêØÓ�ü���â

f��M�îþ�����ØÓ�), 
g^�mé¡

5»"´Ü©�!Ø��� (©O3�âf½�âf

f�m¥, ØÓÛ�Ú^5�ü��� Ĥ ����E

,´�Ó�!{¿�). þãé¡5»"�E,5, ´

du��é¡5k'��«gdÝ�ÍÜE¤�. é

uù�#L!­�
k��¯K, ·�ò,©�?�

Ú��[�?Ø.

4 g^gdÝ��{é¡5Ú��)�

g^�Ø(½5

lþ!���)Úéù
)�{¿5��?Ø�

�, 3âff�mÚ�âff�m, �g^k'�g

dÝéuM�îþ����E,�3{¿, äk�Ó

��âfþfêα
g^þfêρØÓ�ü«��?

¿�5|Ü, E,´M�îþ���)¿�äk�Ó

�Ĥ ����. ùL²XÚ�M�îþĤ 3âff�

mÚ�âff�m©O�3�g^k'�suσ(2)é¡

5. Ïd, 3± �©z¥, þ!^|¥�>Diracâ

f����§äk�«ØÓ���), §��«O=

3ug^þf��£ãØÓ, Ò���f�þf�¥

�^þfê�±3ØÓ��(½, *d�±^��N

�C�éXå5, �ØLcö^��m�N�C�é

Xå5, �ö^SO(3)=Ä+éXå5. �!ò?Ø

ù�E,
k��¯K.

du Ĥ �3�g^k'�suσ(2)é¡5, Ù¦þ

fê{Py,Pz ,ν,α}�Ó, g^þfêρØÓ�����

�5U\E,´ Ĥ ����, §�������m�

±^N�C�éXå5. §�´g^þf�^?¿�

��Û�Ú^5�x�Ĥ ����, ���±��:
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éâf�,

Ψ̃1,2 = Nν





Ûχρν

σ • P̂ ′

E+m
Ûχρν



eiPyy+iPzz−iEt =

ũ1,2e
iPyy+iPzz−iEt, (31a)

é�âf�,

Ψ̃3,4 = Nν





− σ • P̂ ′

E+m
Ûχρν

Ûχρν



eiPyy+iPzz−iEt =

ṽ1,2e
iPyy+iPzz−iEt, (31b)

Ù¥ ũ1,2, ṽ1,2 ´g^Å¼ê, Û ´Úåg^Å¼êC

z���m�N�C�, Ù/ª�

Û(ν,ξ+, ξ−)=

(

1+(a(ν)−1)Q b(ν)K̂+

c(ν)K̂ d(ν)

)

. (32)

Ù¥Q´�ÝK�f, ÙL�ª�Q = ξ+

1

ξ−ξ+

ξ−, ÷

v�ªQ2 = Q. K̂+ = ξ+

−i
√

ξ−ξ+

Ú K̂ =
i

√

ξ−ξ+

ξ−

�¤¤¢��N�C� (SUT), ÷v'X K̂+K̂ = Q,

K̂K̂+ = I [12].

Û �N�^�

Û Û+ = Û+Û = I, (33a)

�¦d~êa, b, c, d|¤�Ý


(

a b

c d

)

´N��, =

÷v:

a = d∗, b =−c∗, aa∗ +bb∗ = cc∗+dd∗ = 1. (33b)

XJÀ

a(ν)= −d(ν)=−i

√

Pz +Sν

2Sν

,

b(ν)= −c(ν)=

√

νeB

Sν(Pz +Sν)
,

(34)

ù�g^Å¼êC�

χ′

+ =

(

Iν(x)

0

)

, χ′

−
=

(

0

Iν−1(x)

)

, (35)

§�´é�L��σ3 ����. ��âf�o���

�C¤

Ψ ′

1,2 = Nν





χ′

ρν

σ • P̂ ′

E +m
χ′

ρν



eiPyy+iPzz−iEt, (36a)

Ψ ′

3,4 = Nν





− σ • P̂ ′

E+m
χ′

ρν

χ′

ρν



eiPyy+iPzz+iEt, (36b)

ù�´Ï~©z¥<�3g^σ3 ���L�¥¦�

�þ!^|¥�>Diracâf����§���).

(36a), (36b)´Ĥ ����, �Ø´σ3 ����, �Ø

´�Û�Ú^5�fσ • P̂ ′ ����, 
´²N�C

���#�Û�Ú^5�f Ôσ • P̂ ′Ô+ ����, �

�uÛ�Ú^5�fu)
����m�=Ä Ô(�

e¡�?ØÚ(44)ª).

���¹, Ψ̃i �Ψi dN�C�éXå5

Ψ̃1,2 = Ô+(ν,ξ+, ξ−)Ψ1,2,

Ψ̃3,4 = Ô−(ν,ξ+, ξ−)Ψ3,4,
(37)

Ô+(ν,ξ+, ξ−)Ú Ô−(ν,ξ+, ξ−)÷vf�mν �N�^

�

Ô+(ν,ξ+, ξ−)Ô+(ν,ξ+, ξ−)+ = I, (38a)

Ô−(ν,ξ+, ξ−)Ô−(ν,ξ+, ξ−)− = I. (38b)

§��äN/ª�

Ô+(ν,ξ+, ξ−)=






Û 0

0
1

√

[σ • P̂ ′]2
σ • P̂ ′Û

1
√

[σ • P̂ ′]2
σ • P̂ ′






, (38c)

Ô−(ν,ξ+, ξ−)=






1
√

[σ • P̂ ′]2
σ • P̂ ′Û

1
√

[σ • P̂ ′]2
σ • P̂ ′ 0

0 Û






. (38d)

|^é´'Xª
[

Û ,
(

σ • P̂ ′

)2
]

= 0, (39)

�±y² Ô+(ν,ξ+, ξ−)Ú Ô−(ν,ξ+, ξ−)´M�îþ Ĥ

�é¡C�,

Ô±(ν,ξ+, ξ−)ĤÔ−1
±

(ν,ξ+, ξ−)= Ĥ. (40)

Ú?��âf�m�ÝK�f

P+ (ν)=
∑

i=1,2

|ui(ν)〉 〈ui(ν)|, (41a)

P− (ν)=
∑

i=1,2

|vi(ν)〉〈vi(ν)|, (41b)

��f�mν �ÝK�f�m÷v��Ú��^�

P±(ν)P±(ν′)= P±(ν)δνν′

P+(ν)P−(ν′)= 0
. (42)
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¤kf�mν �ÝK�f��Ú÷v (x,σ,τ)�m�

��5^�
∞
∑

ν=0

[P+(ν)+P−(ν)] = I, (43)

ù�, ��âf�m�ü�N�C� Ô+ Ú Ô− �±Ü

¿¤����m���N�C�

Ô(ξ+, ξ−)= Ô+ +Ô− =
∞
∑

ν=0

[

Ô+(ν,ξ+, ξ−)P+ (ν)+Ô−(ν,ξ+, ξ−)P− (ν)
]

,

(44)

Ψ̃i ÚΨi �m�C�'X��±{z���ªf

Ψ̃i = ÔΨi, (i = 1,2,3,4). (45a)

ũi(ν)= Ô+(ν)ui(ν),

ṽi(ν)= Ô−(ν)vi(ν),
(45b)

d Ô±(ν)�N�5(38a), (38b), ��

∑

i=1,2

|ũi(ν)〉〈ũi(ν)|=
∑

i=1,2

|ui(ν)〉 〈ui(ν)|,
∑

i=1,2

|ṽi(ν)〉〈ṽi(ν)|= ∑

i=1,2

|vi(ν)〉〈vi(ν)|,
(46)

|^(41)—(46)ª, �y

ÔÔ+=

∞
∑

ν=0

[

Ô+(ν,ξ+, ξ−)P+(ν)+Ô−(ν,ξ+, ξ−)P−(ν)
]

×

∞
∑

ν′=0

[

P+ (ν′) Ô+
+(ν′, ξ+, ξ−)+P− (ν′)Ô+

−
(ν′, ξ+, ξ−)

]

=

∞
∑

ν=0

[

Ô+(ν)P+ (ν) Ô+
+(ν)+Ô−(ν)P− (ν) Ô+

−
(ν)
]

=

∞
∑

ν′=0

(

∑

i=1,2

|ũi(ν)〉 〈ũi(ν)|+
∑

i=1,2

|ṽi(ν)〉 〈ṽi(ν)|
)

=

∞
∑

ν′=0

(

∑

i=1,2

|ui(ν)〉 〈ui(ν)|+
∑

i=1,2

|vi(ν)〉 〈vi(ν)|
)

=

∞
∑

ν=0

[P+ (ν)+P− (ν)] = I. (47)

=

ÔÔ+ = I. (48)

Ón�y

Ô+Ô = I, (49)

d(40)ªké´'Xª

[Ĥ,Ô±(ν,ξ+, ξ−)] = 0, (50a)

du3þfê (Py ,Pz ,ν)(½�σ-τ þf�f�m,

ui(ν), vi(ν)´Ĥ ����, �k

[Ĥ,P±(ν)] = 0, (50b)

d(50a), (50b)�±y²

[

Ĥ,Ô
]

= 0, (51)

nþ, Ô ´N��, ¿��M�îþé´.

5 (Ø�?Ø

Äu).��§¥γ Ý
k(�!�©)�*

:, rγ Ý
©)�g^�mÚ��âf�m��f

��È, '�N´/(½
þ!ð½^|¥�>).

�âf�M�îþ�ÄåÆ�é¡5Ú�p´�!

���Ônþ�f��89Ùþfê8, ¦�
^þ

ãþfê��8I��TM�îþ�)Û���),

?Ø
XÚ�M�î Ĥ �ÄåÆ�é¡5»"�[

!(=ég^gdÝÚ��âfgdÝ�ØÓ»"�

¹), (½
g^�{�é¡5���g^{¿f�m

��é¡5C�+�f. þã(J, éuïÄþ!ð

½^|¥��>).�âf�Ä�5�!¥f(^|

�)�Ån!þf¿��A¥�g^�AÚ�éØ�

A, ±9�é¡þfåÆ�¯Kþäk­��nØ¿

ÂÚ¢S¿Â.
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Supersymmetry and Eigen Energy Spectrum of a Charged Dirac

Particle in a Uniform Constant Magnetic Field *
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1 (Center of Theoretical Physics, Department of Physics, Sichuan University, Chengdu 610064, China)

2 (Center of Theoretical Nuclear Physics, National Laboratory of Heavy Ion Accelerator, Lanzhou 730000, China)

Abstract Based on the opinion that the γ-matrices in Dirac equation have structure and are decomposable, we

decompose the γ-matrices into the direct product of the operators in the spin space and the particle-antiparticle space. By

using this method, we attain a complete set of commutative operators, a set of quantum numbers and the correspondingly

eigen solutions of the Hamiltonian for a charged Dirac particle moving in a uniform constant magnetic field. In addition,

the dynamic supersymmetry of the Hamiltonian is unveiled. Spin symmetry breaking and particle-antiparticle symmetry

breaking are discussed, and the supersymmetric group operator of the degenerate spin subspace resulting from the spin

residual supersymmetry is found.

Key words decomposability of γ-matrices, dynamic supersymmetry, breaking of dynamic supersymmetry, residual

supersymmetry in spin space
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